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PREFACE 


The teaching of elementary mathematics, and particularly of 
geometry ind trigonometry, has in recent years been made much 
more interesting and intelligible to beginners by the introduction 
of constructive work and measurement. By means of numerical 
trigonometry, which was advocated in 1911 by the Mathematical 
Association, not only has much of the drudgery involved in the 
older treatment of trigonometry been removed and the pupiFs 
interest thereby stimulated, but it has been possible to begin the 
subject at a much earlier stage than was formerly the case. A 
firmer foundation is thus laid upon which a more serious treatment 
of the subject may be based. 

It is pointed out in the Mathematical Association Eeport on the 
Teaching of Geometry (1925), that ‘‘ The early work in trigono- 
metry -^^es its place naturally in the course of elementary 
geometry,’^ but as the treatment is at first mainly numerical, 
mensuration must be called upon to supply the concrete appli- 
cation of both geometrical and trigonometrical truths. 

Hitherto mensuration has been usually included in text-books 
of arithmetic, and, as a consequence, its treatment has been some- 
what restricted by the lack of trigonometrical application. The 
modern tendency, however, is to treat numerical trigonometry 
and mensuration together so that the scope of the latter subject 
may be considerably enlarged. 

This book is therefore an attempt, founded upon experience, to 
combine mensuration with numerical trigonometry in a coherent 
scheme. The arrangement, however, is such that both mensura- 
tion and numerical trigonometry may, if preferred, be, taken 
independently. 

Although the character of t "'rk is elementary, it covers 
practically all the syllabuses of xamining bodies, whether 

either mensuration or numer ^onometry is required — or 

both. Another volume is in p .ration which will deal with the 
trigonometiy required to the f .u of a school course. 
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PREFACE 


Fundamental rules are established in a series of^numbered 
problems, and four-figure tables are used from the beginning, it 
being assumed that the reader has access to a handy collection of 
tables, such for example as Castle’s Logarithmic and Other Tables 
for Schools (Macmillan, 6d.). 

A large number of exercises has been provided : some quite 
straightforward and designed solely for drill purposes whereby 
accuracy and method may be developed ; others, of a more practi- 
cal nature, to illustrate the manifold applications of the subject — 
for herein lies the chief educational value of mensuration and 
trigonometry. 

A few exercises have been taken froii& recent examination 
papers, and for permission to use these, thanks are gladly ex- 
pressed to the Cambridge Local Examination Syndicate, the 
Central Welsh Board, the College of Preceptors, the Joint Matri- 
culation Board of the Northern Universities, the National Union 
of Teachers, the Oxford Local Examinations Delegacy, the Union 
of Lancashire and Cheshire Institutes, and the Universities of 
Durham and London. 

The author is specially indebted to Sir Richard Gregory for his 
constant help and wise counsel at every stage in the production of 
the book. 

Thanks are due also to Mr. A. J. V. Gale, M.A., lar. E. R. 
Shearmur, B.Sc., and Mr. G. D. Tyler, B.A., B.Sc., for kindly 
revising the proof sheets ; to Mr. E. A. Branch for preparing 
many of the diagrams ; and to the printers for the excellence of 
their work. 

Answers have been supplied and carefully checked, but it is 
most probable that a few errors have escaped final detection. 
The author would therefore be glad to know of any corrections 
that readers may discover to be necessary. 

F. G. W. BROWN. 


Goodmayes, Essex. 
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CHAPTER I 

MEi^SUREMENT OF LENGTH. APPROXIMATE 
CALCULATIONS 

1. Introduction. The name Mensuration ’’ is derived from 
the La!;in word mensurare^ meaning to measure ; hence the 
subject deals especially with measurement. We may define it as 
that part of Geometry which gives the rules for finding the 
lengths of lines, the areas of surfaces and the volumes of solids. 

2. Definitions. Observe the two solid bodies depicted in Fig. 1 . 
Each of them has length, breadth and thickness or height, so that 
we ean m^'^sure them in three directions. This is true of all solid 
bodies, and the measurement in each direction is called a dimen- 
sion : hence, every solid has three dimensions. 



I’lG 1 (/>) 


We see also that each solid has a boundary, which marks off 
the space occupied by the body from the surrounding space. 

B.M.T. A 
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This boundary is called its total surface, and we notice that the 
total surface of the solid {a) consists of six flat por1}ions, whilst 
that of the solid (6) consists of two flat ends and one curved 
portion. Each portion is, indeed, a surface in itself, and the flat 
faces are called plane surfaces to distinguish them from the 
curved surfaces. 

As we are considering only the bounding faces of a solid, it will 
be easy to understand that a surface has no thickness. It does, 
however, possess length and breadth, so that a surface has two 
dimensions. 

Lastly, we notice that each surface is bounded by lines, some 
straight as in solid (a), and some curved as in solid (6). Lines 
have no breadth or thickness, but length only : hence a line has 
only one dimension. 

3. British Measurement of Length. All measurement really 
consists of comparing an imknown quantity with a standard 
quantity of the same kind : thus we might say that the length of 
this page is about one and a half pencil lengths, but this fac^ 
would be of little value unless everyone used a measuring pencil 
of the same length. It will, therefore, be clear that some standard 
length must be chosen. In Great Britain the unit adopted is 
called the Imperial Yard. This is defined by Act of Parliament 
as the distance at a temperature of 62° F. between two very fine 
lines, each engraved on a golden plug sunk at the ends of a bar 
of bronze. This bar is kept at the Standards Office in London, 
and copies of it are placed in the Houses of Parliament, the Royal 
Mint, the Royal Society’s Office and the Royal Observatory, 
Greenwich. 

British standards are defined by the Weights and Measures 
Act, passed in ‘1878. It is sometimes stated that Edward I. 
commanded that the length of his arm should define the yard, 
but this is not correct, though legislation in his reign establisfied 
the standard. 

The Imperial Yard, which has remained practically unchanged 
since that time, is divided into three feet, and each foot into twelve 
inches. The British table of linear measure is as fo'Uows : 
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12 inches =1 foot 
3 feet = 1 yard 

5 J yards = 1 pole 

40 poles = 1 furlong 

8 furlongs = 1 mile. 

A mile is thus egual to 8x40x5| = 1760 yards, and is some- 
times called a statute mile to distinguish it from a geographical or 
nautical mile, which is equal to 6080 feet, or 1*15 statute miles. 

A speed of one nautical mile per hour is called a knot, and this 
is the unit used to expi.*ess the rate at which a ship travels. 

In sea soundings, etc., the depth of water is measured in 
fathoms, a fathom being 6 feet. 

In the application of mensuration to land-surveying, distances 
are measured in links and chains, from the fact that a measuring 
chain 66 ft. long, containing 100 links, is used. This chain was 
devised about 1619 by Edmund Gunter, an English mathema- 
tician, and is therefore called Gunter's chain. 

4. Metric Measurement of Length. The Metric or decimal 
sys+^em of measurement was originally intended to depend upon 
a natural unit of length, viz. one ten-millionth part of the distance 
from the North Pole to the Equator, measured along a meridian 
passing through Paris. The actual standard, however, is the 
distance at the melting-point of ice between the centres of two 
lines engraved upon a platinum bar kept at Paris. This distance 
is called the International Metre. 

The Metric table of linear measure is as follows : 

10 milli-metres (mm.) = 1 centi-metre (cm.) 

10 centi-metres = 1 deci-metre (dm.) 

10 deci-metres = 1 metre (m.) 

10 metres = 1 deka-metre (Dm.) 

10 deka-metrea =1 hecto-metre (Hm.) 

10 hecto-metres = 1 kilo-metre (Km.) 

5. Relationship between the Two Systems. If we measure the 
lengths of a ^ew common objects in both Metric and British units, 
the relationship between the two systems may easily be found. 
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The following example, in which actual measurements are given, 
will shew how this may be done. 

Ex. 1. The lengths of six objects were measured in inches and 
centimetres with the following results : 


Inches - - ! 

4-5 1 

5-3 

6-3 

8*1 

9-2 

11-9 

Centimetres 

115 

13*5 

16-1 

20-6 

23‘3 

30-1 


Find the number of centimetres equivalent to an inch ^i) from each 
pair of measurements, and (ii) as the average of these six results. 
Taking the first pair of readings, since the same length is 
represented by 4*5 in. and 11-5 cm., 

/. Number of cm. equivalent to one inch = ll*5-^4-5 

2-555... = 2*56 to two places, 

since 2-56 is nearer 2-555... than 2*55. 

Similarly, from the second pair, the required number of cm. is 
13*5-r5-3 = 135-f-53. This will not cancel down any further; 
hence, by long division, 135-^53=2*547 to three places. 

/. To two places of decimals 13-5-^5-3 = 2 * 55 . 

In the same way : 

16-1~ 6-3 = 161^ 63 = 2-555... = 2 * 56 . 

20-5-^ 8-1 =205-^ 81 =2-530... = 2 * 53 . 

23-3-^ 9-2 = 233-^ 92 = 2-532... = 2 * 53 . 
30-l-Ml-9=301-M19 = 2-529.. .= 2 * 53 . 

The slight variation in these six results is due to the fact that 
the measurements are not absolutely exact. As they have been 
made to the nearest tenth of each unit, some may be slightly 
too great and some slightly too small. For practical purposes, 
however, the measurements are sufficiently true, and in order to 
compensate for the small errors, an average value is taken ; 
thus from the six results, the average number of centimetres 
equivalent to an inch is 

^ (2-56 -h 2-55 + 2-56 -F 2-53 + 2-53 + 2-53) 

= ^(15-26) = 2-54. 

Hence, the average number of centimetres equivalent to one inch is 2-54. 
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6. Graphical Representation. The relationship between the 
Metric and British units of length may very conveniently be 
shewn by means of a graph. 

Ex. 2. Construct a centiinetre^inch qraph, and shew how it may 
be used. 

Take a piece of squared paper ruled in tenths of an inch squares. 
Choose a scale of 5 squares to 2 cm. vertically and 5 squares to 
an inch horizontally. Referring to the table of measurements 
given in Ex. 1 (p. 4), take a point A (Fig. 2) 4-5 in. from OY and 



Fig. 2.— Centimetre-Inch Graph. 

11*5 cm. from OX. This point then respresents the first pair of 
measurements. Similarly, mark points B, C, D, E, F representing 
the remaining five pairs of measurements. Notice that these 
points lie very nearly in a straight line. Draw from O the straight 
line passing through as many of the points as possible, as shewn 
in Fig. 2. 

This is called a centimetre-inch graph. It is very useful, for it 
shews at a glance the number of inches in a given number of 
centimetres, as well as the number of centimetres in a given 
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number of inches. Thus, for example, suppose we wish to know 
the number of cm. equivalent to 7*6 in. Looking along OX for 
7 ’6 in. we follow the vertical line there up to the graph, and then 
the corresponding line horizontal from the graph to the scale OY^ 
This meets OY at 19*3 cm., so that 19*3 cm. are equivalent to 
7-6 in. Similarly, we find the equivalent of 24 cm. is 9-4 in. 
From these results it is easy to see that the equivalents of 0-76 or 
76 in. are 1-93 or 193 cm. respectively. Likewise, in the case of 
other measurements the scales may be mentally extended or 
reduced by multiplication or division by ten. 

7. Approximate Calculation. We have seen from Ex. 1 (p. 4) 

that the division of actual measurements is rarely exact, and this 
is true of all practical calculations. Indeed, no measurements 
can be made with absolute accuracy, and, as a consequence, when 
using measured values in calculations, we must not use more 
figures than are necessary to give reliable results. To do this 
we use what are called Contracted Methods, and the following 
examples will shew how these may be employed. 

Ex. 3. Talcing one inch to he equivalent to 2-54 cm., find, hy 
contracted methods^ the number of 

(i) kilometres in a mile and (ii) inches in a nietre, 
each to turn places of decimals. 

(i) 1 mile == 1760 x 36 in. = 63360 in. = 63360 x 2-54 cm. 

Now 1 kilometre = 100,000 cm. 

/. 1 mile = 63360 x 2-54-M00,000 km. 

=0*6336 X 2*54 km. 

This product must be calculated correctly to two places of 
decimals. We therefore proceed as follows : 

0*63 36 ' 

2*54 

1.26 72 Rough check : 

•31 65 . 0*6 X 2*5 = 1*5. 

2 52 • • 

1*59 891 • • 

In order that the decimal points should all lie under one another, 
the multiplier must have one digit in front of the decimal point. 
It is often necessary to move the point in both multiplicand 
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and multiplier in order to satisfy this rule. In the above case, no 
previous adjustment is needed as the multiplier, 2*54:, has already 
one digit in front of the point. 

Since the result is required correctly to two places, a vertical 
line is drawn two places after the decimal, and then to ensure the 
accuracy of the second figure, another vertical line is drawn after 
two places further to the right. Beyond this line no figures must 
appear, but their places indicated by dots. 

The digits in the final product between the two vertical lines 
are not required ; they have only been found to ensure the 
accuracy of the second place. Hence if either of them is less 
than 5, it may be neglected. If, however, either of them is 5 
or greater than 5, then it can only be omitted by increasing the 
next digit on the left by 1 ; thus the above product becomes L60, 
which is correct to two places. 

Hence 1 mile is equivalent to 1*6 kilometres, 
i.e, 5 miles are equivalent to 8 kilometres. 

(ii) 1 metre — 100 cm. — 100-^2*54 inches. 

To perform this division approximately to two places of 
decimals, we must first adjust the decimal points so that the 
divisor has one digit m front of the point, just as in multiplication. 

Two vertical lines should then, be 
drawn, one immediately after the 
number of places required, the other, 
two places further to the right; no 
figures must be placed to the right of 
this line. 

The quotient must always be placed 
above the dividenci, so that all the 
points lie in the same vertical line. 

The actual division appears thus on 
the left. 

A rough check is 100-^2*5 = 40. 

Hence the required quotient correct to two places is 39*37. 

One metre is equivalent to 39*37 inches. 

This is approximately equal to 1*09 yards or 3 ft. 3^ in. 

Hence, the following table of equivalents between the two 
systems ; the sign s meaning ‘ is or are equivalent to.' 

1 inch = 2*54 centimetres. 

5 miles = 8 kilometres. 

1 metre = 39*37 inches or 1*09 yards. 


39*37 ^ 
2 * 54 ) 100*00 00 
76*2 

23*80 

22*86 

•94 0 

17 80 
17 ^ 

2 
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8, Further Examples in Approximation. In order to illustrate 
more fully the brief rules already given for contracted methods of 
calculation, a few more difficult examples are worked out below. 


Ex. 4. On a drum there are 63*8 turns of wire, and in each turn 
there are 82^^^ inches of wire ; find the total length of wire on the 
drum correctly to the nearest tenth of an inch. 

82yV inches expressed as a decimal is 82*0625 inches, hence the 
required length = 82*0625 x 63*8. 

Since there are two figures in front of the decimal point in the 
multiplier, we must move the point one place to the left, i.e. 
divide 63*8 by 10, and to preserve the val^ie of the product, the 
multiplicand must be multiplied by 10, i.e. the decimal point 
must be moved one place to the right. 

Hence 82*0625x63*8 = 820*625x6*38, and the multiplication 
may now be carried out as follows : 


O 

00 

25 

6*3 

8 

4923-7 

50 

246*1 

86 

65*6 

48 

5235*5 



Rough check : 
82x64 = 5248. 


Hence the total length of wire, correct to the nearest tenth of 
an inch, is 5235*6 inches. 


Ex. 5. 983*9 metres of cloth have to he cut into strips each 
56*84 metres in length. Find the number of strips to the nea.est tenth. 
The required number of strips is 983*9—56*84, or, putting the 
divisor in standard form, 

98*39-^5*684. 

Rough check : 

99-^6 = 16*5. 

It should be observed that when 
there are no further digits or cyphers 
to bring down from the dividend, the 
division is continued by crossing off 
the right-hand digit of the divisor, as 
indicated on the left. 

Hence the required number of strips is 17*3. 


CO 

Jh j 

1 

5-6W)98-3 

90 

56-8 

4 

41*5 

50 

39*7 

88! 

17 

62 

1-7 

04 


58 


56 
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Ex. 6. Calculate, correctly to two places of decimals, the value of 
2-17732 X 9-U8813-M -82641. 

Here there are two operations to be performed, and in such 
cases each should be worked to one place beyond the number 
required. The 'working appears thus : 


2-177 

32 

10-83 

4 

9-088 

13 

l-820«)19-78 

80 

19-595 

88 

18-26 

41 

•174 

17 

16 

36 

21 

6 

1-52 

1-46 

39 

08 


6 

5 

31 

46 

19-787 

67 



85 

= 19-788, 


72 


Hence the required result is 10*83. 

A rough check may readily be made here, for the given expres- 
sion may be replaced by the following : 

2-2 X 9-^-2 = 9-9, 

whir’h agrees roughly with the actual value obtained. 

It should be remembered that a rough check should always be 
made, as it indicates whether the value calculated by the con- 
tracted method is of the right order of magnitude. If, for instance, 
the value of the above calculation had been 108-3 or 1-083,' then 
the roughly estimated result, 9*9, would shew at once that neither 
of these values could be correct, because there is a disagreement 
in the orders of magnitude. 


EXERCISES 1. 


Calculate correctly to two places of decimals ; 
1. 834-65 X 462-35. 


3. 3-1416x3-1416. 
5. 32-578x57-913. 
7. 8-9563-^14-86. 
9. 0-579-^32•18. 


2. 971-6834x39-24, 
4. 40-087 X 0-049. 

6. 72-5318-^9-57. 

8. l-^3-1416. 

10. 39-8126 -f-51 -73. 
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Calculate correctly to four significant figures : 


4*283x7*183 

12. 

42*67 X 0*8632 

6 195 * 

148*6 

86*92 

14. 

342*7 

5-873 X 0-762' 

48*36 X 5*374’ 

9876 X 1235 

16. 

14*62x3*14 

654-3 X 567-9’ 

18*73 x b*4362’ 


17. Divide 3*758 by 72*358, and verify the result by multiplication, 
getting your results accurate to the fifth place of significant figures, and 
using as few figures as are necessary for this degree of ap'iroximation. 

(C^.) 


18. Multiply 1*183 by 2*145 and divide the result by 0*0845. (C.S.) 

19. Find the value of 13*86 x 17*05^8*93 correct to two places of 

decimals. (C.S.) 

20. Find the value of ^ correct to three places of 

decimals. (C.S.) 


21. If ^ i = y, find the value of/, correct to three significant figures, 


when w=2*36, v = 8*64. 


(L.M.) 


22. Taking one inch to be equivalent to 2*54 centimetres, find tho 
number of metres, correct to two places of decimals, equivalent to a 
chain. Use this value to find the number of chains in lfc*81 metres. 


23. Find the number of nautical miles in 19 statute miles, and the 
number of statute miles in 19*8 nautical miles. ^ 


24. The distance between two stations on a railway is 9420 metres. 
Taking 5 miles as the equivalent of 8 kilometres, find the number of 
chains in this distance. 


25. Find the number of complete kilometres in 3040 miles, taking a 

centimetre to be 0*3937 inch. (C.S.) 

26. Subtract 0*57 kilometres from 3780 metres and give the answer 
in yards, taking 8 kilometres as being equivalent to 5 miles. (C.S.) 

27. A surveyor’s chain should measure 22 yards, but has stretched 
4 inches. If he measures a given length with this chain, find to three 
deciriial places what percentage of his measured length is error. (L.M.) 

28. How many pieces of wire, each 4*13 inches long, can be cut from 

a rod whose len^h is 8*24 feet, and what will be the length of the piece 
left over ? ■ (C.S.) 

29. Having given that a metre is 39*3708 inches, shew that the 
difference between 35 yards and 32 metres is less than a centimetre. 

(O.S.) 
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30. How many pieces, each 3 metres 5 centimetres long, can be cut 
off a rope 35 metres long ? What is the length of the remainder ? (C.S.) 

31. A straight rod is 3 ft. 5 in. long. How many times must it be 
laid along a straight border to measure a length of 75 metres, taking 
1 m. = 3-28ft. ? 

32. A strip of steel is 9J inches long. How many pieces, each of 

length J inch, may be cut from it if ^ inch is wasted for each piece 
sawn off ? What is the length of the piece remaining ? (U.L.C.I.) 

33. A bar of iron 19 feet 1 inch long is to be sawn into 13 pieces of 
equal length. Assuming the saw cut to be J inch wide, find the length 
of each part, and the percentage waste, 

34. The following is a rule for turning feet into metres : 

(i) Multiply the number of feet by 3 and divide by 10. 

(ii) Multiply it by 5 and divide by 1000. 

(iii) Mdltiply it by 2 and divide by 10,000. 

Add the first two of these results and subtract the third. 

Prove that the rule is correct to about one part in a million, being 
given that one foot is equal to 0*30479972 metre. 

The height of Mount Everest is stated to be 29/141 ft., find it in 
metres to the nearest metre. (L.S.) 

35. One inch of steel expands inch for 1® F. rise in tempera- 

ture ; what will be the increase in length of a steel bar 30 ft. long for 
255° rise in temperature ? Give the answer in inches. (U.L.C.I.) 

36. A French map is drawn on a scale of one centimetre to one 
kilometre, ^ind the distance in Enghsh statute miles between two 
places which are 9*9 inches apart on the map. 

37. How many miles are represented by one inch on a map which 
shews five centimetres between two places that are really 15*84 kilo- 
metres apart ? 

38. If the distance of the surface of the sun from the earth is 

92,400,000 miles, and the velocity of light is 300,000 kilometres per 
rjecond, and one mile = 1*61 km., find the time light takes to travel from 
the sun to the earth in minutes and seconds. (L.M.) 

39. One inch of steel increases 0*0000105 in. in length for 1° C. rise 
in temperature. What will be the increase in the length of a steel rail 
30 ft. long for a rise of 42° C. ? 

40. A straight bar is made by joining a bar of brass 16 ft. 8 in. long 
end to end to a bar of iron 50 ft. long. When heated through 120° C. 
the total increase in the length of the compound bar is 1 *248 in. If 
one inch of brass increases 0*0000193 in. in length for a rise of 1° C., 
find how much one inch of :ron increases in len^h for a rise of 1° C. 



CHAPTER II 

ANGLES AND THEIR MEASUREMENT 

t 

9. Definition of an Angle. Suppose we take two straight but 
very thin rods OX, OM (Fig. 3), pivoted at O, and holding OM 


M 


Fig. 3. — Definition of an angle. 

fixed, turn OX in an anticlockwise direction, then OX describes 
positive angles which are measured by the amount of turning MX. 
The angle described by a complete revolution of OX is divided 
into 360 equal parts called degrees, and a quarter of a ’•evolution 
is called a right angle. Thus 

a complete revolution = 360 degrees =4 right angles, 
so that each right angle contains 90 degrees. 

Each degree is subdivided into 60 minutes, and each minute 
into 60 seconds. Degrees, minutes and seconds are briefly denoted 
by " respectively, so that 

60" = 1' ; 60' = r ; 90° = 1 right angle. 

The instrument used for measuring angles is called a Protractor, 
and usually consists of a semicircular plate divided into degrees 
round its circumference. 

10. Angles measured by Ratios. The following exercise will 
shew that there are other methods of measuring angles when we 
have a suitable set of tables. 
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Ex. 7. F^hew how angles may he determined by measuring the 
ratios of the sides of a right-angled truingle. 

Take a piece of squared paper accurately ruled in millimetre 
squares, and by means of a good protractor draw an angle XOQ 



Fig. 4. 


containing 53° (Fig. 4). Along OX mark a number of points 
Pi, Pg, P3, ... , and at each of these points draw lines perpendicular 
to OX meeting OQ in Qi, Qg* lengths of 

OPi, PiQi', OPg, PgQg; OP3, PaQs;' , and then calculate the 
values of PiQi-^OPi ; P 2 Q 2 -^OP 2 ; PsQg-i-OPg ; ... to two places 
of decimals. 

Thus, for Fig. 4, we have the following results : 


OPi== 5-0 cm. 

PiQi= 6-7 cm. 

PiQi^OPi = l-34 

OP 2 == 6-5 „ 

P 2^2 “ ^’7 )) 

P^Q 2 -^OP^ = l•34 

OP 3 = 8-2 „ 

PsQa — l^’O ,, 

P3Q3-^0P3 = 1-33 

OP4= 9-6 „ 

P4Q4 = 12-7 „ 

P4Q4-^0P4 = 1-32 

OP 5 -IO .4 „ 

P^Q, = 13.S 

P5Q5-rOP5=l-33 

0 P 6 = 11*7 „ 

PeQf. — „ 

P6Q«-5-0P6 = 1-32 


These results shew that the ratios obtained are very nearly the 
same. Indeed, if we could make perfectly accurate measurements 



14 


MENSURATION AND TRIGONOMETRY [oh. ii 

the ratiost would not vary at all. It is evident, there%)re, that for 
an angle of 53° each of the bases OPi, OPg, ... , OPg is a constant 
fraction of its corresponding perpendicular PiQi, P 2 Q 2 » ••• > ^e^e- 
If we repeat the process by working through Exercises 2a, it 
will be found that the ratios are the same for the same angle, but 
are different for different angles ; thus for 36° the ratio is 0*73, 
for 42° it is 0*90, for 70° it is 2*75, the ratio increasing as the 
angle increases. If, therefore, we know the ratios for all the angles 
from 0° to 90°, we shall have another method by which the size 
of an angle may be estimated to a fair degree of accuracy. 


EXERCISES 2a. 

Repeat Ex. 7 in the case of each of the following angles, making 
measurements in centimetres for Nos. 1-6, and in inches for Nos. 7-12. 


1. 10°. 

00 

o 

3. 23°. 

4. 28°. 

5. 33°. 

6. 40°. 

7. 46°. 

8. 56°. 

9. 60°. 

10. 69°. 

11. 80°. 

12. 85-6° 


11. The Tangent of an Acute Angle. An acute angle is one 
which is less than a right angle. If BAG (Fig. 5) be such an 
angle, it will be seen from the results 
already obtained, that if from any point 
C in AC we draw CB perpendicular to 
AB, then the ratio BC-f-AB, or, as we 
shall often write it, BC/AB, will depend 
entirely upon the size of the angle A, 
i.e. Z-BAC. We shall call this ratio the 
tangent of the angle A, and shall write it 



Fig. 5. — Tangent of an acute 
angle. 


in the usual short form, tan A, so that 


tan A = BC/AB. 

In considering the angle A, since ABC is a right-angled triangle, 
we shall call the arms AB, AC, the base and hypotenuse respec- 
tively, whilst BC will be termed the perpendicular. 

Hence we see that tan A = (perpendicular BC)/(base AB), or 
omitting the letters, the tangent of an acute angle = ratio of the per- 
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pendicular to the base, where the base is one of the arms of the 
angle and the perpendicular is a line drawn at right angles to the 
base from any point on the other arm of the angle. 

The results of Ex. 7, p. 13, may now be written down briefly in 
the form tan 53° = 1-33, this being the average value of the six 
ratios calculated. Tables have been constructed, giving the 
tangent of every acute angle correctly to four places of decimals 
and the use of them enables many problems to be solved in quite 
a simple way. 

Ex. 8. Construct an angle whose tangent is 1*6. 

Suppose the angle A in Fig. 5 (p. 14) to be such that its tangent 
is 1*6 ; then we should have tan A = BC/AB = 1*6, so that 
BC = l*6x AB. 



If, therefore, the length of AB be known, we can easily find the 
corresponding length of BC. This leads to a simple construction. 

Draw a straight line AB (Fig. 6) of any convenient length. 
Suppose we make it 10 cm. long ; then 

BC = l-6xAB-l-6xl0 = 16 cm. 

Hence at B, erect a perpendicular to AB and on it mark off 
BC = 16 cm. Join CA, then lBAC is the required angle ; for 

tan A = BC/AB = 16/10 = 1-6. 

On measuring the angle carefully with a protractor, we find 
that its size is approximately 58°. Hence tan 58° = 1*6. 
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Ex. 9. 
value of 



In a triangle ABC, the angle C is a right angh.. Find the 
tan A X tan B (i) when A == 67° and (ii) when B = 44°, having 
given that 

tan 23° = 0*4245, tan 44° = 0*9657. 

tan 46° =* 1 *0355, and tan 67° = 2*3559. 

What do you notice about the results ? 

The triangle is shewn in Fig. 7, and we know 
from geometry that the sum of the three angles of 
every triangle is 180°. 

Hence, since 

C = 90°, A + B = 90°. 
when A = 67°, B - 90° - 67° - 23°, 

B = 44°, a = 90° -44° -46°. 


To find the product of tan A and tan B, we must therefore 
multiply (i) 0*4245 by 2*3559, and (ii) 0*9657 by 1*0355. 

Working by contracted methods, we have 


(i) 0*424 

5 

(ii) 0-965 

7 

2*355 

9 

1-035 

5 

0*849 

0 

0*965 

7 

•127 

35 

28 

95 

21 

20 

4 

80 

2 

10 

* • 

45 


36 

0*999 

90 

1*000 

01 


■MM 


It is evident that the product in each case is practically 1. 

A little consideration of Fig. 7 will shew us that this is always 
the case when A-fB = 90° : for tan A-BC/CA, and for L B, BC is 
one arm and therefore the base whilst CA is the perpendicular 
so that tan B — CA/BC. 

Hence, in all cases when A + B = 90°, 

BC CA 

tan A . tan B = ^ • — = 1. 

CA BC 


12. Angles of Elevation and Depression. Suppose an observer 
stands at G (Fig. 8) and, facing a vertical wall KH, looks at the 
top H ; then the line joining his eye E with the ton H makes an 
angle AEH with the horizontal line EA, which is called the angle 



§ 11, 12] ANGLES OF ELEVATION AND DEPEESSION 17 


of elevation of H. Since tan AEH =AH/EA, we can find tjie height 
AH if the angle AEH and the distance EA or GK be known. Also 
KA = GE = height of the observer’s eye above the ground GK, and 
if this be measured, the total height of the wall is KH = KA + AH. 



Fio. 8. — Angle of elevation. 


Suppose, however, that the observer were standing above the 
object observed, as when a person stands on the edge of a cliff P 
(Fig. 9) and looks at a distant ship B. The angle BPQ made by 



Fig. 9. — Angle of depression. 

the horizontal line PQ with the line PB joining the ship and his 
eye is called the angle of depression of B. It will be clear from 
the figure that l BPQ = l CBP, so that tan BPQ = tan CBP = PC/BC. 
Hence, when the angle and one of the distances PC or BC are 
known, the other distance can easily be found. 

Angles of elevation and depression are measured by an instru- 
ment called a theodolite, which consists of a telescope made to 
revolve in a vertical plane over a graduated circle whose centre 
is at the pivot of the telescope. The whole is mounted on a 
horizontal table supported on three legs. For ordinary purposes 
the telescope may be replaced by a simple sighting device, and a 
very serviceable and reliable instrument may be constructed in 

B.M.T. B 
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a school woodwork shop. Fig. 10 shews such an instrument. 
Note the spirit level for the horizontal adjustment of the table. 



Fio. 10.— A school-made theodolite. 


Ex. 10. A hoy observes tlmt the angle of elevation of the top of 
the bell-tower of his school is 61° at a horizontal distance of 65 feet 
from the foot of the tower. If his measuring instrument be 4: ft. from 
the ground, find the height of the tower. 

Referring to Fig. 8, let AH represent the part of the tower 
above the measuring instrument E, then -(LAEH=61°, and from 
the table of tangents, tan 61® = 1*8040. 

But tan AEH =AH/EA, and EA = GK = 65 ft. 

/. 1*8040= AH/65; 

AH = 1*8040 X 65 = 117*26 ft. 

Also KA = GE = 4ft. 

/. KH = KA-f-AH =4 + 117*26 = 121*26 (t. 
height of tower to the nearest tenth of a foot = 121*3 ft. 
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Ex. 11. ^rom the top of a church tower a man observes the hank 
of a river which he knows is approximately 34 yards from the foot 
of the tower. He finds that its angle of depression is 64° ; find the 
height of the tower in feet. 

In Fig. 9, let CP represent the tower, and B the bank of the 
river ; then BC = 34 yd. = 102 ft., and L QPB = L CBP = 64°. 

From the table of tangents, tan 64° = 2-0503, and 
PC/BC=tan 64°, or CP/102 = 2-0503, 

/. PC = 2-0503 X 102 = 209*1 ft. 


EXERCISES 2b. 

1. Draw any acute angle POQ ; take any point Q in OQ and draw 
QS perpendicular to OP meeting it in S. Take any point P in OP and 
draw PR perpendicular to OR meeting it in R. Measure OS, SQ, OR, 
RP, and calculate the values of the ratios SO/OS, RP/OR. What do 
you deduce from the results ? State what each ratio denotes. 

Measure the angle POQ and verify your results from the tables. 

2. Draw a straight line OP 4J inches long; mark off OS = 3 in., 
and at S draw SQ = l-6 in. at right angles to OS. Join OQ and pro- 
dace it. From P draw PR perpendicular to OQ produced to meet it 
in R. Measure PR and OR, hence calculate the tangents of the angles 
OQS, OPR. What do the results shew ? Measure the angles and verify 
the measurements from the tables. 

3. Draw a right angle POQ having its arms OP, OQ any convenient 
length; join PQ. Draw OR perpendicular to PQ meeting it at.R. 
Measure OP, RP, QR ; calculate the values of the ratios QR/OR, and 
OR/RP. What do your results shew ? Verify your inference by 
measuring the angles OPR, ROQ. 

4. Draw a triangle POQ having Z.OPQ = 90°, OP = 12 cm., and 
PQ = 3-5 cm. Calculate the tangents of the angles POQ and PQO, 
and find the relation between them. 

Construct and measure the angles whose tangents are 

5. 11-2. 6. 13. 7. 0-7. 8. 0-74, 

9. 0-36. 10. 1-2. 11. 0-4. 12. 2-5. 

13. Construct the angles whose tangents are f and f ; measure them 
and find their sum. 

14. Construct the angles whose tangents are 0-4 and 2-5 ; measure 
them and find their sum. 

15. Construcu two angles whose tangents are 10-2 and 0-3 respec- 
tively ; measure them and find their difference. 
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16. Write down from the tables the tangents of 18° 6' 19°, and 35°. 
Then find the angle whose tangent is equal to 

tan 18° 6' 4- tan 19° + tan 35°. 

17. Write down the tangents of 10°, 20°, and 40°, and find the angle 
whose tangent is tan 20° + 2 tan 40° + 4 tan 10°. 

18. Write down tan 84° 24', tan 72° 36', tan 85° 42' ; hence find the 
angle whose tangent is tan 84° 24' + tan 72° 36' - tan 85° 42'. 

19. Write down the tangents of 16° 42' and 67° 18° ; hence evaluate 

(tan 16° 42' + tan 67° 18') 4-(l - tan 16° 42' x tan 67° 18'), 
and find the angle whose tangent is equal to this value. What do you 
notice about this angle and the sum of the given angles ? 

20. Write down the tangents of 84° 54' and 21° 48' ; hence evaluate 

(tan 84° 54' - tan 21° 48') 4-( 1 + tan 84° 54' x tan 21° 48'), 
and find the angle whose tangent is equal to this value. What do you 
observe about this angle and the difference between the given angles ? 

21. If tan e = find 6 when A = 26° 36' and B = 60° 12'. 

1 - tan A . tan B 

What is the relation between 0 and A + B ? 

22. Given that tan 6 = (tan A - tan B)/( 1 + tan A . tan B), find 0 when 
A = 84° 18' and B = 31°48'. What is the relation between 0 and 
A-B ? 

23. In a triangle ABC, the angle C is a right angle, the side 
BC = 38-48 ft., and the side CA = 49-25 ft. Find the angles at A and C. 

24. A wire attached to the top of a vertical post is fastened on the 
ground at a point 68 ft. from the foot of the post and makes an angle 
of 73° with the ground. Find the height of the post. 

25. A ladder is placed against a vertical wall with its foot 5-4 ft. 
away from the wall. The inclination of the ladder to the ground is 
75° ; how far up the wall does the top of the ladder reach ? 

A BC is a triangle having a right angle at C ; if : 

26. Z. B = 35°, CA = 10-5 in., find BC. 

27. ^A = 60° 42', BC = 26-73 in., find CA. 

28. A B = 69° 12', BC = 12 cm., find CA. 

29. z. A = 70°, CA = 24 cm., find BC. 

30. LB = 70° 6', BC = 16 in., find CA. 

31. L B = 72° 48', CA = 64-61 ft., find BC. 

32. z. A =49° 36', BC = 4-8 ft., find CA. 

33. Z.A = 2r 48', CA = 14 in., find BC. 
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34. ABC is an isosceles triangle whose base BC is 64 inches long, 
and whose height is 6-2 in. Find its angles. 

35. The base BC of an isosceles triangle ABC is 8 in., and its height 
is 11*75 in., find its angles. 

36. Each of the equal angles at the base of an isosceles triangle is 
84° 24', and its height is 12 ft. 9 in. Find the length of the base. 

37. The base of an isosceles triangle is 2 ft. 1 in. long, and each of its 
equal angles is 54° ; find its height. 

38. An isosceles triangle has a vertical angle of 39° 36' ; its base is 
4*8 ft. long. Find its base angles and its height. 

39. The height of an isosceles triangle is 10*4 cm., and its vertical 
angle is 27° 48' ; find its base angles and the length of the base. 

In a tr angle ABC, the perpendicular from A to BC meets it in D ; if 

40. BD = 5, DC =4, AD =9*02; find z. B and Z. C. 

41. BD = 14, BC = 21, ^B = 55°30'; findADandz.C. 

42. Z.Bzz43°, lC = 35° 18', AD =37*3; find BD and DC. 

43. Z. B = 24°, BD = 11*23 ; find AD, then find ^C if DC = 5. 

44. Z.C = 16°42', AD=8*1, BC = 12*1; find DC and z. B. 

45. 35AD-14BD = 10BC; find z. A, Z. B and Z. C. 

46. Two flag-poles of heights 43 ft. and 35 ft. respectively are erected 

on opposite sides of a road 37 ft. wide. Find the angle made with 
the horizontal by a line joining the tops of the poles. (N.U.T.) 

47. In a triangle ABC, z.B=40°, Z.C = 50°, and the perpendicular 

from A on BC is 10 feet. Calculate the length of BC. (C.S.) 

48. A statue 25 feet high stands on the top of a column 100 feet high. 

Calculate the angle of elevation of the top of the statue at a point 
200 feet from the base of the column in a horizontal fine. What angle 
does the statue subtend at this point ? (D.S.) 

49. An aeroplane when 2118 feet high passes vertically above another 

at an instant when the angles of elevation at the same observing point 
are 46° and 40° respectively. How many feet lower is the one than 
the other ? (D.S.) 

50. The top and bottom of a vertical flag-pole, fixed on the top of a 
tower, are observed from a point on the ground distant 125 ft. from the 
foot of the tower, and the angles of elevation are found to be 27° 9' 
and 22° respectively. Find the height of the tower and the length of 
the pole. 
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51. At a point 25 feet distant from the wall of a house, the angles 
of elevation of the upper and lower edges of a window aSie 38° 40' and 
27° 30' respectively. Calculate the height of the window. (C.S.) 

52. A flag-staff, 10 feet long, stands on the top of a tower. To an 
observer, whose eye is on the same level as the foot of the tower and 
50 yards from it, the angle of elevation of the top of the flag-staff is 42°. 
Calculate the height of the tower, to the nearest foot, and the angle the 
flag-staff subtends at the observer’s eye, to the nearest minute. (C.S.) 



CHAPTER III 

MEASUREMENT OF AREA. RECTILINEAL FIGURES 

13. Rectilineal Figunes. If a figure be drawn on a sheet of 
paper to represent one of the faces of the solid shewn in Fig. la 
(p. 1), we have a plane figure bounded by four straight sides. 
Now al! plane figures which are bounded only by straight lines, 
no matter how many there may be, are called rectilineal figures. 

When there are only three sides, the figure is a triangle, as in 
Fig. 11. 

When there are four sides, the figure is called a quadrilateral, as 
in Fig. 12. A quadrilateral is known as 

(i) a rectangle, if all its angles are right angles, as in Fig. 13. 

(ii) a parallelogram, if both pairs of opposite sides are parallel, 

as in Fig. 14. 



Fig. 11.— A triangle. Fig. 12.— A quadrilateral. FlO. 13.— A rectangle. 



Fig. 14.— a parallelogram. Fio. 15.— A rhombus. Fio. 16.— A trapezium. 


(iii) a rhombus, if both pairs of opposite sides are parallel and 

all its sides are equal, as in Fig. 15. 

(iv) a trapezium, if one pair of opposite sides are parallel, as 

in Fig. 16. 
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Each of these figures, like all other plane figures, haa»two dimen- 
sions, i.e. length in two directions which we often call length and 
breadth. The measurements of these are always made in direc- 
tions which are perpendicular to each other. 

14. Area of Rectangle. The measure of the space enclosed by 
the boundaries of a plane figure is called its area, and this may be 
found from the measurements of the length and breadth of the 
figure. 

Problem 1. To find the area of a rectangle. 

On a piece of paper ruled in inch squares, draw a. rectangle 
32 units long and 17 units broad, taking the side of a small square 
as a unit. How many squares are enclosed by the figure ? 
Clearly the number is 32 x 17 =544. Now the unit of area must 
be an area itself, and since our two measurements are perpen- 
dicular to each other in direction, the most convenient unit of 
area is the square. 

When the side of the unit square is one inch, the area of the 
square is 1 square inch ; if the length of the side be one yard, 
then its area is 1 square yard, and so on. The measure of an 
area is thus the number of unit squares contained in it. The 
area of our rectangle is therefore 544 unit squares, each of whose 
sides is inch. 

Now the length of the rectangle is 32 units each 
so that really it is 3-2 in. Similarly, the actual breadth is 1-7 in. 
But each large square whose side is one inch, i.e. a square inch, 
contains 100 small squares, so that 544 small squares contain 
5*44 sq. in. This, then, is the area of a rectangle 3*2 in. by 
1*7 in. 

If, however, we multiply 3-2 by 1-7 we obtain 5*44 ; hence the 

area of a rectangle is measured by the product of the length and breadth, 
provided always the length and breadth are measured in the same 
units. 

Ex. 12. Find the area of a rectangle whose sides are 23-5 in. 
and 17-6 in. 

Evidently, from the above rule, the required area is 
23*5 X 17*6 square inches, 

= 413-6 sq. in. 
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Ex. 13. 4 rectangular plot of ground whose length 1^5.55 yards 

and breadth 47 yards 2 feet has a rectangular lawn 51 yards 1 foot 
by 44 yards laid out in its central portion, and the reinainder is 
turned into a garden. Find the area of the garden in square feet. 

Area of plot =55 x 3 x 47f x 3 sq. ft. 

= 165x143 sq. ft. 

= 23,595 sq. ft. 

Area of lawn = 51 J x 3 x 44 x 3 sq. ft. 

= 154x132 sq. ft. 

> =20,328 sq. ft. 

area of garden = 23,595 - 20,328 = 3267 sq. ft. 

In this case we might have avoided the long multiplication as 
follows : 

Area of garden ={165 x 143) - (154 x 132) sq. ft. 

=<11 X 15 X 11 X 13) - (11 X 14 X 11 X 12) sq. ft. 

= 363(5x13-14x4) sq. ft., taking out the 
common factor 11 x 11 x 3 = 363, 
=363x9=3267 sq. ft. 

rs before. 

16. Area or Square Measure. We have seen from Prob. 1 that 
one square inch contains 10 x 10 = 100 small squares, each of 
whose sides is inch. In the same way, a square foot contains 
122 = 12x12 = 144 square inches; a square yard 3^ = 9 square 
feet ; a square metre 10^ = 100 square decimetres, and so on. 
This explains the following tables, which should be known 
thoroughly. 

British Area Measure. 

122 or 144 sq. inches = 1 sq. foot 

32 or 9 sq. feet = 1 sq. yard 

(5|)2 or 30 j sq. yards = 1 sq. pole 

40 sq. poles =1 rood 

4 roods =1 acre 

640 acres =1 sq. mile 

Since 22 yards = 1 chain, we have also 

222 or 484 sq. yards = 1 sq. chain, 

10 sq. chains or 4840 sq. yd. = 1 acre. 
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Note that the only new terms used are rood and acre, these 
being applicable only to area. 

In the Metric system, the square metre is the unit used for 
measuring ordinary areas, whilst for land measurement the unit 
generally employed is the square dekametre, which is called an are. 
For large areas, the hectare is often used. Thus 

1 are = 1 square dekametre = 100 square metres, 

100 arcs = 1 hectare, 
and 100 hectares — 1 square kilometre. 

• 

Ex. 14. The area of a rectangular plot of ground is 3-75 acres, 
and one side measures 165 yards. Find the length of the other side 
in chains, 

165 yards == 165—22 = 7*5 chains, 
and 3*75 acres = 3*75 x 10 = 37*5 sq. chains. 

If, therefore, the length of the unknown side be denoted by 
I chains, then 

7*5 = 37*5. 


Divide both sides by 7*5 ; then 


37*5 

7*5 


375 15 . , . 

"tS" ^ chains. 


Ex. 15. Find the area in ares of a rectangle measuring 145 
decimetres hy 98 decimetres, 

145 decimetres = 14*5 metres, 
and 98 decimetres = 9-8 metres ; 

the area in square metres = 14*5 x 9*8 = 142*1. 

Note that this product might have been simply found as 
follows : 

Since 9*8 is near 10, we may write it 10-0*2, so that 
14*5 X 9*8 = 14*5 X (10 -0*2) 

= 14*5x10-14*5x0*2 
= 145-2*9 
= 142*1, as before. 

Now 1 are = 100 sq. metres, 

142*1 sq. metres = 142*1-^100 ares 
= 1*421 ares. 

Hence, the area correct to two places is 1*42 ares. 
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16. Important relations between British and Metriq Units of 
Area. There are a few important relations between the two 
systems of area measurement which we shall now find, and the 
results should be remembered for future use. 

Ex. 16 . Find correct to tv )0 places the number of square centi- 
metres equivalent to a square inchy and use the result to find the 
equivalent of an acre in ares. 

Imagine a square each of whose sides is exactly one inch long ; 
then since ^one inch is equivalent to 2*54 centimetres, the area of 
the square in sq. cm. will give the required result. 

Hence the number oi sq. cm. equivalent to a sq. in. = 2*54 x 2-54, 
which, by contracted multiplication, gives 6*452 to three places. 

Hence one square inch contains 6*45 square centimetres. 

The determination of the equivalent of an acre in ares is a 
little longer. 

Now 1 acre = 4840 sq. yards, 

and 1 sq. yard = 9 x 144 = 1296 sq. inches. 

Turning each sq. in. into its equivalent in sq. cm., and as the 
result is required correctly to two places, we must use 6*452 as 
the equivalent, we get 

1 sq. yard = 1296 x 6*452 sq. cm. 

Hence 1 acre or 4840 sq. yards = 4840 x 1296 x 6*452 sq. cm. 

-= 6,272,640 X 6*452 sq. cm. 

Now, egain, 

1 metre = 100 cm. ; 

1 sq. metre = 1002 or 10,000 sq. cm., 
and 1 are = 100 sq. metres 

= 1,000,000 sq. cm. 

1 acre = 6,272,640 X 6*452-^1,000,000 ares 
= 6*27264 X 6*452 ares. 

Multiplying this out by the contracted method to two places, 
we get 40*47 ares. 

Hence one acre contains 40*47 ares. 

17. Area of a Parallelogram. The sides of a parallelogram are 
not at right angles to each other as in the rectangle, so that we 
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cannot measure two adjacent sides as the length and breadth. 
The area may however be found quite simply. 

Problem 2. To find a rule for determining the area of a 
parallelogram. 

On a piece of squared paper, draw a parallelogram ABCD 
(Fig. 17) having the angle D less than a right angle. Draw AE 



Fig. 17. — Area of a parallelgram. 


perpendicular to DC, and BE' perpendicular to DC produced. 
Then DC=AB = EE' ; from DC and EE' take away the common 
part EC; then DE = CE'. Also EA = E'B and DA = CB, so that 
from geometry we know that the triangle DEA is equal to the 
triangle CE'B. 

Hence the area of A DEA = area of A CE'B. 

To each add the area of the figure EABC, then 
area of (ADEA + fig. EABC)=area of (ACE'B + fig. EABC), 
i.e. area of parallelogram ABCD == area of rectangle ABE'E. 

But area of rectangle ABE'E = AB x EA, 

so that area of parallelogram = AB x EA = DC x EA. 

Hence the area of a parallelogram is measured by the product of the 
lengths of one side and the perpendicular distance between that side and 
the opposite side. 

If we make AB = 39 units, AE = 24 units and AD =26 units, 
taking the side of a small square as a unit, then CE' = DE = 10 units 
by counting the sides of small squares. 

The area of the jparallelogram is 39 x 24 = 936 unit squares. 

Now draw the parallelogram so that DA is horizontal, and count 
the number of units in the perpendicular distance between DA and 
BC. It is 36, so that, taking DA as base, the area = 26 x 36 = 936 
unit squares as before. 

18. Area of a Triangle. From the area of a parallelogram we 
can easily deduce the area of a triangle. 
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Ex. 17. The area of a trmngle standing on a hare 96*8 yards 
long is one-seventh that of a 'parallelogram 'whose base is 9 cJiains 
52 links and whose altitude is 6 cJmins 65 links. Find the altitude 
of the triangle in yards, 

9 chains 52 links = 9*52 chains = 9*52 x22 yards, 
and 6 ,, 65 „ =6*65 „ =6*65x22 „ 

/. By Prob. 2, 

area of parallelogram = 9*52 x 22 x 6*65 x 22 sq. yd. 

Hence, area of triangle = |(9*52 x 22 x 6*65 x 22) sq. yd. 

Suppose the unknown altitude of the triangle be A yd., then Its 
area, by the above rule, is \ , 96*8 xh — 48*4^ sq. yd. ; 

48*4/i = 1(9*52x22x6*65x22), 


and 


, 9*52 X 22 X 6*65 x 22 , 

h = ?r— iH-i ya. 


7 X 48*4 
= 9*52x0*95x10 = 


= 90-44 yd. 


19. The Theorem of Pythagoras. An important relationship 
between the lengths of the sides of a right-angled triangle was 
discovered by Pythagoras, a Greek who lived in Sicily, b.c. 570- 
500. We shall now see what this relationship is. 


Ex. 18. Find, by measurement, the relation between the lengths 
of the sides of a right-angled triangle. 

Draw a good-sized triangle ABC having a right angle at C ; 
then measure the sides carefully, and calculate the areas of the 
squares on these sides. Thus, writing CA^ for the area of the 
square on CA, and similarly for the other sides. 

Suppose BC = 2*8in., then BC®= 7*84 sq. in. 

CA = 4*5 in., then CA* = 20*25 sq. in. ; 

/. BC2 + CA2 - 7*84 + 20*25 = 28*09 sq. in. 

Also^ by measurement, 

AB = 5*3 in., so that AB2 = 28*09 sq. in. 

Hence in this case, AB^ == BC^ + CA^. 

Note that AB is the hypotenuse, and BC, CA, the arms of the 
right angle. 

Draw several other right-angled triangles, and seo whether the 
same is true for each of them. 
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EXERCISES 3a. 

ABC is a triangle having a right angle at C ; draw the triangle in 
each of the following cases, measure the third side and calculate the 
values of BC^ + CA^ and AB^ 

1. BC= 3-5 in., CA= 1-2 in. 2. BC= 4 in., CA = 0-9in. 

3. AB= 6-1 in. j CA= 11 in. 4. BC= 5-6 in., CA-3-3in. 

5. AB= 3-4 in., BC= 1*6 in. 6. AB= 8-9 cm., BC = 3-9 cm. 

7. AB= 9*7 cm., BC= 7-2 cm. 8. AB^^lO l cm., BC = 9-9cm. 

9, AB = 16-9 cm., CA = 11*9 cm. 10. BC — 16*8 cm., CA = 9-5cm. 

11. On a piece of stout paper draw a triangle ABC having a right 
angle at C ; describe squares on each of the sides (Fig. 21). Suppose 
BCHK to bo the larger of the squares on BC and CA. Find its centre O 
by drawing the diagonals and draw POQ, parallel to AB, and ROS 
perpendicular to POQ- Cut along these lines and along BC, thus mak- 
ing four nieces, a, 6, c, d. Stick these on the square ABDE as indicated, 
and then cut off the square ACFG along AC. This square will then fit 
into the uncovered space in ABDE. Thus the sum of the areas of the 
squares on BC, CA make up the area of the square on AB. (This 
method of dissection was first given by Henry Perigal in 1830.) 



£ B C 

Fig. 21.— Perigal’s dissection- Fig. 22.— Squared paper dissection. 


12. On a piece of squared paper draw a triangle ABC right-angled 
at C (Fig. 22). Draw BG = BC and parallel to CA ; AD equal and 
parallel to BC, and on it make AE = CA. From E draw EK=:BC and 
parallel to CA, and on it mark KF=CA. Draw FH equal and parallel 
to BC. This will pass through G, since DG = FE = BC - CA. Join AK, 
KH, HB. Shew that this is the square on AB, and find its area by 
determining the number of smaU squares in the four triangles ABD, 
BHG, HKF, KAE, and the small square DEFG. Compare this with the 
sum of the areas of the squares on BC, CA. 
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20. The General Case. We shall now see whether the relation 
of Ex. 18 is true of all right-angled triangles. 

Problem 4. To find the general relation between the sides of a 
right-angled triangle. 

In Fig. 22, let the lengths of BC, CA and AB be denoted by 
a, 6, c respectively ; then the area of the triangle ABC = \ab. 
But each of the four triangles ABD, BHG, HKF, KAE is equal to 
ABC, and DG = GF = FE = ED =BC -CA=a -6 ; 

area of square ABH K = 4 . \ah + {a- b)^ = a^ + 

But area of square ABH K = ; 

c^ — a^-i-b'^, 

i.e. in a right-angled triangle the square on the hypotenuse = sum of 
squares on the other sides. 

This is the famous theorem of Pythagoras, and its applications 
are exceedingly important. 

Ex. 19. The sides of a rectangle are 2 ft. and 7 in. long respec- 
tively ; find the length of the diagonal. 

If we cut the rectangle along one of its diagonals, we have a 
right-angled triangle, having the diagonal for its hypotenuse. 
Let the length of this diagonal be A in., then 

^2 == 242 + 72 ^ 576 4. 49 == 625 ; 

/. ^ = n/625 = 25 in. 

Ex. 20. BC, CA are two sides of a rectangular field, BC being 
11 chains 88 links, and CA 7 chains 65 links. Tivo men start from 
B, to walk to A ; one walks along the diagonal AB and the other alo'og 
the sides BC, CA. Find how many yards farther this man goes. 

Here we must first find the length of the diagonal. 

Now 11 chains 88 links = 1188 links, 

and 7 „ 65 „ = 765 „ 

if AB be A links long, 

A2 = 11882 + 7652 
= 1,411,344 + 585,225 
= 1,996,569 ; 

A = n/ 1,996,569 = 1,413 links, 

on extracting the square root by the ordinary arithmetical 
process. 
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But BC + CA = 1188 + 765 -= 1953 links, 

difference in distances walked 

= 1953 ~ 1413 = 540 links - 5*4 chains 
= 5*4 X 22 = 1 1 88 yards. 

Ex. 21. ABC is a triangle in which AB = 8/^. 10 m., BC = 10/^. 
3 m., and CA = 5 ft. 5 in. The 'perpendicular from A to BC meets 
it in D ; find the lengths of BD, DC, AD, and the area of the triangle 
in square yards. 

Let the length of BD (Fig. 23) be x in., then DC = (123-x) in. 


A 



Now BD divides the triangle into two right-angled triangles, 
ABD a’^d ACD ; hence 

AB2 = BD2 + AD2, and CA2 = CD2 + AD2, 
i.c. 1002 = + AD^ and 65^ = (123 - + AD^, 

or 1062- x2 = AD2, and 652-(123-a;)2 = AD2. 

We thus have two expressions for AD 2, which must, therefore, 
be equal. Hence 

1062 = 652 - (123 -2c)2 

= 652 -1232 + 246a; -a;2 ; 
hence 246a; = IO62 - 652 + 1232 

= 11236 - 4225 + 15129 = 22140 ; 
a; = 22140-^246 = 90 in. 

CD = 123-x = 123-90 = 33 in. 

As X is now known, the value of AD can be found from eitner 
of the expressions above. Taking the simpler, 

AD2 = 1062 -a;2 = 1062 -902. 

This being the difference of two squares, we may use the identity 

p‘-q‘ = (p + q){V-q), 
which should always be done in such cases. 

B.M.T. C 
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Hence AD^ = (106 + 90)(106 - 90) = 196 x 16 = x 4* ; 

/. AD = 14 X 4 = 56 in. 

/. BD =90 in. = 7 ft. 6 in., DC = 33 in. = 2 ft. 9 in., and 
AD =56 in. =4 ft. 8 in. 

Now the area of the triangle = J . BC . AD = J x 123 x 56 sq. in. 

3444 

= 3444 sq. in-=j 44 -^ sq. yd. = 2-66 sq. yd. 

21. Area of a Trapezium. Knowing now how to find the area 
of a triangle, it is quite easy to determine the area of a trapezium. 

Ex. 22. ABCD is a pht of ground in the shape of a trapezium, 
AB, CD being the parallel sides. If CD = 34 chains 42 links, 
AB = 36 chains 83 links, and the perpendicular distance between 
these sides is 24 chains, calculate the area of the plot in acres. 

Let Fig. 24 represent the plot. Draw the diagonal BD, then 
the trapezium is divided into two triangles, DAB, BCD ; hence its 


D C 



A E F B 

Fig. 24.— Area of a trapezium. 


* 

area is the sum of the areas of these triangles. Draw DE, CF 
perpendicular to AB, then ED=FC = 24 chains, and 

area of A DAB = | . AB x ED = | . 36*38 x 24 sq. chains, 
area of ABCD = J . CD x CF = J . 34*42 x 24 sq. chains. 

/. area of trapezium ABCD 

= (1 . 36*83 X 24) + (1 . 34*42 x 24) sq. chains 
= 1 . 24(36*83 4- 34*42) sq. chains 
= 12x71*25 = 855 sq. chains 
= 85*5 acres. 

Problem 5. To find, the area of any trapezium. 

Let the lengths of AB, CD (Fig. 24), be denoted by a, b respec- 
tively, and the perpendicular distance between these sides be A, 
then the area of the trapezium = area of ADB + arqa of CBD 

= \ah + \bh = \h{a + b) . 
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We might consider the trapezium to be made up of the tw;o right- 
angled triangles AED‘, BFC and the rectangle EDCF, so that its area 

= AE + FB + ^6 = JA(AE + FB +2fe) = |^(a + fe), as before. 

Hence the area of a trapezium is measured by the product, 

^(sum of parallel sides) x (their distance apart). 

When the four sides are given, it is necessary first to find the 
distance between the parallel sides. This may be done by an 
application of the theorem of Pythagoras. The method is best 
illustrated by a numerical example. 

Ex. 23. AECD is a trapezium in which AB, CD are the parallel 
sides. Find its area in square yards when JKB = l-6ft., BC = 20 ft., 
CD = 28-5 Z^., and DA = 13/^. 

Let ABCD (Fig. 25) be the trapezium ; draw AE, BF perpen- 
dicular to CD meeting it at E, F respectively. 


A B 



FIG. 25.— Area of a trapezium. 

Suppose DE = a; ft. long, and AE = BF = /i ft. long, then since 
AD E is a right-angled triangle, 

AE2 = AD2-DE2 i.e. h^ = 13^-x\ 

Similarly, since BCF is a right-angled triangle, and 
FC = DC - DF = 28-5 - (7*5 + x)=21-x, 

BF2 = BC2-FC2 i.e. h^ = 20^ - (21 -x)K 
Hence these two expressions for h^ must be equal, so that 
202 -(21 -x)2 = 132-x2; 

4(X)-441 +42x-a;2 = 169-cr2, 
from which 422c = 169- 400 -i- 441 = 210 ; 

CP = 5, 

and Zi2 = 132-ic2 = 132-52 = 18 .8 = 12^; 

/. A = 12. 

Hence, applying the above rule, the area of the trapezium 
= i . 12 . (28-5 + 7-5) = 6 X 36 sq. ft. 

= 24 sq. yards. 
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EXERCISES 3b. 

Rectangles. 

Find the area in the units stated of each of the following rectangles, 
whose linear dimensions are given : 

1. 110 yd. by 99 yd., in acres. 

2. 8 chains 25 links by 3 chains 54 links, in acres. 

3. 18 ft. by 4 ft. 6 in., in square yards. 

4. 3*87 m. by 5*4 m., in square yards, taking 6-45 sq. cm. as the 
equivalent of one square inch. 

5. 539-6 m. by 453 m., in acres, taking one acre to be equivalent 
to 40-47 ares. 

6. The area of a rectangle is IJ acres ; one side measures 2 chains 
50 links. Find the length of the other side. 

7. The width of a rectangle is 7 ft. 6 in. and its area is 16-5 sq. yd. 
Find its length. 

8. One side of a rectangle measures 3 ft. 4 in. and its area is 43-86 
sq. dm. Find the length of the other side in inches, taking 6-45 sq. cm. 
as the equivalent of 1 sq. in. 

9. A rectangular field covers an area of 2J acres, and one side of it 
is 269-8 metres long. Taking 40-47 arcs as the equivalent o^ 1 acre, 
find the length of the other side in metres. 

10. What will be the ground rent of a rectangular plot of ground, 

measuring 74 ft. 3 in. by 29 ft. 4 in., at the rate of £50 per acre ? (C.S.) 

11. A new core-shop floor is to be covered with cast-iron plates. 

Its length is 30 ft. 6 in. and its width 15 ft. 9 in. What will be the 
cost at 18s. 6d. per sq. yd. ? (U.L.C.I.) 

12. The outside measurements of a casement window of one pane are 
3 ft. 9 in. and 1 ft. 9 in. The frame is 1 J in. in width all round. Find 
the area of glass required. 

If the window were divided into six panes by one vertical and two 
horizontal strips of wood an inch wide, by how much would the area of 
the glass be decreased ? (C.S.) 

13. What length of flooring-board in. wide is required for a floor 
15 ft. 4 in. long by 13 ft. 9 in. wide, the boards being laid parallel to 
the longer side ? 

14. Find the whole area in square feet of the Walls of a room 20 ft. 6 in. 

long, 16 ft. 4 in. broad and 15 ft. high, deducting 120 square feet for 
doors and windows. What will be the cost of pairrting the walls at 
Jd. per square foot ? (C.S.) 
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15. The total area of the walls of a room is 450 sq. ft., the area of 

the floor is 156 sq. ft. Find the height of the room if the length is 
12 ft. (U.L.C.I.) 

16. A room, 18 feet long and 16 feet wide, has a stained border one 

foot six inches wide ; the rest of the floor is to be covered with a Turkey 
carpet at 18 shillings per square yard. What will be the cost of the 
carpet ? (C.S.) 

17. Find the number of pieces of paper, each 12 yd. long and 22 in. 

wide, required for papering the walls of a room 25 ft. 3 in. long, 18 ft. 
9 in. broad, and 13 ft. 6 in. high. (C.S.) 

18. Part of a rectangular’ floor measuring 24 ft. by 15 ft. is covered 

by a carpet measuring 20 ft. by 11 ft., and the remainder of the floor 
is covered by linoleum. If the carpet costs 31s. 6d. per sq. yd. and 
the linoleum 12s. 3d. per sq. yd., find to the nearest penny the total 
cost of co\ 3ring the floor. (C.S.) 

19. A room is 31 feet long and 22 feet wide. Find the cost of carpet- 

ing it, leaving a border 2 feet 6 inches wide all round to be stained, if 
the carpet is 26 inches wide and costs 8s. 9d. per yard. Find also the 
cost of staining the border at Is. 9d. per square yard. (L.M.) 

20. It is required to cover with linoleum the floor of a room in France 
measuring 12*7 metres by 7-62 metres. The linoleum is purchased in 
England, and the total cost is £26 Os. lOd. Taking 1 yard =0*9 144 
of a me*/ro, find the price paid per sq. yd. 

21. How many metres of carpet 60 cm. wide are required to cover a 

floor 1 1 metres long by 7 metres wide, leaving a border 20 cm. wide all 
round ? (L.S.) 

22. A rectangular field is measured by a tape whose length is sup- 
posed to be 66 feet, but which has actually shrunk 6 inches. According 
to this tape, the field is 220 yards long and 55 wide. Find to the nearest 
square yard by how much the area of the field is overestimated. (L.S.) 

23. A pathway 3 feet 6 inches wide surrounding a rectangular lawn 
71 feet 9 inches by 57 feet 9 inches is paved with tiles 7 inches square. 
Find the cost of the tiles at £1 73. per gross. 

24. Wallpaper is generally made in pieces 12 yards long and 21 inches 
wide. To find the number of pieces required for a room, a decorator’s 
rule is to divide the area in sq. ft. of the walls to be covered by 64. 
What fraction of each piece does this allow for waste ? Apply the 
rule to find the number of pieces required for a room 42 ft. 7 in. long by 
27 ft. 5 in. wide by 15 ft. high, allowing 28 per cent, of the area to be 
occupied by fireplace, doors and windows. 
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Square Root. 

25. The area of a square field is acres ; find the length of its side 
in yards. 

26. Find the side of a square courtyard whose area is 9 acres 4401 
sq. yd. 

27. How many metres are there in each side of a square field con- 
taining 778-41 ares ? 

28. A square field contains 15 acres. Find, to the nearest yard, the 

length of fencing required to enclose it. (C.S.) 

29. A square sheet of metal has an area of 649,081 sq. in. ; find the 

length of one edge. (U.L.C.I.) 

30. Find the length of the side of a square whose area is equal to 
that of a rectangle measuring 14 ft. 1 in. by 4 ft. 1 in. 

31. A square field contains 17,653 square yards. Find the length of 
a side correct to the nearest foot. What is the least number of square 
yards by which the area of the field, still remaining square, should be 
increased for a side to be an exact number of yards ? 

Hence find the two factors of 17,663. (L.S.) 

32. Find the area in hectares of a square field whose diagonal is 

450 metres in length, it being given that a hectare is a square whDse 
side is 100 metres. (C.S.) 

33. The side of a square whose area is 0-27 are is given as 51 J metres. 
Shew that the actual length differs from this by less than 0-1 of a 
millimetre. 

34. The side of a square equal in area to a rectangle 7 yd. 2 ft. long 
by 5 yd. 2 ft. wide is taken as 19:f^ ft. Prove that this is greater than 
the actual value by a quantity less than 0-006 of an inch. 


Triangles and Trapeziums. 

35. A triangle is 1 yd. I ft. 4 in. high and its base is 2 yd. 2 ft. 4 in. 
long. Find its area in square centimetres, taking 2-64 cm. to an inch. 

36. The base and altitude of a triangle are 309-6 cm. and 275-4 cm. 
respectively. Its area measured in British units is 6-1 sq. yd. Cal- 
culate the number of square centimetres equivalent to a square inch. 

37. A BCD is a trapezium in which AB, CD are the parallel sides. If 
AB = 584-3 in., CD =375-7 in., and the perpendicular distance between 
them is 2 ft. 3 in., find the area of the figure in square yards. 

38. A courtyard shaped like a trapezium has its parallel sides 49 ft. 
and 68 ft. long respectively, their distance apart being 21 ft. How 
many tiles each 13 in. by 9 in. will be required to cover it ? 
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39. The arep of a trapezium is 2 sq. ft. 26-5 sq. in. ; the lengths of 
the parallel sides are 1 ft. 7 in. and 1 ft. 6 in. respectively ; find their 
perpendicular distance apart. 

40. A plot of ground is represented in a plan by a figure FEBCGDA, 
in which A BCD is a trapezium having AB, CD for its parallel sides, 
ABEF is a rectangle and CDG is a triangle. AB = 1 ft. 9 in., 
BE = CD=2 ft. 11 in., perpendicular distance between AB, CD =8*76 in., 
and perpendicular distance of G from CD = 1 ft. 2 in. The shape is 
to be altered to a square having an equal area. Find the side of this 
square. 


Tf^orem of Pythagoras, 

41. The diagonal of a rectangle 10 ft. long measures 14 ft. 1 in. 
Find the width of the rectangle. 

42. One side of a right-angled triangle is 4 yards long, and its hypo- 
tenuse is just one inch longer. Find the length of the third side and 
the area of the triangle. 

43. The lengths of the sides of a lawn tennis-court are 78 feet and 
36 feet ; calculate the length of the diagonal to the nearest foot. (C.S.) 

44. How far up a vertical waU will a ladder 60 ft. long reach if its 
foot be placed 14 ft. away from the wall ? 

45. right-angled triangle has its shorter sides 2*5 in. and 3 in. 

respectively. Calculate to two places of decimals the length of the 
remaining side and also the area of the triangle. (U.L.C.I.) 

46. A shed with a roof sloping from back to front is 8 ft. widfe and 
10 ft. long. The height of the front wall is 5 ft. and that of the back 
wall 11 ft. Find how many yards of felt 2 ft. wide will be required 
to cover the roof completely. 

47. An estate is shewn on a plan as a four- sided figure A BCD in 
which BC=CD=65 cm., AD = 30 cm., zlADC = 90°, and the perpen- 
dicular from B to CD =60 cm. Find the area of the estate in hectares, 
if the scale of the plan is 1 cm. to 5 metres. 

48. The roof of a house has unequal slopes, whose lengths from the 
ridge to the eaves are 22-5 ft. and 30 ft. respectively. Find the depth 
of the house from back to front if the ridge is 18 ft. above the eaves. 

49. Of five towns, B is 14*4 miles due east of A, C is 6 miles north of 
B, D is 2-1 miles east of C, and E is 2-8 miles north of D. In travelling 
from A to E, how many miles would be saved if the journey could be 
made by taking two straight roads joining A and C, and C and E respec- 
tively, instead of taking straight roads from A to B, B to C, C to D, 
and D to E ? Calculate the shortest distance between A and E. 
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In each of the following examples, find the length of th'' perpendicular 
AD and the area of the triangle A BC, D being the point in BC where the 
perpendicular to it from A meets it. 


50. AB=20 in.. 

BC = 21 in.. 

CA = 13in. 

61. AB = 17 in.. 

BC = 44 in.. 

CA — 39 in. 

52. AB=41 in.. 

BC=51 in.. 

CA=58 in. 

63. AB=97ft., 

BC = 219 ft., 

CA = 170 ft. 

54. AB=86ft., 

•4^ 

oo 

It 

O 

CD 

CA==91 ft. 

55. AB=260yd., 

BC=:339 yd.. 

CA:-137 yd. 

56. AB=87 yd., 

BC=76 yd., 

CA = <?5 yd. 

57. AB=29cni., 

BC = 240 cm.. 

CA — 221 cm. 

58. A triangle has sides of lengths 17 ft., 25 ft., 28 ft. Find the least 


altitude and the area, and find the area of the triangle cut off from it by 
the straight line which bisects the longest side at right angles. (O.P.) 


Miscellaneous, 

59. A square plot of ground is surrounded by a gravel path 6 feet 

wide, the outside boundary of the gravel also forming a square. It is 
desired to double the width of the path, and it is found that IJ times 
as much gravel is required for the extension as for the original path. 
Find the length of the side of the plot of ground. (L.8.) 

60. A rectangular garden is 11 yards longer than it is wide and 
occupies 0-15 acre. Surrovnding the garden is a pavh of uniform 
width, and the length of fencing edging the outer boundary of the 
path is 126 yards. Find the dimensions of the garden a^id the width 
of the path. 

61. Two lawns, one a rectangle, the other a square, are of the same 

area, 484 sq. yd. Four times the perimeter of the rectangle is equal 
to five times that of the square. Find the length and breadth of the 
rectangle. (L.M.) 

62. A flat rectangular roof is to bo covered with asphalte. One side 

is 2 ft. shorter than the other. If the shorter side of the roof were 
increased by 57 ft. and the longer side reduced by 24 ft. the area would 
remain the same. Calculate the length of each side. (U.L.C.I.) 

63. A BCD is a trapezium having the non-parallel sides AB, CD 17 
cm. and 25 cm. long respectively, and BC = 2AD = 56 cm.; find the 
area of the figure. 

64. The parallel sides of a trapezium are (a: -11) ft. and (x~7) ft. 
respectively ; their distance apart is x ft. If its area be equal to that 
of a square whose side is (a; - 18) ft., find x. 
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65. A BCD ^’s a trapezium having AB, CD as its parallel sides. If 
AB-9 ft. 11 in., BC = 28 ft. 4 in., CD = 49 ft. 4 in., and DA = f8 ft. 3 in., 
find the perpendicular distance between AB and CD, and the area of 
the figure in square yards. 

66. The parallel sides of a trapezium are 1*8 ft. and 7 ft. long respec- 
tively, and their distance apart is 4-5 ft. Find the lengths of the non- 
parallel sides when they differ in length by 2*4 in. 

67. The lengths of the sides of a right-angled triangle ABC are: 

AB = (a: - 1) inches, AC = (it; - 2) inches, and BC = 3*2 inches, L C being 
the right angle. Find the value of x. (U.L.C.I.) 

68. The ai agonal of a large rectangular field is 60 chains, and its 

area is 120 acres. Find its length. (L.M.) 

69. A BCD is the plan of a rectangular field in which AB = 21 chains, 
and BC = 22*9 chains. E and F are points in DA, BC respectively such 
that DE = BF = 2-9 chains. Find the area of the diagonal strip BFDE, 
and the distance between EB and DF. 

70. In a street 49 feet wide, a ladder reaches 63 feet up the vertical 
wall of a house on one side, and when turned over, keeping the foot in 
the same place, reaches 56 feet up the vertical wall of the house 
opposite. Find how far the foot of the ladder is from this wall, and the 
length of the ladder. 

71. ABC is a triangle having a right angle at C ; from a point D in 
AB, DE, DF are drawn parallel to CA, BC respectively, meeting them 
in E and F such that DE = DF. If AB=44'2 cm., and BC = 17 cm., 
find the lengths of DF and BD. 

72. A BCD" is a trapezium, and the non-parallel sides AB, CD ai:e each 

17 cm. long. The perimeter of the trapezium is 100 cm. and its area is 
495 sq. cm. Find the lengths of the parallel sides, and the perpendicular 
distance between them. (L.S.) 

73. ABCD is a trapezium whose perimeter is 118 cm. The parallel 
sides AB, CD differ in length by 17 cm., AB being the shorter, DA = AB, 
and BC is 1 cm. longer than AB. Find the area of the trapezium. 
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22. Area of a Triangle in Terms of its Sides. In the case of a 
‘triangle ABC we shall follow the usual custom in denoting the 
lengths of the sides BC, CA, AB by a, 6, c respectively, and the 
angles BAG, ABC, BCA by A, B C ; the length of a side is denoted 
^ by the small letter corresponding to the 

opposite angle. We shall also denote 
the area of the triangle by the Greek 
letter delta, A. 

In practical work it is often necessary 
to know how to find the area, of a triangle 
directly from the measurements of its 
sides, and by a simple algebraic appli- 
cation of the method of Ex. 21 (p. 33), 
a general rule may readily be found. 



FiO. 26. — Area of a triangle. 


Problem 6. To find the area of a triangle in terms of its sides. 
Let ABC, (Fig. 26) be any triangle. Draw AD perpendicular to 
BC, meeting it in D. Let BD=x, then DC = BC -BD =a -a;. 
From the right-angled triangle ABD, 

c*=AD2 + aj^ or AD2 = c*-aj^ 

Similarly, from the right-angled triangle ACD, 

or = ; 

/. 5c = (c^ + a®~62)/(2a). 

42 



§ 22 ] 


AREA OF TRIANGLE 


43 


Now the altitude AD is given by 
AD^ = = (c + x){c - x) 

"V ^ 2a )\ 2a ) 

= (2ac + c* + - h^){2ac ~ ~ + 6^)/4a® ; 

4a2 . AD2 = {(c + aY - b^} {5* - (c - a)^} 

= (c + a + b)(c + a- b)(b + c - a)(& ~ c + a). 

The expression on the right-hand side may be made a little 
simpler by caking 2s as the perimeter of the triangle, i.e. 

2s=a + b + c ; 

then 2s-2a—a + b + c-2a= -a-hb + c. 

Similarly, 2s-2b = a-b + c and 2s -2c = a + b-c ; 

/. 4a2 . AD2 = 2s(2s - 2b){2s - 2a)(2s - 2c) 

= 16s(s - a)(s - b){s - c) ; 

/. la^ . AO^==s{s -a)(s -b)(s -c). 

Taking the square root of each side, 

, AD = Vs(s - a)(s - b)(s - c). 

But Ja . AD = area of triangle = A ; 

/. A = \/s(s~a)(s-6)(s~c). 

Hence, the area of a triangle is measured by \/s(s -a)(s ^d)(s -c), 
where o, b, c are the sides and s is the semi-perimeter. 

It is interesting to note that this rule was discovered by Hero, 
a famous mathematician of Alexandria who lived during the 
first or second century. 

Ex. 24. Find the acreage of a triangular plot of land whose 
sides measure 65, 66-6, and 37-6 chains respectively. 

Using the notation of Problem 6, let a = 65, 6 = 66-6, and 
c = 37-6 ; then 2s = 65 -h 66*6 + 37-6 = 169-2 ; 

/. s = 84*6, s -a = 84-6 -65 = 19-6, s- 6 = 84-6 -66-6 = 18, and 
s-c = 84-6 -37-6 = 47. 

area of plot = \/84-6 x 19-6 x 18 x 47 sq. ch. 

= 1^846 X 196^81^7 sq. ch. 

= X 47 X 14 X 14 X 18 x 47 sq. ch. 

= tV . 18 X 47 x 14 = 1184-4 sq. ch. ; 
area in acres = 118-44. 
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EXERCISES 4a. 

Find the area of each of the following triangles : 

1, a = 15 in., 6 = 14 in., c = 13 in. 2. a = 17 in., 6 = 25 in, c = 28 in. 

3. a=43 ft., 6 = 61 ft., c = 68 ft. 4. a = 77 ft., 6 = 74 ft., c=25 ft. 

5. a = 57 ft., 6 = 82 ft., c = 89 ft. 

6. a = 34*8 chains, 6 = 30-5 ch., c = 7*3 ch. 

7. a = 6=:53 ft., c = 56 ft. 8. a = 26 ft., 6 = c = 85 ft. 

9. a =c = 22-9 yd., 6 = 12-6 yd. 10. a = 6=c = 12 yard. 

11. a = 6 =c = 29 chains. 12. a = 6 = c = 32-4 chains. 

13. a = 5 in., 6 = 8 in., c = ll in. 

14. a = 13 in., 6 = 17 in., c = 24 in. 

15. a = 29 in., 6 = 18 in., c = 31 in. 

16. a=57 ft., 6 = 52 ft., c=53 ft. 

17. a = 73 ft., 6 = 74 ft., c = 21 ft. 

18. a=9-7 ch., 6 = 7-5 ch., c = 8-6 ch. 

19. a = 56 yd., 6 = c = 52 yd. 20. a = 6 = 82 yd., c = 56 yd. 

21. Shew that the area of an equilateral triangle is ^y3/4 times the 
area of the square described on its side. 

22. In an isosceles triangle in which a = 6, prove that its area is 

23. Find an expression for the area of a triangle whose sides are 
a -X, a, and a + x respectively. 

If the area of such a triangle be 84 sq. in., and a = 1 ft. 2 in., find x. 

24. Find the area of a quadrilateral A BCD having AB = 11 in., 

BC = 13 in., CD = 14 in., DA =20 in., and its diagonal CA = 18 in. 

25. A BCD is a quadrilateral such that the angle ADC =90°. If 
AB = 2 ft. 1 in., BC =2 ft. 5 in., CD =2-4 ft., and the diagonal CA = 3 ft., 
find the area of the figure in square feet. 

23. Area of any Rectilineal Figure. We can find the area of 
any plane rectilineal figure by dividing it into triangles and taking 
sufficient measurements to enable us to calculate the area of each 
triangle. 
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Ex. 25. ^he 'plan of a field is given dmvn to a scale^ 1 cm. to 
20 yards. By copying the figure accurately, find from it the actual 
area of the field in acres. 

Suppose Fig. 27 represents the plan when copied. The actual 
copying may be readily done by constructing the triangles ABD, 
BCD by the usual geometrical method. To save space, Fig. 27 is 
drawn on a much smaller scale than that given. 



Fig. 27.— Area of a quadrilateral. 


Now, to find the total area, we have to find the areas of the two 
tnangles ABD, BCD ; their altitudes will therefore be required. 
Hence, draw AE, CF each perpendicular to BD, and measure very 
carefully in centimetres the lengths of BD, AE, CF. This may be 
conveniently done by cutting a narrow strip of squared paper 
accurately ruled in millimetre squares. 

Suppose the actual measurements to be: BD=8‘4 cm., 
AE = 4*8 cm., CF = 4-5 cm., then the real lengths are: 

BD = 8*4 X 20 = 168 yd., AE - 4-8 x 20 = 96 yd., 
and CF = 4*5 x 20 = 90 yd., since 1 cm. represents 20 yd. 


area of ABCD = A ABD + ABCD = J . BD . AE + 1 . BD . CF 
= 84 X 96 + 84 X 90 sq. yd. 

= 84(96 + 90) sq. yd. = 84x 186 sq. yd. 


84 X 186 
4840 


1953 

605 


= 3*23 acres. 


We might have found the area of each triangle by measuring 
its three sides and using the rule of Prob. 6 but the method is 
much longer and more liable to error, since two more measure- 
ments are required. It would, however, be a useful exercise to 
use the method to check the above result. 
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24. Areas from given Measurements. When the measurements 
are given, the rule of Prob. 6 (p. 42) must be employed, or else 
other lengths must be calculated from which the required area 
may be found. The methods of the following 
examples should be carefully studied. 

Ex. 26. ABCD is a qmdrilateral field in 
ivhich AB = 39 chains , BC = 34 chains, CD = 20 
chains, DA = 45 chains, and the diagonal BD = 42 
chains. Calculate the area of the field in acres. 

The plan cf the field is shewn in Fig. 34, from 
which it will be evident that we have to cal* rio.'34.— Plan of afield, 
culate the areas of the two triangles ABD, BCD. 

Now the semi-perimeter of ABD = |{39 -h 42 + 45) = 63 chains, 
and „ „ „ BCD = 1(34 + 20 + 42) =48 „ 

AABD = s/63x24x21 xI8 = 21 x36 = 756 sq. ch. 
and ABCD = \/48 X 14 X 28 X 6 =16 x 21 =336 sq. ch. 

area of whole field = 756 + 336 = 1092 sq. ch. = 109*2 acres. 

Ex. 27. A plot of land ABCDEFGA is hounded hy seven straight 
edges. The angles GAB, GBC are right angles, and GC is parallel 
to FD. Find the acreage of the plot from the following measure- 
ments : 

AB = 19-2 chains, EF = 15 chains, 

LC= 7 „ BG = 24 „ 

DE = 13 „ FD = 14 „ 

Shortest distance between GC and FD = 8 chains. 

The plan of the plot is shewn in Fig. 35. By joining GB, GC, 
and FD, the plot is divided into three triangles GAB, GBC, FED 
and a trapezium GCDF. 

Now the triangle GAB is right-angled at A so that its area 
= ^GA . AB. We must, therefore, find the length of GA. By the 
theorem of P3d;hagoras, 

GA* = GB* - AB* = 24* - 19-2* = (24 + 19-2)(24 - 19-2) 

= 43-2 X 4-8 = 9 X 4-8*; 

GA = 3 X 4-8 chains, 

AGAB = i .3x4-8x19-2 = 138-24 sq. ch. 



and 
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The triangle GBC is also right-angled at B, 

AGBC = J.GB.BC = 4.24*7 = 84 sq. ch. 

For the trapezium GCDF, we have by Art. 22, 
area = J(GC + FD) x 8 sq. ch. 

Now FD==14 chains, and 

GO = = s/576 + 49 == s/625 = 25 chains ; 

/. area of trapezium = i . (25 + 14) . 8 = 156 sq. ch. 
Finally, since the three sides of the triangle FDE are given, the 
rule of Prob. 6 gives, for the area, s/2I x8 x 7 x 6 = 84 :;q. ch. 
Hence the area of the whole plot 

= 138-24 + 84 + 156 + 84 sq. ch. 

= 462-24 sq. ch. = 46*224 acres. 



E P 


Fig. 35.“Plan of a plot of ground. FiG. 3G.“rield book plan. 

35. Surveying. The Field Book. The measurement of land is 
called surveying^ and in determining the area of an actual plot, 
the usual method is to map it out into right-angled triangles and 
trapeziums, where the boundaries are straight. Let ABC...P 
(Fig. 36) be the plan of a piece of level ground whose area is 
required. Two corners P, Q — called stations — are selected as far 
apart as possible, and a row of pegs driven into the ground to 
mark out the straight line PQ. This is called the survey-line. 
Stakes are next driven in at the chosen corners A, B, C, . . . K, and 
by means of an instrument used for measuring angles, such as a 
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theodolite, oITsets AM, BR, CS, ... KL are marked out perpendicular 
to PQ. These offsets are then measured by a surveying chain or 
an offset staff, i.e. a pole ten links long. The results are then 
recorded in a special way in a field book. 

Suppose the measurements in links were as follows : 

PL = 160, LK = 320, PM =200, MA = 400, 

PN=432, NH=400, PR =560, RB = 464, 

PS = 736, SC =280, PT = 800, TG = 440, 

PL =960, UD=320, PV = 1008, VF = 240, 

PQ = 1200 and QE = 208; 

these results would be entered in the book in the following 
manner : 

Links 



to Q 
1200 

208 to E 


1008 

240 to F 

to D 320 

960 



800 

440 to G 

to C 280 

736 


to B 464 

560 



432 

400 toH 

to A 400 

200 



160 

320 to K 


From P 



It will be observed that this record is to be read upwards, the 
measurements in the middle column giving the distances from P 
of the feet of the offsets on the survey line, and the other columns 
giving the lengths of those offsets right or left. After the survey, 
the record is taken away, a plan prepared from it and the required 
area calculated, as in the following example. 

Ex. 28. Find the acreage of the j>iece of ground whose Field-look 
record is given above in Art. 25. 

In all cases where a record is given, a plan must first be pre- 
pared . This is best done on squared paper. In the present case, 
however, the plan is already shewn in Fig. 36, but it would be a 
useful exercise for the pupil to draw a new plan from the record 
given, without reference to Fig. 36. 

B.M.T. D 
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From the diagram it is evident that the figure istdivided into 
three right-angled triangles and seven trapeziums ; hence, 
expressing all our measurements in chains, we have : 

area of PLK = J.l-6 x3-2 = 2-56 square chains 
„ LNHK = i .2-72x7*2 = 9-792 
„ NTGH = I . 3-68 X 8-4 -15-456 
„ TVGF -1 . 2-08x6-8 = 7-072 
„ VQEF = i. 1-92x4*48- 4-3008 
„ UQD = i . 2-4 x3-2 = 3-84 
„ SUDC- J . 2-24x6 - 6*72 „ 

„ RSCB = J . 1 -76 X 7*44 - 6*5472 
„ MRBA = | . 3-6 X 8-64 -15*552 

„ PMA = i.2 x4 -J 

Total area — 75-8400 „ 

= 7*584 or 7*6 acres. 

26. Curved Boundaries. When one of the boundaries is curved, 
the area may be found approximately by dividing the plan into 
narrow trapeziums by parallel offsets. In drawing the plan it is 
usual to take the survey line horizontal; the offsets are then 
vertical, and are often called ordinates. 

Ex. 29. PQRS (Fig. 37) is the 'plan of a plot of ground drawn to 
the scale of 1 cm. to 20 links. Find the area of the plot in sq. yd. 



It will be noticed that the boundary SR is curved. Suppose 
that on measuring PQ we find it is 12 cm. long. Divide PQ, into 
12 equal parts and draw the ordinates ; let y-i, -•• Vn 
their respective lengths. The whole area is now divid^ approxi- 
mately into 12 trapeziums, each 1 cm. wide. 
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It should be carefully observed that the ordinates, must be 
sufficiently close together so that each segment of the curved 
boundary approximates to a straight line. 

The area of the first is K.Vo'^2/i) J others. 

Measure the lengths of the ordinates carefully, and record the 
results as follows : 


Distance along PQ. 

Measurements. 

Sum of parallel sides. 

Area. 

0 cm. 

yQ =5*2 cm. 




1 „ 

Vi =5-8 „ 

110 cm. 

6-5 sq. cm. 

2 „ 

1/2 =6-6 „ 

12-4 „ 

6-2 „ 

3 „ 

2/3 - '1-2 „ 

13-8 „ 

6-9 „ 

4 „ 

Vi =7-8 „ 

16-0 „ 

7-5 „ 

5 „ 

2/5 =8-0 „ 

15-8 „ 

7-9 „ 

6 „ 

2/6 =7-8 „ 

16-8 „ 

7-9 „ 

7 ,, 

2/7 =7-4 „ 

15-2 „ 

7*6 „ 

8 „ 

2/8 =6‘8 

14-2 „ 

7-1 „ 

9 

2/9 =0-0 „ 

12-8 „ 

6-4 „ 

10 „ 

2/10 “^*0 j) 

110 „ 

5-5 „ 

11 ,, 

2/11 — 3*8 ,, 

8-8 „ 

4-4 „ 

12 „ 

2/12=2-4 „ 

6-2 „ 

3-1 „ 


Total area = 76 0 sq. cm. 


Now on our plan, 1 cm. = 10 links = 2-2 yd. 

1 sq. cm. =2*2 X 2-2 = 4-84 sq. yd. 

/. Total area of plot = 76 x 4-84 = 367*84 sq. yd. 

Problem 7. To deduce a simple expression for the area of a 
figure having a curved boundary. 

From the above example, it will be seen that every ordinate 
between the end ones is used twice in finding the total area. 
Thus, suppose the width of each trapezium to be h ; then from 
Fig. 37, the total area is 

\h (yQ + ^i) + JA (^1 + ^ 2 ) + • • • + il/n + 2 / 12 ) 

=Hh(yo+yi)+yi+yi+-+yn}- 

In the same way, had there been n ordinates, the area would be 

^{2(2/0 + 2/71) + 2/1 + 2/2 + ••• + 2 /n-i}- 

Hence the following rule : 

Add half the sum of the first and last ordinates to the sum of the 
other ordinates, and multiply the result by the common distance between 
consecutive ordijiates. 

This is known as the Trapezoidal Rule. 
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27. Simpson^s Rule. In order to obtain greater tacciiracy in 
finding the area of a plane figure with a curved boundary, Thomas 
Simpson, an English mathematician, devised the following rule 
in 1750. Divide the base line into an even number (n) of equal parts ; let 
A = sum of end ordinates = Yq + yn» 

B= „ even „ + ... +yn-2i 

and C-: „ odd „ =y 2 + y 4 + ••• +yn-l» 

then area = Jh(A + 4B + 2C), 

where h — common distance between consecutive ordinates. 

This is called Simpson’s Eule. 

Both the Trapezoidal Rule and Simpson’s Rule may be applied 
to any figure having a curved boundary, whether the plan of a 
field or not. In determining the area of such a figure, i'^ is con- 
venient, however, to record the measurements in a manner 
similar to that adopted in the field book. The following example 
will clearly shew this : 

Ex. 30. Find (i) by the Trapezoidal Rule, and (ii) by Simpson's 
Rule, the area of PQRS (Fig. 38) from the follou'ing measuremenU, 
all given in links. 

Ordinates: ^^ = 176, 7/1 = 192, ^2 ==209, ^3 = 220, 

^, = 231, ^5 = 22.5, 2/6 = 214, 2/7 = 1^^, 

1/3 = 165, 2/9 = 126, 2/10 = ^^* 

Length of base line = 100. 



The base line is obviously divided into ten equal parts, each 
of which is, therefore, 10 links in length. 
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To sum the lengths of the ordinates, it is best to aiy-ange the 
record as follows : 

Links. 


toQ. 

End Ordinates. 

Even Ordinates 

Odd Ordinates. 

100 

49 





90 

— 

126 

— 

80 

— 

— 

165 

70 

— 

198 

— 

60 

— 

— 

214 

50 

— 

225 

— 

40 

— 

— 

231 

30 

• 

220 

— 

20 

— 

— 

209 

10 

— 

192 

— 

0 

176 



— 

From P 

— 

— 

— 

Totals 

225 

961 

819 


Hence, by the Trapezoidal Rule, 

Area = 10(^^4-961 +81 9) = 18925 sq. links 
= 1*8925 sq. chains = 0-18925 acres 
= 0*19 acre approximately. 

By Simpson’s Rule, 

Area = Y (225 + 4 x 961 + 2 x 819) = 19023 sq. links 
= 0*19 acre approximately. 

Note that Simpson’s Rule gives a value nearer to 0-19 acre 
than that given by the Trapezoidal Rule. 


EXERCISES 4c. 

Find the area of each of the following quadrilaterals A BCD from the 
dimensions given : 

1. AB = 25in., BC = 8in., CD = 15in., DA=26in., z.BCD=90°. 

2. AB = 53in., BC = 54-6in., DA -51 in., BD-52in., z.CBD-90°. 

3. AB-37ft., BC = 32ft., DA = 13ft., BD=:40ft., 2LBCD=90h 

4. AB = 75 ft., BC-41 ft., CD -58 ft., DA -78 ft., BD=51 ft. 

5. AB-200in., BC-208in., CD = 145 in., DA = 111 in., CA = 136 in. 

6. AB = 77 cm., BC = 13cm., BD=85cm., Z.A = Z.C = 90h 

7. AB=56cm., BD=65cm., CD = 16 cm., ^A = Z.C = 90°. 

8. BD = 14*5yd., BC = 14-3yd., DA = l-7 yd., Z.A = AC = 90h 

9. A BCD represents a plot of ground; the perpendiculars from C 
and D to AB meet it in E and F respectively. Find the area of the plot 
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in acres from the following dimensions, all given in chuns : A 8== 86, 
AF-:24, FD = 17, EC = 23, E B 44. 

10. A plot is in the form of a five-sided figure ABODE. Perpen- 
diculars from E, D, C to AB meet it in F, G, H respectively. Find the 
acreage of the plot from the following dimensions, which are given in 
yards : A B = 268, AE = 37, FG = 125, GD = 20, FE = 12, HC = 46, BC = 53. 

11. A BCD is a quadrilateral field in which the diagonals AC, BD are 
perpendicular to each other. AC = 134-9 metres and BD = 105 metres ; 
find the area of the field in acres, taking 40-47 ares to the acre. 

12. The diagonals AC, BD of a quadrilateral A BCD are perpendicular 
to each other, and A BAD =90°. AB = 120 yd., AD = 132 yd., and 
AC = 242 yd. Find the area of the quadrilateral in acres. 

13. Find the acreage of a five-sided plot ABODE, in which CD is 
parallel to BE, AB = 157 ft., CD = 145 ft., AE = 143 ft., BE = 140 ft., 
and the perpendicular distance between BE and CD =88 ft. 

For each of the following specimen entries in a Field-book, draw a 
plan on squared paper and calculate the acreage of the field to two places 
of decimals. 


14. Links. 



602 

387 

215 


215 

258 

258 

129 


216 

43 



0 



16. Links. 


371 

848 

742 



683 

318 

424 

424 


265 

159 

318 


0 



IB. Links. 


00 

1106 



948 

316 

395 

790 


316 

474 



237 

474 

474 

158 



0 



15. Links. 


296 

295 

413 

767 

649 

472 

177 

59 

0^ 

236 

295 

177 

17. 

Yards. 


133 

361 

67 


190 

76 

114 

114 



95 

114 

152 

38 


19 

0 

95 

19. 

Links. 



1455 


682 

1261 



1164 

485 


582 

679 

388 

388 


97 

19i 



0 
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20. Yards. 



629 

592 

259 

74 

555 


296 

444 



407 

222 


185 

259 

222 

148 


111 

37 


1 




21. Links. 


435 1 

1566 

348 


1392 

609 

522 

1014 



870 

348 

696 

609 



522 

522 

261 

261 


435 

174 



0 

261 


22. Yards. 23. Links. 



437 


1168 


161 

345 


949 

438 


322 

69 438 

730 


115 

276 

292 

511 



207 

184 

438 

511 

184 

138 

511 

365 



115 

115 

292 

366 

69 

69 


146 

146 


23 

92 365 

73 



0 

219 

0 



Metres. 

25. 

Metres. 


64-5 

337 

8 

322 1 



242 

96 

303 

104 

87*5 

213 

102 

172 



155 

118 

159 

55 

72-5 

123 

106 

109 



82 

92 

51 

96 

110 

67 

118 

28 



0 

46 

0 



Links. 

27. 

Links. 


i 

1001 


863 i 


210 

945 


702 

132 


845 

238 216 

652 


266 

721 


423 

165 


602 

399 83 

137 


476 

308 


73 

102 

70 

119 
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In each of the following examples the figure is bounde^l by a curved 
line, a straight base line, and the end ordinates. The area is divided 
into narrow strips of equal width by equidistant ordinates, and the 
lengths of these ordinates are given. Draw the figure on squared paper 
and calculate its area (i) by the Trapezoidal Rule and (ii) by Simpson’s 
Rule. 

28. Number of ordinates = ll ; common interval between them 
=2 mm. Lengths of ordinates in cm., 4, 3*96, 3*84, 3*64, 3-36, 3, 
2*56, 2 04, 1-44, 0-76, 0. 

29. Number of ordinates = 15 ; common interval between them 

= J inch. Lengths of ordinates in inches, 6-2, 5*0, 4*8, 4*7, 4-6, 4-5, 

4- 4, 4-5, 4-6, 4*7, 4-8, 5-1, 6*3, 5-7, 6-2. 

30. Number of ordinates = 19 ; common interval between them 

=0*5 cm. Lengths of ordinates in cm., 4, 4*5, 4*9, 5-4, 5-8, 6*2, 6*4, 
6-8, 7-2, 7-4, 7-7, 7*9, 8-2, 8-4, 8-5, 8-6, 8-7, 8*8, 8-9. 

31. Number of ordinates = 17 ; common interval between them 

=0-5 cm. Lengths of ordinates in cm. : 8, 8-80, 8-76, 8-72, 8*65, 8-57, 
8*47, 8*34, 8-20, 8-03, 7-84, 7*63, 7-38, 7-10, 6-79, 6-44, 6-03. 

32. Number of ordinates =29 ; common interval =2*5 cm. Lengths 
of ordinates in cm. : 0, 1-4, 2-8, 4, 5, 5*7, 6-2, 6*7, 7*2, 7-6, 8, 8-5, 8-9, 
9-5, 10, 12-2, 15, 14-8, 14-5, 141, 13-7, 13*3, 12*8, 12-4, 11-7, 9*7, 7, 31, 0. 

33. The depth of a river is measured in fathoms at intervals of 
2 yards from bank to bank in a straight line with the following results : 
0, 0-5, 1-2, 1-6, 31, 4-2, 5-6, 6-8, 7-4, 8-3, 8-4, 8-5, 8*8, 8-3, 8-2, 7-.r, 6-5, 

5- 5, 3-8, 2*6, 1*5, 0*8, 0. Draw the section to a suitable scale, and 
calculate its approximate area in square yards by Simpson’s Rule. 



CHAPTER V 


THE SINE AND COSINE OF AN ACUTE ANGLE 


28. Solving a Triangle. Every triangle contains six parts, viz. 
three sides and three angles. When all these parts are known, 
the triangle is said to be solved. Generally when three parts are 
known, at least one of which must be a side, the remaining three 
parts may be found by calculation. We can test this fact in the 
case of a right-angled triangle. 

Ex. 31. ABC is a triangle in which AB = 125 m., 

CA-117 m., and C = 90® ; solve the tria^igle. 

L^'t ABC (Fig. 39) be the triangle ; we have to 
find the length of BC and the sizes of the angles 
A and B. 

By the theorem of Pythagoras we have : 

BC2 = AB2 - CA2 ^ 1252 - 1 172 

= (125 + 117) (125 - 117) = 242 X 8 = 121 x 16 = 44^ ; 

/. BC = 44in. 

PA 117 

Now tanB=^^= ,7 -2'6591. 

Be 44 

From the tables, this is the tangent of 69° 24' nearly ; 

/. B-69°24'. 

And since C==90°, therefore A-f-B = 90°, and 

A = 90° - B = 90° - 69° 24' = 20° 36'. 



FIQ. 39— Solving 
a triangle. 


We can check this value by observing that 


tan A 


BC 

CA 


44 

117 


=0-3761. 


Referring to the tables, this is the tangent of 20° 36', thus 
shewing that our value is correct. 

The six parts of the triangle are now known, hence it is com- 
pletely solved. 


57 
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Ex. 32. Solve the triangle in which C=90°, B«=31°48', and 
AB = 81 in. 

Referring to Fig. 39, we have A = 90° - B = 90° - 31° 48' = 58° 12'. 

To find BC and CA, we must proceed as follows : 

CA/BC =tan B = tan 31° 48' =0-62, from the tables ; 

CA=0-62 . BC, and CA2=:(0*62 . BC)2 = 0-3844 . BC^. 

But BC2 + CA2=AB2 = 8P; 

BC2 + 0-3844.BC2 = 8]2, 
or 1 -3844.602 = 812; 

BC = 81 /s/r385= 81/1-173 = 68*8 in. 

Finally, CA =0-62 . BC =0-62 x 68-8 = 42-7 in. 

The triangle is thus solved. 

29. Two Important Ratios. In the latter example the triangle 
could be solved in a much shorter and neater way if we knew the 
relationship between CA and AB, and between BC and AB, just as 
we know the relationship between CA and BC when Z.B is given. 
Since the ratio CA/BC, i.e, tan B, is constant, no matter how long 
the sides may be, provided B is constant, it is probable that the 
ratios CA/AB and BC/AB are also constant. Let us see whether 
this is so. 

Ex. 33. Draw any acute angle XOQ ; take a series of points on 
OQ and drop perpendiculars to OX. Measure the sides of the rights 
angled triangles thus formed, and calculate the ratios of the values 
perpendicular jhypotenuse and haselhypotenuse for each. What do 
you infer from the results ? 

The figure will be similar to Fig. 4 (p. 13). Make the required 
measurements and calculations, and tabulate as below : 


SIzeof ZXOQ=53®. 


PiQi= 6 *'^ cm. 

PjQa= 8-7 cm. 

PsQs^lO-^ cm. 

P 4 Qi= 12-7 cm. 

P6Q5=13-8 cm. 

P 6 Q« = ^5-4 cm, 

OPj =5 0 cm. 

OP 9 = 6 5 cm. 

•‘OP 3 = 8-2 cm. 

OP 4 = 9-6 cm. 

OP 5 = 10-4 cm. 

OP« =11-7 cm. 

OQi =8 4 cm. 

OQa =10-9 cm. 

OQs =13-6 cm. 

OQ 4 =15-9 cm. 

OQs =17-3 cm. 

OQs =19-4 cm. 

^■=0-797 


-^•=0-801 

^*=0-798 

OQs 

-^*=0-794 

§^-=0.594 

1^=0-696 

-§?»- =0-603 

^^.=0-604 

'^^^=0*601 
OQs ^ 

-§^=0-603 
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The ratios h^re are calculated to three places to shew that there 
is a slight variation, due to the measurements not being perfectly 
accurate. It is evident that the values in each of the last two 
lines do approach constant numbers, and taking the averages, 
we may say that for an angle of 53° the ratio of the perpendicular 
to the hypotenuse is approximately 0*798, whilst that of the 
base to the hypotenuse is approximately 0*600. 


Ex. 34. In n triangle ABC in which C = 90°, the ratio CA/BC 
= 2*06. Calculate the values of the ratios CA/AB, and BC/AB. 
What can he deduced from the results ? 

Referring to Fig. 39 (p. 57), we have 
AB2 = BC2 + CA2. 


But CA/BC = 2*06, so that CA = 2*06 . BC ; 

CA2 = (2*06 . BC)2 = 4*2436 . BC* ; 
AB* = BC* + 4*2436 . BC* = 5*2436 . BC* ; 
/. AB = v/^36 . BC = 2*29 . BC ; 


and 


— —-i— — 0*437 
AB 2*29“^ 


CA 

AB^ 


2*06 . BC 
AB 


= 2*06x0*437 = 0*900. 


Now, all we know about the triangle ABC is that CA is 2.*06 
times the length of BC, and this must be true however long or 
short the sides CA, BC may be. From this fact we have found 
that BC = 0*437 . AB and CA=0*9 . AB. It is evident, therefore, 
that these relations are true whatever the lengths of the sides 
may be consistent with the given conditions. The ratio CA/BC 
depends entirely upon the size of the angle B, as we have already 
seen ; hence it follows that the ratios BC/AB, CA/AB, which 
depend upon the ratio CA /BC, are likewise dependent solely 
upon the size of the angle B. 


EXERCISES 5a. 

Repeat Ex. 33 in the case of each of the following angles : 

1. 12 \ 2. 21°. 3. 25°. 4. 30°. 

5. 36°. 6. 43°. 7. 48°. 8. 57°. 

9. 62° 30'. 10. 67° 48'. 11. 75°. 12. 82° 30'. 
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ABC is a triangle eight-angled at C ; calculate tfee values of the 
ratios BC/AB, CA/AB, when the ratio CA/BC has each of the following 
values : 

13. 1. 14. J. 15. 16. Ifg. 

17. 0*75. 18. 0 091. 19. 14-3. 20. 21-2. 


21 . k. 


22 . 


1 /m n\ 
2\n m/ 


23. A triangle ABC is right-angled at C, and CD^is drawn perpen- 
dicular to A B. Shew that ii. ACD = B. If 

(i) BC=22*5, CA = 30, find the lengths of AD, DB /ind CD ; hence 

calculate the ratios CA/AB, CD/BC| AD/CA and BC/AB, BD/BC, 
CD/CA. What do you infer from these results ? 

(ii) BC=a, CA = 6, AB=:C and CD=p, shew by finding the lengths 

of AD and BD that p/a=6/c=AD/6, and p/6 =a/c = BD /a. 


30. The Sine and Cosine of an Acute Angle. It will be evident 
from the results of the above exercises that for each angle, using 
the terms of Art. 11, the ratios perpend icular/hypotenuse, and 
base/hypotenuse, are constant, no matter how long the base, 
perpendicular and hypotenuse may be. 

The ratio perpendicular/hypotenuse is called the sine of the 
angle whose arms are the base and the hypotenuse, and the ratio 
base/hypotenuse is called the cosine of the same angle. 

Thus, referring to Fig. 39 (p. 57), 

CA/AB = sine of B, which is written, sinB, 
and BC/AB = cosine of B, which is written, cos B. 

The results of Ex. 33 may now be written in the form, 
sin 53° = 0-798 and cos 53° = 0-600. 

Just as in the case of the tangent, tables of sines and cosines have 
been constructed,' by the methods of higher mathematics, for all 
the angles from 0° to 90°. If we refer to these tables we shall 
see that sin 53° = 0*7986, and cos 53° = 0-6018, so that our results, 
obtained in quite a rough way, are really quite near the tabulated 
values. 

We shall now use these new ratios to re-solve the triangle in 
Ex. 32 (p. 58), and the simpler and neater method should be 
carefully observed. 
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Ex. 35. Sohe the triangle ABC m which C = 90°, B = 31°48', 
a7id AB=8I in. 

As before, A = 90^ ~ B = 58° 1 2'. 

To find BC, we have BC/AB = cos B, 
i.e. BC/81 = cos 31° 48' = 0*8499, 

from the tables ; 

BC = 8Ix0*8499 = 68*8 in. 

Also CA/AB = LinB, i.e. CA/8I = sin 31° 48' =0*5270 ; 

CA = 8Ix0-5270 = 42‘7in., 
these results agreeing with those already found. 

31. Construction of an Angle whose Sine or Cosine is given. 

From the definition of Art. 30, it will be seen that when the sine 
of an angle is given, we really know the ratio of the perpendicular 
to the hypotenuse of a right-angled triangle, and a geometrical 
construction of such a triangle is quite simple. Similarly, when 
the cosine is given, the ratio base/hypotenuse is known, and the 
triangle may be readily constructed. It must, however, always 
be remembered that the angle under consideration in such 
problem: is that contained by the base and the hypotenuse. 

Ex. 36. Construct an angle whose sine is 0*81 ; measure the 
angle and calculate its cosine and tangent. 

Kcferring once again to Fig. 39 (p. 57), suppose B to be the 
angle, then 

sin B = CA/AB = 0*81, 
so that CA =0*81 x AB. 

Hence, whatever length we make 
AB, CA must be made equal to 0*81 

of that length. g 

Further, since C must be a right p,o, 40 -construction of an angle, 
angle, the point C must he on a 

semicircle whose diameter is AB, because we know from geometry 
that the angle in a semicircle is a right angle. 

These facts, therefore, give the following simple construction. 
Draw-*any straight line AB (Fig. 40), any convenient length. 
Suppose we make it 100 mm. long. 

On AB describe a semicircle. 
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With centre A and radius = 0-81 xAB= 0*81 >t 100 = 81 mm., 
describe an arc cutting the semicircle at C. 

Join CA, CB, then /.ABC is the required angle. 

For z. C is a right angle, and 

sin B = CA/AB = 81 /lOO = 0*81 . 

On measurement, the angle B = 54*1‘^. 

To calculate the cosine and tangent of B, we must first find the 
length of BC. 

From the theorem of Pythagoras, we have t 

BC2 = AB2 - CA2 = 1002 - 81 2 = 181 X 19 = 34 39, 

BC = 73439 = 58-6; 

/. cos B = BC/AB = 58*6/100 = 0-586. 
and tan B = CA/BC = 81/58*6 =1*38. 

These values may be checked by the tables ; thus we find 
cos 54*1° =0*5864, and tan 54*1° = 1*3814 ; hence our results are 
approximately correct. 

32. Complementary Angles. In any right-angled triangle ABC, 
as shewn in Fig. 39, we know that since z.C = 90°, therefore 
A + B = 90°, i.e, the angles A and B are complementary. Now, 
from Ex. 9 (p. 16), we have seen that for two such angles, 
tan A . tan B = l. 

Let us therefore investigate whether any similar relations exist 
between the sines and cosines of two complementary angles. 

Ex. 37. Write down the sines and cosines of each of the following 
angles and their complements : 

12°, 22° 18', 34° 36', 47° 24', 67°, 78° 42', 90°. 

Tabulate the results, and state what can he inferred from them. 

Investigate with reference to a right-angled triangle, whether these 
inferences are true for any pair of complementary angles. 


Angle - 

12'^ 

22° 18' 

34° 36' 

47° 24' 

67° 

o 

00 

l> 

90° 

Sine - 

0-2079 

0*3796 

0*5678 

0*7361 

0*9205 

0-9806 

1 

Cosine 

! 0*9781 

0*9252 

0*8231 

0*6769 

0*3907 

0*1969 

0 

Complement 

78° 

o 

55° 24' 

42° 36' 

23° 

11° 18' 

0° 

Sine - 

0*9781 

0*9252 

0-8231 

0-6769 

0-C907 

0-1959 

0 

Cosine 

0*2079 

0-3795 

0-5678 

0-7361 

0*9205 

0-9806 

1 
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It is evident from this table that for each of the givei\ angles, 
the sine is equal to the cosine of the complementary angle, and 
the cosine is equal to the sine of the complementary angle. 

To see whether this is true for any pair of complementary 
angles, we have from Fig. 39, since A + B = 90°, for the angle A, 

sin A = BC/AB, and cos A = CA/AB, 
and for the angle B, 

sin B = CA/AB, and cos B = BC/AB, 
i.e sin A = cos B, and cos A = sin B, 

so that the relations are true for all pairs of complementary 
angles. 

Since B = 90°-A, the relations may be expressed in the single 

sin A = cos (90° -A). 

33. The Cotangent. The relation just established is a very 
important one, but it is quite unlike that concerning the tangents 
given in Ex. 9. We can, however, express this latter relation in 
a precisely similar form to that connecting the sine and cosine of 
two complementary angles by introducing a new name for the 
ratio 1/^anB, or 1/tanA. These reciprocal ratios occur so often 
in problems that it is convenient to call them cotangents of the 
respective angles, thus 

l/tar A = cotangent of Z.A, which is written cot A. 
Similarly, 1 /tan B = cot B, and so on for any angle. 

Now, according to the definitions of Art. 1 1 , the tangent is the 
ratio, perpendicular/base, i.e. tanA = BC/C (Fig. 37). 

Hence the cotangent is the ratio, base/perpendicular, 
i.e. cotA = CA/BC, 

We have, therefore, from Ex. 9, when A+B = 90®, 

tan A . tan B = l, 

so that tan A = 1 /tan B = cot B. 

ButB = 90°~A; 

tan A = cot (90° -A), 

a relation precisely like that found in Ex. 37, connecting the i 
and cosine. 
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These important relations are sometimes utilise I in construct- 
ing tables in a shortened form, as will be seen from the following 
skeleton : 


Angle. 

Sine. 

1'angent. 

Co-tangont. 

Cosine. 


0 ° 

0 


00 

1 

90 ° 

1 

•0175 

•0175 

57-2900 

•9998 

89 

2 

•0349 

•0349 

28-6363 

• 999 -# ! 

88 

3 

•0523 

•0524 

190811 

•9986 

87 

4 

•0698 

•0699 

14-3007 

•9976 j 

86 

... 

... 

1 

... 



41 

•6561 

•8693 

11504 

•7547 

49 

42 

•6691 

•9004 

11106 

•7431 

48 

43 

•6820 

•9325 1 

1 0724 

•7314 

47 

44 

•6947 

•9657 

10355 

•7193 

46 

45 ° 

•7071 

10000 

1-0000 • 

•7071 

45 ° 


Cosine. 

Co-tangont. 

Tangent. 

Sine. 

Angle. 


It will be observed that the angles at the ends of each hori- 
zontal line are complementary. The second column gives the 
sines from 0° to 45° and the cosines from 45° to 90"'. The third 
column gives the tangents from 0° to 45° and the cotangents 
from 45° to 90°, and similarly for the fourth and fifth columns. 
Thus for the angles 0°-45°, the columns are named at the 
top, whilst for the angles 45°-90°, the columns are named 
at the bottom. It should be noted that such a table only 
gives the ratios for angles differing by one degree, the arrange- 
ment not being convenient for angles differing by less than 
a degree. 

34. Two Important Relations. With respect to any angle A, 
3 ratios sin A, cos A, tan A and cot A are generally called 
onometrical Functions, and between these functions there are 
very useful relations which we shall now derive. 
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Ex. 38. For each of the following angles^ write down , the sine, 
cosine and tangent ; then flrid for each the product of the cosine and 
the tangent. Tabulate the results, and state what may he inferred 
from them. 

18°, 29°, 38°, 43°, 54°, 60°. 

Denote any one of the angles by A, then for the first, A = 18°, 
sin A = 0*3090, cos A = 0*9511, and tan A =0*3249. 

cos A X tan A = 0*9511 x 0*3249 = 0*3090 to four places. 

Eepeating this for the other angles, we obtain the following 
table : 


A - , - 

18° 

29° 

00 

cc 

43° 

54° 

60° 

sin A - 

0-3090 

0 4848 

0-6157 

0 6820 

0-8090 

0 8660 

cos A - 

0-9511 

0 8746 

0-7880 

0 7314 

0-5878 

0-5000 

tan A - 

0 3249 

0-5543 

0-7813 

09325 

1-3764 

1-7321 

cos A . tan A 

0-3090 

0-4848 

0-6157 

0 6820 

0 8091 

0-8661 


From these results we see that the product of cos A and tan A 
is practically equal to the value of sin A, the only variation being 
the small quantity 0*0001 in three cases. This is due to the fact 
that the tables are only approximately true to four places. 

Ex. 39. Find from the tables the sines and cosines of the following 
angles : 13°, 30° 24', 41° 18', 54° 6', 65° 6', 80° ; then for each one 
calculate the values of the squares of the sine and cosine, and find 
their sum. Tabulate the results and state what inference may be 
drawn from them. 

Denote any one of the angles by A, then for the first, A = 13°, 
and sin A = 0*2250, cos A = 0*9744. 

Now the square of sin A may be written (sin A) but it is much 
more convenient to write it in the form sin® A. 

Similarly, the square of cos A is written cos® A. 

Note that the index is written after the name of the function, 
not after the angle, for it is the function, i.e. the ratio and not the 
angle which is to be squared. 

Hence sin® A = sin® 13° = 0*2250® =0*0506 to four places, 
and cos® A = cos® 13° = 0*9744® = 0*9495 ; 

/. sin® A + cos® A = 0*0506 + 0*9495 = 1 *000L 

B.M.T. E 
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Proceeding in this way with each of the remain ‘ng angles, we 
obtain the following table : 


A - - - 

13° 

30° 24' 

0 

00 

54° 6' ' 

65° 6' 

80° 

sin A 

0-2250 

0-5060 

0-6600 

0-8100 

0-9070 1 

0-9848 

cos A 

0-9744 

0-8625 

0-7513 

0-5864 

0-4210 

0-1736 

sin* A 

0 0506 

0.2560 

0-4.356 

0-6561 

0-8227 

0-9698 

cos* A 

0-9495 

0-7439 

0-5645 

0-3439 

0-1772 

n 

00301 

sin* A + cos* A - 

10001 

0-9999 

1-0001 

1-0000 

0-9999 

0-9999 


These results shew that the sum of tlie squares of the sine and 
cosine of each of the angles is very nearly equal to unity. The 
values are, indeed, so near that we may infer that the slight 
variation from 1, amounting only to 0-0001, is probably due, as 
in Ex. 38, to the tables being only approximately true to four 
places. 

Problem 8. To find the relations (i) between sin 0, cos 0 and 
tan and (ii) between sin 0, and cos 6 where 0 is any acute angle. 

Let POQ (Fig. 41) be any acute angle whose size is Take 
any point S on OP and draw ST perpendicular to OQ ; then TOS 
is a right-angled triangle, so that 



sin^=TS/OS, cos^ = OT/OS, and tan(9=TS/OT. 
TS = OS sin 6^, and OT = OS cos 
sin 6 


, ^ TS OS sm 6 

tan 6^ ~ — = — Tj = 

OT OS cos 0 


cos 


tan ^ = 


sin d 


no matter what value 6 has, so long as it is an acute angle. 
Again, TS^ + OT^^OS^. 
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Divide out Ly OS^ then 



i.e, (sin Oy + (cos 


or sin2 d + cos^ d^l. 

’ This is, therefore, the trigonometrical form of the theorem of 
Pythagoras. 

35. Summary of Results. The trigonometrical facts that we 
have been considering so far are so important that a complete 
summary of them is here given for purposes of revision. 

If 0° be any acute angle, then 


(i) tand = 


sin 6 
cos 6* 


(ii) cotd: 


1 _ cos ^ 

tan 6 sin d * 

(hi) sin 6 = cos (90® - 6) and cos 6 =sin (90® - 6), 

(iv) tan ^ = cot (90® -^) and cot 6^ = tan (90® - 6^), 

(v) sin^ d + cos^ d = 1. 


EXERCISES 5b. 

Construct the angle whose sine is given in each of the following 
examples. Measure the angle and find its cosine and tangent without 
using the tables. 

1, u- 2. 3. 0-5. 

4. 0-81. 5. 0-91. 6. 0-907. 

7. Construct an acute angle whose sine is and measure it to the 

nearest degree. (C.S.) 

8. Given that sin A find A to the nearest minute. (N.U.T.) 

9. Construct an angle whose sine is 0-45 and obtain by measurement 

from your figure the cosine and tangent of the angle. (U.L.C.I.) 

10. Construct an angle whose sine is equal to its cosine, and measuie 
it. 

Construct an angle whose cosine is given in each of the following 
examples. Measure the angle and find by measurement its sine and 
tangent : 

11 . 0 - 8 . 

14. H- 


12 . 

15. 0-51. 


13. 0-43. 
16. 0-274. 
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17. I^ind, from the tables, the angles whose sines ar«: 0*7986, 0*866, 
0*9205, and find their sum. 

18. Find, from the tables, the angles whose cosines are : 0*6018, 0*5, 
0*3907, and find their sum. 

19. If sin A =0*4003, find A and cos A ; hence find the angle whose 
sine is equal to twice the product of sin A and cos A. What relation 
does this angle bear to A ? 

20. If cos A =0*9003, find A and sin A ; hence find B so that 

sin B = 2 sin A . cos A. t 

What relation is there between A and B ? 

21. Find the values of sin B-^ (sin A . cos A) when ‘A = 5°, 12°, 21°, 
35°, 41°, and B = 2A. What inference can be drawn from the results ? 

22. The cosine of an angle is equal to cos 40° + cos 80° ; find the angle. 

23. The sine of an angle is equal to sin 10° 36' + sin 1 1° 36' sin 30° 30'; 
find the angle. 

24. The cosine of an angle is equal to cos 55° -f sin 65° - tan 55° 42' ; 
find the angle, and its complement. 

25. If sin A = 1(^6 ~ find A and cos A. 

26. Given that cosA = ;i(^/5+ 1), find A, sin A and tan A. 

27. The sine of an angle is equal to f ^ ; find, without using the trblos, 
the values of the cosine and tangent of the angle. 

28. If cos A = , find sin A and tan A without using tables. 

29. The tangent of an acute angle is ; find the sine and cosine 
of the angle. 

30. Draw an angle of 35° and find from your figure the values of the 

sine, cosine and tangent of 35°. Use your results to find the value of 
sin^ 35° + cos2 35°. (N.U.T.) 

31. Find the values of cos^ A(1 +tan^ A) when A = 8°, 15°, 23°, 35° 
and 40°. What inference can be drawn from the results ? 

32. If A denote the angle whose tangent is J J, verify that 

cos^ A { 1 + tan^ A) = 1, 

and prove this relation is true for any acute angle. (D.S.) 

33. The cosine of an angle is equal to cos^A - sin^A ; find the angle 
tor each of the following values of A : lU, 16°, 24°, 32°, 41°. What 
relation does this angle bear to A 1 

34. If cos B = 2 cos® A ~ 1, find the values of B when A = 6°, 12°, 25°, 
31°, 42°. What relation is there between B and A ? 

35. Given that cos B = 1 - 2 sin® A, find B for the following values of 
A : 8°, 15°, 20° 30', 33°, 40° 42', What relation do the results reveal 
between A and B ? 
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Solve each of the following triangles in which C is a riglit angle 

37. 6 = 14-3, 0-14-5. 

39. a =13-2, 6 = 8-5. 


36. <^ = 11-7, c-12-5. 

38. a = 35, 6 = 12. 

40. a =21-6, 6 = 6-3. 

42. 0=54-7, A = 73° 18'. 
44. a =45, A = 13°. 

46. 0 = 85-2, B^65°6'. 
48. a =45-5 B = 24°30'. 

50. 6 = 39-7, A = 7°. 


41. 0 = 32, A =48° 42'. 

43. a = 29-31, A = 77° 42'. 
45. 0 = 52, B = 71°48'. 
47. a = 13-5, B = 77°. 

49. 6 = 71, A = 73° 30'. 

51. 6=36-9, B=67° 18'. 


52. 6=49-5, B=4r 18'. 53. a + 6 = 161, a-6 = 73. 

54. a + 6 + o = 40, o-a=2. 

55. Give a geometrical construction for drawing a triangle ABC in 
which AC = 10 cm., angle C = 90°, and sin A = 0-65. 

If CB is produced to D so that BD = 2 . CB, calculate the angle CAD. 

. (C.S.) 


56. ABC is a triangle in which A = 70°, B = 90° and AC = 10 cm. 
Find the length of AB and BC. 

If BC is produced to D so that CD =4 cm., calculate the angle BAD 
and the length of AD. (C.S.) 

57. A ladder 30 feet long placed against a vertical wall at an inclina- 

tion of 56° to the ground reaches to a point which is 4 feet below the 
top of the wall. Calculate the inclination at which the ladder must be 
placed against the wall in order that it may just reach to the top of the 
wall. (C.S.) 


58. A ladder 25 ft. long rests against the vertical wall of a house 

with its foot 7 ft. 9 in. from the foot of the wall. Find the angle 
which the ladder makes with the vertical. If the ladder slips 2 ft. 
down the wall, what is now the angle with the vertical ? (N.U.T.) 

59. A lighthouse is 31° East of North from a harbour 5 miles away. 

A ship leaves the harbour in a direction 10° West of North. How far 
has the ship sailed when it is nearest to the lighthouse, and how much 
further when the lighthouse bears due East from the ship ? (J.M.B.) 

60. The corner A of a square A BCD is joined to E, the middle point 
of BC. Find, correct to four significant figures, the sine, cosine and 
tangent of the angle BAE, and the magnitude of the angle AED. (D.S.) 



CHAPTER VI 


AREAS OF RECTILINEAL FIGURES IN TERMS OF 
TRIGONOMETRICAL FUNCTIONS 

T 

36. Trigonometrical Functions as Conversion Factors. Let 

ABC be any triangle in which C is a right angle (see Fig. 39, p. 57) ; 
then, in the notation of Art. 22, sin A — BC/AB — a/c ; cos A = CA/AB 
= 6/c; tan A = BC/CA = a/6, and cot A = 1/tan A = CA/BC = 5/(X. 
Clearing each of these relations of' fractions, we have : 

a = csinA, 5==ccosA, a~6tanA, and 6 = acotA. 

Hence, if the angle A and the hypotenuse c be known, 

c multiplied by sin A gives the length of the perpendicular a, 
and 

c multiplied by cos A gives the length of the base b ; 
or if z. A and one of the sides a orb are known, 

h multiplied by tan A gives the length of the perpendicular a, 
whilst 

a multiplied by cot A gives the length of the base b. 

W e see, therefore, that the functions sin A, cos A, tan A, and 
cot A may be regarded as multipliers or conversion factors, which 
will convert one side of a right-angled triangle into another side. 
In the same way sin B, cos B, tan B, and cot B may also be used as 
conversion factors. 

Ex. 40. Find the sides a, b of a triangle ABC in which 0 = 90®, 
b = 52® and c — 43*6 in. 

Here the angle B is given, so that a must be taken as the base, 
and b as the perpendicular. 

Hence sin B = bje, or 5 = c sin B = 43*6 sin 52® = 43*6 x 0-7880 
= 34-4 in., 

and cosB = a/c, or u = c cos B = 43-6 cos 52® = 43-6 x 0-6157 

= 26’8 in. 
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37, Area of a Triangle. We know from Problem 3 that the 
area of a triangle is equal to half the product of the base and the 
altitude. We have also just seen how the perpendicular of a 
right-angled triangle may be found when the hypotenuse and one 
angle are known. Let us, therefore, apply these facts to find 
the area of any triangle when two sides and the included angle 
are known. 


Ex. 41. AB(J is a triangular plot of land in which CA = 979 yards, 
BC = 832 ya. Js and L ACB = 53° ; find the area of the plot in acres. 

Let ABC (Fig. 42) represent the plot ; 
draw AD perpendicular to BC ; then the 
area of the triangle 

= ^BC .AD = 416 .AD sq. yd. 

But since AC D is a right-angled triangle 
in which lC and CA are known, we have 
AD = CA sin C = 979 sin 53° = 979 x 0*7986. 

/. area of triangle 

= 416 X 979 X 0*7986 sq. yd. 

416x979x0-7986 - 

= = 69’ 8 acres. ino. 42. 



38. General Rule. It is quite easy to find a general expression 
for the area of any triangle in terms of two sides and the 
included angle. 


Problem 9. To find the area of a triangle when two sides and 
the included angle are given. 

Since the sum of the three angles of every triangle is 180°, 
two, at least, of the angles must be acute. We shall therefore 
suppose at present that the given angle is acute. 

Referring to Fig. 42, let the sides BC = a, AB = c, and the acute 
angle B be given ; then the area of the triangle = Jflf . AD, where 
D is the foot of the perpendicular from A to BC. 

But from the right-angled triangle ABD, AD =c sin B, 
area of triangle = |ac sin B. 

In a similar manner it may be shewn that when C is acute, the 
area is \ah sin C, and when A is acute, the area is \hc sin A ; hence 
tne area of a triangle is measured by 
\ . (product of two sides) x (sine of angle between them). 
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It will be seen later that this rule is also true wnen the given 
angle is not acute. See Art. 62 (p. 107). 

39. Area of a Triangle when Two Angles and a Side are given. 

By the use of trigonometrical functions, the area of a triangle 
may also be found when one side and two angles are known. 
The given side may be a common arm of the given angle as in 
Ex. 42, or it may be opposite one of them as in Ex. 43. 

Ex. 42. Find the area of a triangle ABC in which a =98-1 in., 
B-57° 42' andC = 65° 24'. 

Referring to Fig. 42, we have BD = AD cot B, and DC = AD cot C, 
/. a = BC=BD + DC==AD (cot B + cot C) 

= AD (cot 57° 42' + cot 65° 24') ; 

/. 98*1 - AD(0-6322 + 0-4578) = AD x 1 -09, 

/. AD =98-1/1-09 = 90 in., 

A = | . . AD = .| . 98-1 X 90 = 4414*5 sq. in. 

Note that if in finding the value of cotB + cotC, no table of 
cotangents is available, relation (iv) of Art. 35 (p. 67) may be 
used ; thus 

cot 57° 42' =tan (90° - 57° 42') = tan 32° 18' =0-6322. 

Similarly, cot 65° 24' = tan 24° 36' = 0-4578. 

Ex. 43. A triangle ABC has 6 = 38 in. and B = 54° 12' ; calculate 
its area (i) when C = 71° 48', and (ii) when C = 23° 30'. 

(i) In this case the given side is not a common arm to the given 
angles, but since B and C are known, we can easily find A and then 
proceed as in Ex. 42. Thus 

A = 180° - (54° 12' + 71° 48') = 180° - 126° = 54°. 

If, therefore, p be the length of the perpendicular from B to AC, 
2 ) (cot C + cot A) =6, or putting in the values, 1-0553^9 = 38, so that 

p = 38/1-0553; 

.Alt 38 x 38 -o . ^ 

(ii) Here A = 180° -(54° 12' + 2° 30') = 102° 18', hence the per- 
pendicular from B to CA falls outside the triangle. Let it meet 
CA produced in E, then putting BE=;9, 

AE = p cot BAE =p cot (180° - A) =p cot 77° 42' ; 
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6-CE-AE=;p(cotC-coi77°42'), 
i.e. 3S^j) (2-2998 - 0 2180) - 2-0818^9, 

/. p- 38/2-0818, 

and A== J;)6 = 38 x38/4:*]636 = 346-8 sq. in. 

40. Area of a Parallelogram. The above methods of finding 
the area of a triangle may be applied to the parallelogram, or, 
indeed, any quadrilateral, when sufficient measurements are 
given. 

Ex. 44. ABCD is a parallelogram in which 

AB - 52 in,, BC = 25 in. and l ABC = 73® 44' ; 

find its area. In BC produced a point F is to he taken so that 
the area cf ABF is 0-8 of the area of the parallelogram. Find the 
length of CF. 

Let ABCD (Fig. 43) be the parallelogram ; draw CE perpen- 
dicular to AB, then* 



CE = BC sin EBC = 25 sin 73® 44' = 25 x 0-96 = 24 in. 


by Prob. 2, area of parallelogram = AB . EC = 52x24 
1248 sq. in. 

Turning to the second part of the question, let F be the required 
point in BC produced ; then A ABF =0-8 x 1248 sq. in. 

But by Prob. 9, A ABF = | . AB . BF . sin ABF = 26 . BF . 0-96 


i.e. 


/. 26. BF. 0-96 =0-8x1248; 


0-8 X 1248 
26 X 0-96 


= 40 in., 


BC + CF = 40, so that CF = 40 - BC = 40 - 26 =- 15 in . 
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41. Area of a Regular Polygon. A polygon is a plane rectilineal 
figure having more than four sides. It is regular when all its 
sides are equal. 

When there are five sides, the polygon is called a pentagon. 


>> 

>> 

six 

)> 

>> 

J) 

a hexagon, 



seven 


5 ) 


a heptagon. 

>» 


eight 

»» 

>) 

>) 

an octagon, 

>> 

>> 

nine 



>> 

a nonagon. 

}> 

5 » 

ten 


>> 


a decagon. 


and generally when there are n sides, n being any w hole number, 
the polygon is called an n-gon. The area of a polygon may be 
found by dividing it into as many triangles as there are sides. 
The following example should be carefully studied. 

Ex. 45. Find the area of a regular octagon each of whose sides 
is 5 cm. in length. 


F E 



Let ABCDEFQH (Fig. 44) be the octagon, and O its centre. 
Since all its sides are equal, by joining each angular point to O, 
we have eight equal isosceles triangles, of which AOB is one. 

Now z. AOB = of total angle at O = | . 360° = 45°. 

Draw OK perpendicular to AB ; then since AOB is isosceles, 
AK = KB = 1AB = 2-5 cm., and a AOK = KOB = ^zL AOB = 22° 30'. 
Again, OK = AK cot AOK = 2-5 cot 22° 30' = 2-5 x 2-4142 cm. ; 

/. A AOB = J . AB . OK = 2-5 X 2*5 x 2-4142 sq. cm. 

And since the octagon contains 8 triangles each equal to AOB, 
area of octagon = 8 x 2-5 x 2-5 x 2-4142 sq. cm. 

= 120*7 sq. cm. 
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EXERCISES 6. 

A BC is a triangle right-angled at C ; find 

1. a and 6, when c = 52 in. and A = 30°. 

2. a and 6, when c = 75 in. and B = 63°. 

3. h and c, when a = 200 cm. and B=45°. 

4. a and c, when 6 = 237-3 cm. and A = 65° 36'. 

5. 6 and c, when a = 38 ft. and A = 71° 48'. 

6. c and a, Then 6 = 71 ft. and A = 73° 30'. 

7. A str: Ight railway runs for a quarter of a mile up a slope inclined 
at 20° to the horizontal. Through what vertical height in feet does the 
railway ascend ? 

8. A ladder inclined at 66° to the horizontal reaches a point on a 
vertical wall 51 ft. from the ground. What is the length of the ladder, 
and how Tar is its foot from the wall ? 

9. ABC is a triangular plot of ground in which Z.C = 90°, 
L B = 36° 18', and AB = 37 chains. Find the lengths of CA and BC. 

10. To find the height of a factory .chimney, a person observes that 
the angle of elevation of the top is 53° at a point on the ground. On 
walking 53 ft. in a straight direction towards the chimney he finds the 
angle of elevation of the top is now 61°. Calculate the height of the 
chimney. 

11. Part of a jib-crane is represented by a triangle ABC, in which AB 
is the vertical post 20 ft. high, A being on the ground, BC is the tie- 
rope, and CA is the jib, which is 41 ft. long. When the angle BAC is 
38°, calculate (i) the height of C above the ground, and (ii) the- length 
of the tie-rope BC. 

12. A rectangular table, sides 5 ft. and 7 ft., is placed with one of its 

shorter sides across a corner of a room touching the two walls and 
making an angle of 40° with one of them. Find the distances of the 
other two corners of the table from the two walls. (J.M.B.) 

13. A pendulum 6 ft. 3 in. long swings through a total angle of 12° 24'. 
Find the horizontal distance between the two extreme positions of the 
bob, and the distance the bob is below this line when the pendulum is 
in the vertical position. 

14. The top of a hill is reached by a path which runs for 200 yards 

along a slope of 20° to the horizontal, then for 300 yards along a slope 
of 15° and then for 400 yards along a slope of 10°. Calculate th^e height 
of the hill to the nearest foot. (C.S.) 

15. To find the distance of an inaccessible object C from a station A, 
a base line AB, 95 yards long, is measured, and the angles BAC, ABC 
are then observed to be 46° and 61° respectively. Calculate the 
distance AC in yards. 
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Find the area of each of the following triangles in the Specified units : 

16. a = 6 yd., 6 — 7 yd., C— 58°, in sq. yd. 

17. 6 — 18 ft., c — 21 ft.. A — 65° 30', in sq. yd. 

18. c = 375 chains, a = 352 chains, B = 35° 6', in acres. 

19. a = 75 chains, 6 = 72 chains, C = 81° 54', in acres. 

20. 6 = 176 yd., c = 165 yd., A =56° 6', in acres. 

21. a = 862 yd., 6 = 575 yd., C=75° 28', in acres. 

22. c = 768 m., a = 625 m., B = 83°, in hectares. 

23. a = 432 m., 6 = 325 m., C = 71° 48', in hectares. 

24. 6 = 888 m., c = 875 m., A = 7° 45', in acres, taking ■xO-47 ares to 

an acre. 

25. c = 87-6 m., a = .300 m., B=42°25', in acres, using the relation 

given in Ex. 24. 

26. a = 14 in., B = 81° 12', C-:61°24', in sq. in. 

27. 6 = 67 yd., C=51°, A = .39° 48', in sq. yd. 

28. c = 28 chains, A = 73° 18', B = 68° 12', in acres. 

29. a = 6- 3 m., B = 63° 54', 0 = 52° 24', in sq. m. 

30. 6 = 35-8 m., C = 46°, A =50° 30', in ares. 

31. a = 2 yd. 2 ft., A = 69° 18', B = 30°, in sq. ft. 

32. 6=20 chains, A = 54° 6', B = 39° 12', in acres. 

33. c = 12-5 m., B = 65° 30', C=50° 30', in sq. m. 

34. a = 157 m., A = 58°, B = 21° 6', in hectares. 

35. 6 = 134-9 m,, B = 48° 36', C = 75° 55', in acres, using the relation 

given in Ex. 24. 

36. A triangular area ABC is represerfted on a map, the scale of which 
is 2 inches to the mile, by a triangle A'B'C'. A'B' = J in., A'C' = | in., 
Z. A = 30°. Find the number of square yards in the area ABC. (J.M.B.) 

37. Find the area in square feet of a parallelogram A BCD in which 
AB = 2 ft. 1 im, BC = 1 ft. 4 in., and ^ABC = 54° 6'. 

38. A BCD is a parallelogitim in which AB = 35 ft., BC = 18 ft., and 
L BAD =37° 18' ; find its area in square yards. 

39. The area of ^ parallelogram A BCD is 709-5 square yards ; CD =25 
• yards, and L BAD =41° 18'. Find the length of AB and the angle ABC. 

40. The diagonals AC, BD of a parallelogram A BCD intersect at E, 
AC = 74 ft., BD = 102 ft. and L AED=21°. Find the area of the 
parallelogram to the nearest square foot. 

41. The diagonals AC, BD of a parallelogram A BCD intersect at E. 
AC =58 yd., BD=74 yd. and Z-AED=44°. Find the area of the 
parallelogram to the nearest square yard. 

42. A BCD is a parallelogram in which the lengths of the sides AB, BC 
are 12 in. and 8 in. respectively, and the angle A is 65°. Calculate the 
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lengths of the ^ides and the diagonals of the rectangle formed by the 
bisectors of the angles of the parallelogram. * (C.S.) 

43. In a quadrilateral field A BCD, the side A B is 55 yards, AC is 

65 yards and AD is 39 yards. Angle BAC is 25° and ADC is 90°. Find 
the area of the field. (J.M.B.) 

44. A BCD is a trapezium whose sides AB, CD are parallel to one 
another. The length of AB is 12 in., the length of AD is 21 in. The 
angle ADC — 36° 20', the angle BCD =63° 40'. Find the area of ABCD. 

(3.M.B.) 

45. The plan of a hall floor is a hexagon ABCDEF in which AB=FE, 
BC = DE, ACDF is a rectangle, and BE is parallel to CD. Calculate the 
area of the iiopr in sq. yd. from the following dimensions: AC = 92 ft,, 
AF = 47 ft., ^BAC = ^DFE = 20°, and ^ BCA = ^EDF = 47°. 

46. Find the area of a regular hexagon each of whose sides is 2*5 in. 

47. A piece of wire 24 inches long is bent into the form of a regular 

pentagon^ Find the area of the pentagon. (L.M.) 

48. A plot of ground in the shape of a regular octagon has each of 
its sides 229*6 metres in length. Find its area in hectares. 

49. In a triangle ABC, 6 = 558 ft., c = 335 ft., and A = 32° 24'. By 
equating two expressions for the area of the triangle, find the length of 
the bisector of the angle A, between A and BC. 

50. The bisector AD of the angle A of a triangle ABC, meets BC in D. 
Ab = 171 ft., A = 40° and AD =CA. Find the length of CA. 

51. By writing down the area of an acute-angled triangle ABC in 
three forms and equating them two at a time, shew that 

sin A/a = sin B/6 = sinC/c; 

hence prove ttat the area may be expressed in the form 
la^sin B sin C/sin A. 

Use this result to calculate the area when a = 9 yards, A = 21° 6', 
and B = 81° 54'. 

52. If the angles B, C, and the side a of a triangle ABC are given, 

a^ 

shew that its area is hence find a when B = 61°, 

2(cotB+cotC) 

C = 65° 30' and the area is 1262-5 sq. cm. 

63. If the angles B, C and the side 6 of a triangle ABC are given, shew 
that its area is sin^ C(cot B -h cot C) ; hence find 6 when B = 69° 18', 
C = 30°, and the area = 1 6-88. 

54. ABCD is a trapezium in which AB and CD are parallel. If AB = a, 
CD =6, AD=c, and Z.ADC = ^, prove that its area is \c(a -\-h) sin 0. 

Calculate the area in acres when a = 28? yd., 6= 197 yd., c=45 yd., 
and ^=58° 36'. 

55. The bisector of the angle A of a triangle ABC meets BC in P ; if 
AP = ^, shew that the area of the triangle is j^(6-f-c) sin JA. 

Hence find t when 6 = 45, c = 36 and A =71° 48'. 
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42. The Circle. If we take an ordinary pair of compasses and 
open the legs at any angle, and then, placing the needle point at 
^ a point O (Fig. 45), revolve the pencil 

© point about O, taking care to keep the 
legs open at the same angle, a closed 
curve ARBS, called a circle is described. 
Q The curved boundary ARBS is known 
as the circumference, and the fixed point 
O as the centre. Since every point ’on 
the circumference is the same distance 
^ from the centre, we may say that a 

FIG. 45.-The circle. 

in such a way that its distance from a 
fixed point is always the same. 

The constant distance OA, OP, OQ, or OB between any point 
on the circumference and the centre is called the radius of the 
circle, and any straight line such as PQ or AB joining two points 
on the circumference is called a chord. When a chord like AB 
also passes through* the centre, it is called a diameter. Jt will 
thus be clear that the length of a diameter of a circle is just twice 
the length of its radius. 


Ex. 46. Find an approximate relation between the length of the 
circumference of a circle and its diameter. 

Take several circular solids and measure carefully their dia- 
meters and circumferences in centimetres. The diameter may be 
measured by placing the solid between two blocks with the 
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ends cut square to the surface, and then measuring the distance 
between the blocks. The circumference may also be found by 
wrapping a thin strip of paper evenly round the circular edge of 
the solid until the paper begins to overlap ; then prick through 
the double thickness, unwrap the paper and measure the distance 
between the two pin-holes. 

Having made all the measurements, divide the length of the 
circumference of each circle by its diameter. The following 
results were obtained by a pupil. 


Solid. 

Circumference. 

Diameter. 

Circumference 

Diameter 

Wooden disc - 

12-2 cm. 

3-9 cm. 

313 

Bottle 

23 0 „ 

7-3 „ 

315 

Gas jf r - 

23-9 „ 

7-6 „ 

314 

Iron ring - 

16-9 „ 

6-4 „ 

313 

Table leg - 

34-5 „ 

10-9 „ 

316 

Circular plate - 

39-9 „ 

12-7 „ 

314 


Average value of Circumference-^ Diameter = 3-14 


43. Ratio of Circumference to Diameter. The results of Ex. 46 
shew that the circumference of a circle contains its diameter 
approximately 3*14 times, and this is true of all circles. The 
determination of this ratio was the great problem of ancient 
mathematicians, and Archimedes (287-212 b.c.) shewed that its 
value lies between 3^ and 3|f. We now know that the ratio 
cannot be found either as vulgar fraction or a terminating decimal, 
i.e, it is incommensurable. Its value to ten places is 

3-1415926535..., 

and it has actually been calculated to 707 places, but such a value 
is of no practical use. For most purposes it is sufficient to take 
either 3y or 3-14 as its value. It is usual to denote the ratio by 
the symbol tt, which is the Greek form of the letter p, and is called 
fi. Thus for any circle, 

circumference =7r x diameter. 

If r be the radius, then diameter == 2r, and 
circumference = 27rr. 
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Ex. 47. A circular racing track is 10 ch, 4 in diameter ; 
find the length of the track as a fraction of a mile, taking 7r = 3\. 

Here we have to find the circumference of a circle whose 
diameter is 10 ch. 4 yd., i.e. 224 yd. 

Hence length of track = x 224 = 22 x 32 yd. 

22x32 2 . . , 

=5 0-4 of a mile. 


44. Length of an Arc. Any part of the circumference of a 
circle is called an arc, and the angle formed at the centre by the 
two radii drawn from the extremities of the arc is said to be the 
angle subtended at the centre by the arc. We shall now see how 
the length of an arc may be found. 


Problem 10. To find the length of a circular arc. 

We know from geometry that in the same circle equal arcs 
subtend equal angles at the centre. It follows, therefore, that 
the lengths of the arcs of a circle are propoiaonal to the angles 
which they subtend at the centre. 

Now the whole circumference may be considered as an arc 
subtending an angle of 360° at the centre, so that if the given 
arc subtends an angle of 6°, we have 

360° is angle subtended by circumference ; 

.*.1° ,, „ „ circumference-!- 360, 

and 0° ,, „ „ circumference x 0^360. 

This is therefore the length of the arc subtending an angle of 
0° at the centre, 

i.e. the length of an arc of a circle is measured by the fraction 


angle of arc 
360 


of the whole circumference. 

0 . 27rr 07rr . 


If r be the radius of the circle, this becomes 


length of circular arc of radius r and angle 0 = 


360 180 ’ 

Ottx 


180 


Ex. 48. Find the length of an arc subtending an angle of 12° at 
the centre of a circle of radius 75 cm. 

Here 0 = 72°, and r = 75 cm. ; 


, , 72x3-14x75 . . „ 

length of arc = =94*2 cm. 
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45. Height jf an Arc. Let PRQ (Fig. 46) be an arc of a circle 
whose centre is O. Draw the chord PQ and mark S, its mid-point. 
Join OP, OQ, and OS, producing the latter to meet the arc in R ; 
then OS is perpendicular to PQ. The chord PQ is called the 
chord of the arc, whilst, if PR, RQ be joined, each of these is called 
a chord of half the arc. The distance SR is called the height of the 
arc. When the chord and the height of an arc are known, its 
radius may readily be found. 

Ex. 49. The height of a circular arc standing on a chord 1 ft. 4 in. 
long is 5 in. Find the ra iius of the arc. 

Referring to Fig. 46, SR = 5 in. and PQ = 16 in. ; 

PS = |PQ-8in. 

If r be the radius of the arc, OP = OR =OQ = r. 

But OP2 r= OS2 + PS2 = (OR - SR)2 + PS2 ; 

/. r2=x(r-5)2 + 82 = r2_]Q^^.g9 . 

10r = 89, or r = 8*9in. 

R 



O 

Fig. 46.— Height of an arc. 


Ex. 50. A circular arc standing on a chord 10*5 in. long has a 
radius of 1 ’2b in. Find the height of the arc. 

Referring again to Fig. 46, 

OP = OR = 7-25 in. and PS = |PO = 5*25 in. 

Now OS2 = OP2 - PS2 = 7-25^ - 5*252 = 12*5 x 2 = 25 ; 

/. OS = 5 in., and SR = OR- OS = 7*25 -5 = 2*25 in. 

Ex. 51. The chord of a circular arc of radius 16*9 cm. is 24 cm. 
long ; find the length of the chord of half the arc. 

Referring once more to Fig. 46, 

OP = OR = OQ = 16*9 cm., and PS = |PQ = 12cm. 

We require to find PR, but as only PS is known in the triangle 
PSR, we must first find the length of OS. 


B.M.T. 
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Now . 

OS2 = OP2 - PS2 = 16-92 - 122 = 28-9 x 4-9 = ; 

/, OS = iJ^- = ll-9 cm. ; 

/. SR = 16-9 -11-9 = 5 cm. 

Hence PR2 = PS2 + SR2 = 122 -f 52 - 169 ; 

/. PR = 13 cm. 

46. General Relation. We can now easily find a general relation 
between the chord, height and radius of an arc. 

Problem 11. To find the relation hetv'een the length of the chord 
of a circular arc, the height, and the radius of the arc. 

Let PQR (Fig. 46) be a circular arc of radius r, PQ, its chord of 
length a, and SR its height h ; then we have : 

OP = OR = OQ = r, SR = A, and PS = JPQ = |a. 

Hence, since 

OP2 = PS2 + OS2 = PS2 + (OR - CR)2 
r2 = |u2 4- (1* - 7^)2 1^2 4. ^2 _ 2 hr + h ^, 

so that 2^r = |a2 + A* = (a^ + 4/i2)/4 ; 

. a2 + 4h2 
•* ^“~8h ‘ 

From this expression, it is evident that when any two of the 
quantities r, h, a are known, the third one may be found. 

EXERCISES 7a. 

Where no value of tt is stated, it should he taken as 

1. The diameter of a circular track is 1008 yards ; find its circum- 
ference in miles. 

2. How many laps to the mile are there on a circular racing track 
140 yards in diameter ? 

3. How many kilometres are there in the circumference of a circle 
whose diameter is 364 yards, taking 8 kilometres as the equivalent of 
5 miles ? 

4. Find the circumferences of the circles whose radii are 8*75 in., 
10-5 in., and 15-75 in. respectively. Calculate the diameter of the circle 
whose circumference is equal to the sum of the circumferences of these 
three circles. 

5. A circle of wire has a diameter of 9-8 inches, and the wire is bent 
into the form of a square ; find the length of a side of the square. 



EX. 7a] 


EXERCISES 


83 


6. The radi'us of a circle measured in inches is 5-25 ; th^ circum- 
ference measured in centimetres is 83-82. Find the number of centi- 
metres equivalent to an inch. 

7. The circumference of a circle is 155-87 yards and its radius is 
2275 centimetres ; find the number of yards equivalent to a metre. 

8. Three sides of a plot of ground form sides of a square each 17-5 
yards long ; the fourth side is exactly a semicircle. Find the length of 
fencing required to enclose the plot completely. 

9. A semicircle is described on one side of a line and a rectangle of 
breadth 22-5 inches on the other side. The perimeter of the whole 
figure thus farmed is 4 yards. Find the radius of the semicircle. 

10. Two concentric circles are such that the circumference of the 
smaller is 0-64 that of the larger. Find the radius of the larger if that 
of the smaller is 1 ft. 4 in. 

11. A small circle whose diameter is 13 inches rolls round the inside 
of a larger circle of 2 ft. radius once in 2^ seconds. Find the velocity 
of its centre in miles per hour. 

12. The driving wheel of an express engine is 6 ft. 5 in. in diameter. 
How many times will this wheel revolve in travelling 16-5 miles ? 

13. A bicycle wheel revolves 90 times in a furlong and 447 times in a 

kUometre. Deduce the number of centimetres in an inch to two 
decimal places. (L.S.) 

14. T^e driving wheels of a locomotive are 7 ft. in diameter, and the 

other wheels are 3 ft. 9 in. in diameter. Find in miles the length of a 
journey during which the smaller wheels make 13,000 more revolutions 
than the driving wheels. (C.S) 

15. A cyclirt travelling at 12 miles per hour round a circular track 
goes completely round 8 times in 4 minutes. Find the diameter of the 
track in yards. 

16. A large panel with equal semicircular ends has a perimeter of 
24 ft. The length of the straight edges is just three times its width ; 
find the radius of each semicircle and the length of the straight edges. 

17. On the four sides of a rectangle semicircles are drawn outside the 
rectangle. The perimeter of the figure thus formed is 8 ft. 3 in. The 
sides of the rectangle are as 5 to 4 ; find the radii of the semicircles. 

18. The indicator on a locomotive shews that the driving-wheel, 
whose diameter is 8 ft. 4 in., is making 147 revolutions per minute. 
Find the velocity of the engine u\ miles per hour. 

19. What must be the shortest diameter of a circular shaft in order 
that two rectangular cages may pass in it, each cage being 1 1 ft. long 
by 8 ft. 8 in. wide ? i^llow 16 inches between the cages for clear- 
ance and 14 inches between the comers of the cages and the walls of 
the shaft. 
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20. Tlje circumference of the hind wheel of a wagon- exceeds that of 
the front wheel by 3 ft. 8 in., and in travelling a mile the front wheel 
makes 120 revolutions more than the hind wheel. Find the diameters 
of the wheels. 

21. A BCD is a square and AEC a circular arc whose centre is D and 
radius DA. The figure enclosed between AB, BC and the arc AEC is 
called a fillet. Find the radius of the circular edge of a fillet whose 
perimeter is to be 37-5 in. 

22. The indicator of a locomotive shews that the driving wheel, 
whose diameter is 9 ft. 4 in., is making 135 revolut'ons per minute. 
Find the velocity of the engine in miles per hour. If one ^f the smaller 
wheels makes 6 revolutions per second, find its diameter. 

In Exercises 23-31, contracted methods are to he used, taking 
7r = 3*1416, and the results given correctly to two places of decimals 
unless otherwise stated. 

23. Find the circumference of a circle whose radius is 8 - 61 : cm. 

24. Calculate the distance a wheel will roll in making 37*23 revolu- 
tions, if its diameter is 2*75 ft. 

25. Find the radius of a circle whose circumference is 89*73 cm. 

26. A bicycle wheel is 28 inches in diameter. How many revolutions 

to the nearest unit will it make in travelling 1 kilometre ? Take one 
inch =2*5400 cm.^ (L.M.) 

27. The front and back wheels of a bicycle have diameters 30 in. and 

28 in. respectively. Find to the nearest yard how far the bicycle must 
be ridden in order that the back wheel may make 200 more revolutions 
than the front wheel. ‘ (C.S.) 

28. Find the length of wire in a circular coil in which there are 83*3 
turns of average diameter 5*579 ft. 

29. 4009 cm. of wire are wound on a bobbin of average diameter 
15*3 cm. Regarding each turn of wire as circular, find, to one decimal 
place, the number of turns on the bobbin. 

30. Find the diameter in yards of a circular track on which there are 
3*6 laps to the mile. 

31. A wire bent in the form of a rectangle 9*23 ft. long by 7*86 ft. 
broad is made into a circle. Find the radius of this circle. 

32. A saw band is to run over two equal pulleys like a belt. The 
pulleys are each 5 ft. in diameter, and their centres are 5*4 ft. apart. 
Find the shortest length of saw blade required. Take 7r = 3T4. 

33. Find the length of an arc of a circle of radius 2*7 ft. subtending 
an angle of 28° at the centre. 

34. An arc subtends an angle of two-thirds of a right angle at the 
centre of a circle whose diameter is 4*2 m. Find its length. 



EX. 7a] exercises 85 

35. Find the length of an arc which .subtends an angle of 135*^ at tlie 
centre of a circle of diameter 11-2 yards. 

36. What angle must be subtended at the centre of a circular curve 
9-72 chains in radius by a rail 59-4 links long ? 

37. What angle is subtended by an arc of a circle equal in length to 
its' radius ? 

38. Find the angle subtended by an arc of a circle which is 11 times 
the length of its radius. 

39. Find the radius of a circle in which an arc 14*3 ft. long subtends 
an angle of 91® ^' t the centre. 

40. A cir, alar track is 528 metres in diameter and part of its 
boundary 29-2 chains in length subtends an angle of 128° at the centre. 
Find the number of yards in a metre. 

41. P is the mid- point of the arc APB of a circle whose centre is O ; 
the chord AB cuts OP at right angles in Q. If AB = 11*2 cm., PO = 3*2 
cm., find the radius OP. 

42. An arch in the form of a segment of a circle is to have a span of 
36 inches and a height of 12 inches. Calculate the radius of the arch. 

(U.L.C.I.) 

43. Find the height of an arc standing on a chord 33*6 cm. long, the 
radius of the arc being 19-3 cm. 

44. The chord of half an arc is 10-1 cm. in length and the height of 
the arc is 2 cm. ; find the length of the chord and the radius of the arc. 

45. ABC is a circle whose centre is O, OA is a radius which is produced 
to a point H, and HB is the tangent drawn from H. If the circle repre- 
sents the earth, whose diameter is 7920 miles, and HB=:89 miles, find 
AH in yards. 

46. AB is a chord of a circle whose centre is O, and C is a point in AB 
such that AC =36 cm., CB = 64 cm. The radius of the circle is 73 cm., 
find the length of OC. 

47. In a circle, a chord of length I cuts off a segment of altitude li ; 
find an expression for the diameter d of the circle in terms of h and 7. 

(U.L.C.I.) 

Find h when c7 = 35 and 7 = 21. 

48. The radius of a circle is 16-9 in., and the height of an arc cut off 
by a chord is 5 in. Find the length of the chord and also that of the 
chord of half the arc. 

49. In a circle the chord of half the arc is 1 cm. longer than 4 times 
the height of the arc, and 2 cm. longer than half the chord upon which 
the arc stands. Find the lengths of the chord, the height and the 
radius of the arc. . 

50. Two pulleys of diameters 8-6 ft. and 4 ft. respectively, whose 
centres are 12*5 ft. apart, are to be connected by an endless belt: 
calculate the minimum length of belting required. 
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47. Area of a Circle. Since a circle is bounded a curved line, 
we may find its approximate area either by the Trapezoidal Rule 
(p. 51) or by Simpson’s Rule (p. 52). 


Ex. 53. Find (i) by the Trapezoidal Rule and (ii) by Simpson’s 
Rule, the approximate area of a circle whose 
radius is 4*8 cm. Also compare the area 
with the area of the square on the radius. 

Take a sheet of paper accurately ruled 
in millimetre squares, and on it describe a 
circle of radius 4*8 cm. Drav i/WO perpen- 
dicular diameters ; then the circle is divided 
into four equal areas called quadrants. It 
will only be necessary to determine the 
area of one of these quadrants. 

Let PQS (Fig. 47) be one quadrant. 
Divide PQ into 16 equal parts, and draw 
the ordinates at the points of division. Read off the lengths of 
these ordinates, and record the results as follows : 



no. 47.— Area of a circle. 


To Q. 

End Ordinates 

Even Ordinates. 

Odd Ordinates. 

48 mm. 

48 mm. 



45 „ 


47*9 mm. 


42 „ 



48*6 mm. 

39 „ 


47-2 „ 


36 „ 



46-6 „ 

33 „ 


45-6 „ 


30 „ 



44-5 „ 

27 „ 


43-2 „ 


24 „ 



41-6 „ 

21 „ 


39-7 „ 


18 „ 



37-6 „ 

16 „ 


34-9 „ 


12 „ 



31-7 „ 

9 „ 


28-0 „ 


6 „ 



23-2 „ 

3 „ 


16-7 „ 


0 „ 

0 



From P 





48 mm. 

303*2 mm. 

273*6 mm. 


Hence (i) by the Trapezoidal Rule, • 

area of quadrant = 3 (24 + 303*2 + 273*6) = 1802-4 sq. mm. ; 
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area of whole circle = 1802*4 x 4 = 7209*6 sq. mm. 

= 72*1 sq. cm. nearly. 

(ii) By Simpson’s Rule, 

area of quadrant = J . 3(48 + 303*2 x 4 + 273*6 x 2) 

= 1808 sq. mm. ; 

area of whole circle = 1808 x 4 = 7232 sq. mm. = 72*3 sq, cm. 

Now, area of square on radius = 4*8 x 4*8 = 23*04 sq. cm. 

And taking 72*32 sq. cm. as the more accurate value of the 
area of the circle, 

area of circle _ 72*32 _ 
area of square on radius 23*04 


EXERCISES 7b. 

The following measurements give the diameters of twelve circles. 
In each case calculate the area by the Trapezoidal and Simpson’s Rules, 
and compare the area with that of the square on the radius. 

1. 46*5 cm. 2. 49*25 in. 3. 64 cm. 4. 67*25 cm. 

5. 39*25 in. 6. 33 in. 7. 6*25 ft. 8 45*5 ft. 

9. 80*25 cm. 10. 2 yd. 11. 83*5 cm. 12. 97*25 cm. 

48. Ratio of Areas of a Circle and the Square on its Radius. 

The results of the above exercises shew that the ratio of the area 
of a circle to that of the square on its radius comes to the value 
of TT approximately in all cases. We shall now see whether this 
is true generally. 

Problem 12. To find the area of a circle. 

Let ABCD ... (Fig. 48) be a regular polygon of n sides in- 
scribed in a circle whose centre is O. Join each vertex to O and 
draw perpendiculars from O to each side of the polygon. These 
meet the sides at their points of contact with the circle, and are 
thus equal in length to the radius of the circle. 

The polygon divided in n equal triangles OAB, OBC, ... , all of 
which have equal bases AB, BC, ... , and equal heights. 
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Let r== radius of circle, and 5 == length of one of Ihe equal sides 
of polygon ; then 

area of polygon =n . (area of one triangle OAB) 

— n . \rs — \r . ns 
= I r( perimeter of polygon). 

This is true, however large n may be, and by increasing n, we 
can make the perimeter of the polygon differ by as little as we 
please from the circumference of the circle. Hence when n is 
increased indefinitely, the area of the polygon becomes the area 
of the circle, so that 

area of circle = (circumference) = lr(27rr) — 

the area of a circle is measured by the product, 7r(radius)^. 


E 




Ex. 53. Find the acreage of a circular plot of land whose dia- 
meter is 10 chains 50 links. 

Radius of plot = 5*25 ch. ; 

area = 7r . 5-25 x 5-25 sq. ch. = 8*66 acres. 

49. Area of an Annulus or Circular Ring. An annulus or cir- 
cular ring is the figure bounded by two concentric circles (see 
Eig. 49). The area of such a figure is clearly the difference 
between the areas of the two circles. 

Ex. 54. A path 3 yd. 2 ft. wide surrounds a circular lake whose 
diameter is 38 yd. 1 ft. Find the area of the path as a fraction of 
an acre. 

Radius of outer circular boundary = radios of lake + width of 
path = ( 38 ^ -^2) -1-35 =22 1 yd. ; 
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ArcL of path and lake = tt x 22 x 22 J sq. yd., 
and area of lake = 7r x 19J x 19^ sq. yd. ; 
Area of path alone == -(22^)2 -7r(19J)2 
=^7r{(22^-)2- (19^)2} 

= :r(22f + 19J)(22f~19J) 
= 7r . 42 . 3f sq. yd. 


22x42x11 

7x4840x3 


acre = 0*1 acre. 


ProbleiVx 13. To find an expression for the area of an annulus 
hounded hy two concentric circles of radii R and r respectively. 

Let R>r, then 

area of larger circle == ttR^. 
and area of smaller circle — 

/. area of annulus = ttR^ - = 7r(R2 - r^) = 7r(R + r)(R -- r), 

i.e. area of an annulus bounded by two concentric circles 
-77 X (sum of radii) x (difference of radii). 

The above result may be written also in the form 

2.(!f')(R-r). 

Now 2 (R + ^) is the average radius, and R-r is the breadth; 
hence, area of annulus =2?? x (average radius) x (breadth). 


Ex. 55. The outer boundary of a path 10-5 ft. wide surrounding 
a circular lake is one- seventh of a mile long. Find the diameter of 
the lake and the area of the path. 

Let the radius of the lake be r ft., then the radius of the outer 
boundary of path is (r+10*5) ft., 

circumference of outer boundary = 27r(r+ 10-5) ft., and this 
is^ mile = 1760x3/7 ft.; 

/. 277 (r + 10*5) = (1760 x3)/7 ft. ; 

1760x3x7 4 - T *>2 

. . r + 10-5 = = 120 ft., taking ir = ; 

r = 120 -10-5 = 109-6 ft.; 
hence, diameter of lake = 2r = 219 ft. or 73 yd. 

Also, area of path = 7r( 1202- 109-52) gq 
= Y- • 229-5 . 10-5 
= 841’5 sq. yd. 
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EXERCISES 7c. 

Find the area of each of the circles whose radii are given below ; 
take 7r = ^. 

1 . 10*5 inches. 2. 2*1 feet. 3. 17*5 cm. 

* 4 . 91 yards. 5. 3*5 chains. 6. 12*6 metres. 

Find the area of each of the circles whose diameters arc given below, 
taking tt = 3*1416, and giving the results correct to two places of 
decimals. 

7. 3*5 in. 8. 5*25 cm. 9. 6*75 f^ 

10 . 12*25 in. 11 . 34 cm. t 12 . 2*7 chains. 

Find the diameter of each of the circles whose areas are given below, 
taking tt = . 

13 . 38*5 sq. ft. 14 . 346*5 sq. cm. 15 . 3*85 ac. 13 . 0*55 ac. 

Find the diameter of each of the circles whose areas are given below, 
taking 7r = 3*14. 

17 . 2122*64 sq. cm. 18 . 1352*7 sq. in. 19 . 975*91 sq. ft. 

20. 2874*8 sq. yd. 21. 4329*9 sq. cm. 22. 7539*14 sq. m. 

23. The area of a circle is 10 sq. in. Find the circumference to th3 

nearest tenth of an inch. Take 7r = 3*14. (C.S.) 

24 . Five times round a circular race-course measures o.ie mile. 

Find, to the nearest square yard, the area of the space enclosed. Take 
77 = 3*1416. (C.S.) 

25. A circular flower-bed has an area of 158 square feet. Find its 

diameter to the nearest inch. Take 77 = 3*1416. (J.M.B.) 

Where no value of 77 is stated, it should he taken as 

26. ABC is a triangular garden whose side AB is 6*6 metres long, and 
the perpendicular distance from C to AB is 4*2 metres long. Find the 
diameter of a circle whose area is equal to that of the triangle. 

27. Out of a largo circular disc whose diameter is 7*8 inches, another 
is cut whose area is f^ths that of the disc. Find the radius of the one 
cut out, taking 77 = 3* 14. 

28 . A circular plot of ground contains 337*55 acres, and its diameter 
is 1*32 kilometres ; calculate the number of square feet in a square 
metre to two places of decimals. 

29. If a circle be inscribed in a square of side 3 inches, so as to touch 

each side at its middle point, find (i) the area of one of the corner- pieces 
between the circle and the square, and (ii) the length of the curved side 
of this corner-piece. (J.M.B.) 
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30. The sha];'e of a flat metal plate is an equilateral triangle sur- 

rounded by three semicircles, each described on one of the sides as 
diameter. The area of the plate is 58 square inches. Find the approxi- 
mate length of a side of the triangle, being given that the area of an 
equilateral triangle is 0-433 times the square of a side and the area of a 
circle = U of the square on its diameter. (L.S.) 

31. Find the cost of paving a gravel walk ten feet wide surrounding 
a circular pond whose diameter is 492 ft., at the rate of 4s. 6d. per 
square yard. Take tt = 3-14. 

32. The cost of paving a uniform path surrounding a circular pond 
60 feet in diameter is £193 17s. 6d, Find the width of the path, taking 
the average cost per square yard at fifteen shillings. 

33. Find, correct to four significant figures, the area between two 

concentric circles whose radii are 2-3 and 3-4 inches respectively. Take 
TT = 3-1416. (C.S.) 

34. Find the width of a path surrounding a circular garden 220 ft. 
in circumference, when the area of the path is 0-44 that of the garden. 

35. Shew that the area A of an annulus of width Wy and greatest 
diameter d is given by 

A = 7rw(d - w). 

Hence find w when d = 84 and A = 1694. 

36. On a line 4 ft. 8 in. long a quadrant and a semicircle arc described 
on the same side. Find the area bounded by these two curves. 

37. ABC is a triangle right-angled at C. Semicircles AD CEB, CFB, 
AGC are described on AB, BC, CA respectively, the points F, G being 
outside the triangle. If BC=4-8 cm., CA = 5'5 cm., find the sum of 
the curvilinear areas CFBE, AGCD. What may be inferred from -the 
result ? 

38. The diameter PQ of a circle is divided into three equal parts, 
PL, LM, MQ. On PL, PM semicircles are described on the upper side 
of the lines, and on QM, QL semicircles are described on the lower side 
of the lines, thus forming a curvilinear area PMQL. Prove that this 
area is equal to one-third of that of the circle. 

39. OPQ is an equilateral triangle, OR the perpendicular from O to 
PQ. PQ is produced to S so that PS = 3 . OR, and RO is produced to 
T so that OT = RO. If RO be one unit in length, calculate the length 
of ST, and shew that ST^ is approximately equal to tt^, taking 
7r = 3-1416. 
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50. Ratio of Length of Arc to its Radius. In many problems 
on areas it is necessary to use another method of measuring angles. 
This will now be investigated. 


Ex. 56. Find the ratio of the length of an arc to that of its 
^ radius. 



Fig. 50.~ Ratio of arc to radius. 


Draw any angle POQ (Fig. 50), and 
on OP take a number of points Pj, Pn, 
With centre O and radii OPj, 
OP 2 , OP 3 ... respectively, describe arcs 
cutting OQ in Q^, Q 2 , Q 3 , ... . Measure 
the length of each arc by stepping a 
piece of cotton carefully round it. 
Measure also the length cf the corre- 
sponding radius ; then divide each 
length of arc by that of its radius. 
Tabulate the results as follows : 


Length of Arc. 

Length of Radius. 

Arc -T Radius. 

PiQ .1 = 5'5 cm. 

OPi = 5 cm. 

MO 

P,Qj= 8-7 „ 

OP.,= 8 „ 

109 

P,Q, = 12-6 „ 

OP, = 11-6 „ 

109 

P,Q, = 15-3 „ 

0 P4 = 14 „ 

109 

P,Q, = 19-6 „ 

0P5=18 „ 

109 

Average ratio of Arc to Radius = 

109 


Measurement of Angle POQ=62-5°. 


Repeat the exercise with diHere^t angles. 
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51. Circulai Measure. The above results shew that for each 
angle the ratio arc/radius is constant. Indeed, this fact may be 
directly deduced from the expression for the length of an arc, 
already found in Prob. 10 (p. 80). There it was shewn that the 


length of a circular arc of radius r and angle 6 is 


tttO 

180* 


Hence, 


length of arc _Trd 
r TSO' 


Thus, plotting 6^ = 62*5, 

length of arc _ 3‘14 x 62-5 
r ~ 180 


1*09, 


which agrees with the value found in Ex. 56. 

In a similar way, if 6^ = 51°, it will be found that arc/radius = 0-9 ; 
if ^ = 23°, the ratio ==0*4, and so on, each angle having its own 
ratio. This ratio may therefore be taken as a measure of the 
angle, and such a system of measurement is known as Circular 
Measure. For the ratio to be unity, it is clear that the length of 
arc must be equal to that of its radius. The angle subtended at the 
centre of a circle by an arc equal in length to its radius is taken as 
the unit angle, and is called a radian. 

Hence 62-5° = 1-09 radians, 51° =0*9 radian, 23° =0-4 radian, 
and so on. 


Ex. 57. What is a radian ? Find the number of radians in a 
right angle ; hence determine the size of a radian in degrees and use 
this value to find the number of degrees in 2*0944 radians. Take 
7r = 3*1416. 

A radian, as just defined, is the angle subtended at the centre 
of a circle by an arc equal in length to that of its radius. It 
should be carefully observed that the radius of any circle may be 
marked off on the circumference exactly six times ivith a •pair of 
compasses, but the distance between any two consecutive points 
thus marked is measured in a straight line, i.e. along the chord 
joining those points. The chord and its arc, therefore, subtend 
an angle of 360°~6 = 60° at the centre. The radian, however, is 
subtended by an arc equal in length to its radius, this length being 
measured along the arc. The angle is therefore less than 60°. 
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Let r be the radius of any circle, then the length of arc sub- 
tending a right angle at the centre = 27rr/4 = ^Trr. 

/. Number of radians in 90° = ^ = 1‘ 5708. 

2r 2 

Hence 1 radian = 90^-1 *5708 = 57* 3° nearly. 

And 2-0944 radians = 2-0944 x 57-3 = 120°. 


52. Important Relations and Values. It is clear that the 
number of radians in an angle ^° subtended at the centre of a 
circle of radius r is equal to 

length of arc ^ 

~r “180’ 

a 

u degrees are equivalent to — radians. 

loU 

Putting ^ = 90°, 180°, and 1° respectively, we get 

90° = ^ radians, 180° -= tt radians, 1° = = 0*01745 radian. 

From the last relation, we have also 
180 

1 radian = — = 57'2958° = 57° 14' 45" or 57-3° nearly. 

TT 

The last value will generally be sufficient. 

In working with radians, the following values are useful : 

5r = 31416, -=0-3183. 

TT 


53. Circular Sector. 



The figure bounded by two radii of a 
circle and the arc between them is called 
a Sector of the circle ; thus POQ (Fig. 51) 
is a circular sector. The angle POQ 
subtended at the centre by the arc is 
called the angle of the sector. 

Problem 14. an expression for 

the area of a circular sector in terms of its 
radius and its angle. 


Fig. 51 . —Circular sector. 


Let POQ (Fig. 51) be a circular sector 


whose radius is r and angle POQ = 6^ radians ; then it is evident 


that the area of the sector is a fraction of that of the circle. 
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Let the whole circumference be divided into n equal parts, 
where n is an integer sufficiently large that an exact number of 
these parts is contained in the arc PQ. By joining the points of 
division to the centre O, the circle will be divided into n sectors 
of equal area, each having an angle of 27r/n radians. 

Hence the number of such sectors in the sector POQ is 0-^27r/w, 

^ . n, so that, if a be the area of one of the n sectors, then 

277 ^ 

area of sector POQ = ^ . na. 

277 

But the 3um of the n areas = area of whole circle = 7rr* ; 

na — 77r^y 
0 0 

and area of sector POQ ^ ^ “ 27r * — 

i,e. the area of a circular sector is measured by the product 
J(radius)2 x (angle of sector in radians). 

If s be the length of the arc PQ, then O — s/r, and 
area of sector = Jr^s/r = ^rs. 

Ex. 58. The angle of a sector is 27° 30', and its radius is 7 ft. 6 in.; 
find its ^perimeter and its area. 

The perimeter = twice radius + length of arc 

= 15 + = 15 + 3-6 = 18-6 ft. 

loU 

Now the number of radians in 27° 30' = - =0*48 ; 

ioU 

/. area of sector = | . 7*5^ x 0*48 = 13*5 sq. ft. 

Since the length of the arc = 3*6 ft. as found above, we might 
have used it to find the area, thus 

area of sector = | . 7*5 . 3*6 = 13*5 sq. ft. as before. 

Ex. 59. The perimeter of a sector is equal to that of the square 
described on one of its hounding radii. Find the angle of the sector 
in degrees y and shew that the area of the sector is equal to that of the 
square. 

Let r be the radius and 0 the angle in radians of the sector, 
then the length of its arc = r0 ; 

. * . its perimeter = 2r + r 0 . 
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But the perimeter of the square described on Its radius = 4r ; 
2r + r0 = 4:r, 

or 0 = 2 radians = degrees 

= 114-6°. 

Now, area of sector = |r^0=r2 = area of square on radius, 
since 0 = 2. 


54. Segment of a Circle. The figure bounded by the chord of 
a circle and the arc it cuts off is called a segment of a ci"*cle. Thus 
PAQ, PBQ (Fig. 52) are the two segments into which the chord PQ 
divides the circle. The arc PAQ, which is the smaller, is called 
the minor arc, whilst the larger arc PBQ is called the major arc. 
The segments PAQ, PBQ are similarly distinguished as "he minor 
and major segments respectively. 


Problem 15. Find an 



FIG. 52.— Segment of a circle. 


expression for the area of a circular segmepL 
Let PAQ (Fig. 52) be a circular segment, 
and suppose its arc PAQ subtends an 
angle of 0 radians at the centre O, and 
that its radius is r ; then the sector 
PAQO is made up of the triangle POQ 
and the segment PAQ. 

Now the area of the sector is, by 
Prob. 14, \r^Q, and the area of the triangle 
POQ = | . OP . OQ . sin POQ sin 0. 

Hence, if a be the area of the segment 
PAQ, |r20 = a + sin 0 ; 

.*. a = |r2(0-“Sin 0), 


i.e, the area of a segment whose arc subtends an angle of 0 radians at 
its centre and whose radius is r = - sin 0 ). 

It should be observed that the area of the major segment is 
Trr* - |r2(0 - sin 0) = \r^(2Tr - 0 + sin 0). 


Ex. 60. The radim of the arc of a circular segment is 2 ft, 1 in., 
and the angle subtended by it at the centre is 34° 24'. Find the area 
of the segment and the length of its chord. 

From the tables we have sin 34° 24' =0*5650, and 

34° 24' = = 0-6004 radian ; 
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/. area of segment = J . 25^(0-6004 - 0-5650) sq. in. 

. 625 . 0-0354-11*06 sq. in. 

Let I inches — length of chord, then 

~ — sin (half the angle of segment) 

-sin 17M2' -0-2957. 

But r — 25 inches ; 

/. Z- 0-2957 x50 inches -14-785 in. = 14*8 in. 

55. Approximate Length of an Arc. We have already seen that 
the length of a circular arc of radius r, subtending an angle of d 
radians at the centre is rd. In many practical problems, however, 
when d is not large and is unknown, the length of a circular arc 
is calculated by the following approximate rule, first given by 
Christian Huyghens, a Dutch scientist, about 1651. 

Let 2 -length of arc, a — length of its chord, and 6 — length of 
the chord of half the arc, then 

l = (8b-a)/3. 

Ex, 61. The chord of an arc is 36 cm. long^ and the height of 
the arc is 1-9 cm. ; find 

(a) the length of the chord of half the arc^ 

(b) the radius of the arc, and 

(c) the angle subtended at the centre. 

Hence find the true length and the approximate length of the arc, 
using Huyghens' rule for the latter. 

Referring to Fig. 46, p. 81, 

(а) PS —|PQ — 18 cm., SR — 1-9 cm., 

and PR2 = PS^ + SR^ = 18^ + 1 -92 = 327-61 ; 

PR = n/ 327-61 = 18*1 cm. 

(б) Let radius of arc-r cm., then since OP* = PS* + SO*, 

r* - 182 + (r- 1-9)2, 

from which 3-8r — 327-61, or r — 86*21 cm. 

(c) Let z.POQ-6>, then z.POR = i6>, 
and sin - PS/OP - 18/86-21 -0-2088 ; 

/. from the tables, — 12°3' 

and 6 = 24° 6' - 0*4206 radian. 

Hence, length of arc -rd— 86-21 x 0-4206 -36*26 cm. 

B M.T. G 
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But by Huyghens’ Rule, 

a = PQ = 36 cm., 6 = PR == 18*1 cm. ; 
length of arc = (18*1 x 8-36)/3 = 36*27 cm. 

The two results thus differ by 0*01 cm. 

56. Approximate Area of a Segment. Several expressions 
giving the approximate area of a circular segment are in practical 
use. These involve measurements which can be made most con- 
veniently. The chief of these approximations are : 

(i) When the height h and the radius r of the arc of the segment 
are known, its approximate area is 

4h2 /2r 

_^_y__ 0 - 608 . 

(ii) When the height h and the length a of the bounding chord 
of the segment are known, its approximate area is 

h(4a2 + 3h2) 

6a 

Ex. 62. The chord of a circular segment is 14 inches long, and 
the height of the arc is one inch. Find (a) the radius of the arc, 
and (b) the angle it subtends at the centre. 

Hence calculate the area of the segment (i) accurately to three 
^places of decimals, and (ii) approximately by the above ''^ules. 

Again, referring to Fig. 46, p. 81, 

(a) PS = ^ . PQ = 7 in., and SR = 1 in. 

Let radius of arc be r inches, then since 0P2 = PS2 + S02, 

= 49 + (r - 1 )^, from which r = 25 in. 

(b) Let b = L POQ, then 

sin = sin POS = PS/OP = 7/25 =0*28 ; 
from the tables, |^ = 16° 16' ; 

^> = 32^^ 32' = 0*5678 radian. 

From Problem 15, 

area of segment = |r2( 6/ - sin 6>) - J . 625(0-5678 - 0-5378) 

= 1 . 625 X 0-03 = 9*375 sq. in. 
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By the api>roximate rule (i), A = l, r = 26; 

/. area of segment = 4\/49*39/3 = 9-371 sq. in. 

By the approximate rule (ii), a = 14, A = 1 ; 

/. area of segment = (4 x 14® + 3)/84 = 787/84 = 9*369 sq. in. 

57. An Important Application. The facts we have already 
learned about circular arcs are of great importance in setting out 
a railway curve. 

Let ToTiT 2“’3 (Fig. 53) be the plan of a section of a railway 
curve which has to be constructed, O being the centre. The arcs 



TqTj, Tj|T 2 , T 2 T 3 are equal, so that z.TqOTj — z.TjOT 2 ” ^T 20 T 3 « 
Denote each of the angles by 6 ^, and suppose the radius of* the 
arc is r. 

Draw TqA, the tangent to the arc at T^, then 

z.AToTi = angle in alternate segment = JlTqOTi = J^. 

Also 21 ATqX 2 ~ ^^TqOX 2 ~ and ^^XqX 3 = ^ 21 XqOX 3 = '^^, 

so that 2 - AXqXj = Z.XjXqX 2 ~ ^X 2 XqX 3 = 

In the actual setting out a theodolite is placed at T«, and 
taking AXq as the base line, the point X^ is fixed, by means of a 
peg, one chain from X^ in the direction XqX^ where 
6 being previously calculated. The instrument is turned through 
the ^XiXqX 2 =|^, and X 2 fixed one chain from X^^. Similarly, X 3 
is fixed, and so on for the whole curve. It is clear that the 
value of 6 is deterruined as the angle subtended by an arc of 
radius r standing on a chord one chain in length. 
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Ex. 63. A circular curve is to be constructed 0 / 20*5 chains 
radius, and it subtends an angle of 22° 24' at the centre ; find (i) the 
angle to he set off at the centre for each one-chain chord, (ii) the 
number of one-chain chords, and (iii) the length of the curve. 

(i) If in Fig. 53 we draw a perpendicular from O to TjTg, this 
perpendicular will bisect both TiT .2 and the angle T-iOTg ; 

sin J^ = sin jTiOT 2 = 1/20*5 = 1/41 =0*0244 ; 
from the tables, '|d = l°24', 

so that the angle subtended at the centre by a one-chain chord 

= d = 2° 48'. 

(ii) Since the total angle at centre = 22° 24', and one chord 
subtends 2° 48', therefore number of one-chain chords in the curve 

= 22° 24'/2° 48' =22*4/2*8 = 8. 

(iii) Now 22° 24' = 0*3910 radian ; 

/. length of arc =0*391 x 20*5 = 8*02 chains. 


EXERCISES 8. 

In each of the following examples the length of an arc and its radius 
are given ; calculate the number of radians in the angle subtended at 
the centre by the arc. 

1. Arc = 89*9 in., radius = 29 in. 

2. Arc = 41 -82 cm., radius = 17 cm, 

3. Arc = 13*94 ft., radius = 16*4 ft. 

4. Arc = 238 1*4 cm., radius =6*25 m. 

5. Arc = 32*3 in., radius 15*2 in. 

6. Arc = 80*36 yd., radius 117*6 ft. 

Calculate the number of degrees and minutes in each of the following 
angles, which are given in radians. 

7. 0*3491. 8. 0*6807. 9. 0*8203. 

10. 1*11. 11. 1*302. 12. 2*892. 

Calculate the number of radians in each of the following angles. 

13. 14° 18'. 14. 38° 42'. 15. 45\ 

16. 63° 24'. 17. 106° 48'. 18. 171° 36'. 
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In the following examples, r denotes the radius, I the length of an 
arc, and 6 denotes the angle it subtends at the centre. 

19. r = 2 ft. 1 in., ^=0-48 radian, find I in feet. 

20. r=45 yards, ^=40° 20', find I in chains. 

21. r = 186 metres, 6^=64° 36', find I in kilometres. 

22. ^=0-76 radian, Z = 34*2 in., find r in yards. 

23. ^ = 154° 42', 2 = 33-3 yards, find r in feet. 

24. 0 = 2-16 radians, 2=2 miles, find r in yards. 

25. Define a radian, and express in degrees and minutes an angle of 
1-53 radians. 

In December the sun is 91,400,000 miles distant from the earth, and 
the sun’s diameter then subtends at the earth an angle of 32' 37" ; 
find the diameter of the sun correct to the nearest thousand miles. 
Find also the distance of the sun from the earth in June, given that the 
angle then subtended at the earth is 31' 34". (J.M.B.) 

26. AP, BP are tangents at the extremities of a circular arc AB. 
The angle APB = 80^ 48' and AP = 47 cm. Find (i) the radius of the 
arc, and (ii) the shortest distance between the arc and P. 

27. The height of an arc standing on a chord 6-4 inches long is 1-8 
inches ; find (i) the radius of the arc, (ii) the angle it subtends at 
the centre, and (iii) the area of the segment bounded by the arc 
and chord. 

28. The height of a circular arc standing on a chord 11-2 in. long is 
3-2 in. ; find (i) the radius of t{ie arc, (ii) the angle subtended at the 
centre, and (iii) the areas of the sector and segment respectively. 

29. Two places A and B, 3 miles apart in a straight line, are con- 

nected by a circular arc of railway of radius 10 miles. Find the length 
of the railway track. (D.S.) 

30. The height of an arc standing on a chord 30 in. long is 9 in. ; 
find (i) the radius of the arc, (ii) the angle subtended at the centre, 
(iii) the length of the arc. 

31. A chord 8-3 inches long is placed in a circle of radius 9-8 in. ; 
find (i) the angle subtended at the centre, (ii) the length of the arc, and 
(iii) the areas of the sector and segment respectively. 

32. The height of an arc of radius 16-9 in. is 5 in. ; find (i) the true 
length of the arc, (ii) the approximate length of the arc from Huyghens’ 
formula, (iii) the percentage error in the approximate length. 

33. The chord of an arc is 19-8 inches long and its height is 2 in. ; 
find (i) the length of the arc by the approximate formula, (ii) the true 
length o^ the arc, and (iii) the percentage error in (i). 
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34. A circular arc of radius 2 ft. 5 in. is 8 in. high ; find (i) the 
area of the segment formed by the approximate rule, and (ii) the true 
area of the segment. 

35. The following formula is sometimes used to find the area A of 

^3 2 

the segment of a circle : where h is the height and c the 

length of the chord of the segment. Obtain the value of c when A = 30 
and ^=4-5. (U.L.C.I.) 

36. A circular hole, radius 12 inches, is partially closed by a circular 
disc whoso radius is 13 inches. Find the approximate area of the 
crescent-shaped opening thus formed, if its central width is 4 inches. 

(U.L.C.I.) 

37. The angle subtended by a tower on a plain at a very distant 
point is A°. At another point d yards further away from the tower, 
the angle subtended is B°. Shew that, if ^ be the height of ' he tower 
in feet, 

38. At a curved part of a railway track, an engine going 15 miles per 

hour changes its direction of motion from N.E. to K. 24° E. in a 
quarter of a minute. At what rate is the direction changing in (i) 
radians per mile, (ii) radians per second ? Assuming the curve to be 
an arc of a circle, find its radius in feet. (D.S.) 

39. A uniform plate ABC is bounded by a circular arc AC of radius 
4 ft. 5 in., and two straight edges AB, BC, such that AB is a tangent 
to the arc at A and angle ABC is 90°. Calculate the area of the plate 
in square inches when AB = 3 ft. 9 in., and BC=2 ft. 1 in. 

40. The perimeter of a sector of a circle is equal to that of half the 
circle ; find the angle of the sector and its area, taking the radius as 
ten centimetres. 

41. With the corner C of a square A BCD as centre, a circle is drawn 
cutting CD, CB in E, F respectively, such that it bisects the area of the 
square. Find its radius and the length of the chord EF if the side of 
the square is 5-2 inches long. 

42. A curve of radius 47*75 chains is 45*01 chains long. Find how 
mrny one-chain chords can be set of! in it, and the angle to be set out 
for each. 

43. A railway running due North has to change its direction 43° E. 
of N., the radius of the curved portion being 528 ft. Find (i) the 
number of one-chain chords to be set out for the curve, and (ii) the 
length of the curve in yards to the nearest tenth . 
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FUNCTIONS OF ANGl ES GREATER THAN A RIGHT ANGLE 

68 . Angles greater than a Right Angle. So far we have been 
dealing only with acute angles. We must now consider how to 
deal with angles greater than a right angle. 



Ex. 64. Calculate angles subtended at the centre of a circle by 
arcs greater in length than a quarter^ a half, and three-quarters of 
the circumference respectively. 

On a piece of squared paper describe a circle with centre O and 
radius 6-5 units (Fig. 54). Draw two perpendicular diameters 
X'OX, Y'OY, parallel to the rulings. These divide the circle into 
four equal ar^^as, XOY, YOX', X'OY', Y'OX, called the first, second, 
third, and fourth quadrants respectively. 

Along OX cutoff ONi= 5*6 units and ON4 = 6‘3 units; along 
OX' cut off 0 N 2 = 6 units and ON3 = 5-2 units. Draw NiPj, N 2 P 2 
perpendicular to X'OX upwards meeting the circumference in 
Pi, Pg, and draw N4P4 perpendicular to X'OX downwards 

meeting the circumference in P 3 . p*. Join OPj, OPg, OPg, OP4 
and measure NjPl, N2P2) NgPg, N4P4. Now calculate each of the 
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acute angles XOPi, ^'OPg, P 4 OX from their tangents. 

Tabulate the results as follows : 

ONi=:5-6 N,Pi = 3-3 tanXOPi =0-5892 Z. XOP^ =30" 31' 

0N2 = 6 N2P2 = 2-5 tanP20X' = N2P2/N20 =0-4167 Z.P20X' = 22° 37' 

0N3 = 5-2 N 3 P 8 = 3-9 tanX'0P3 = P 3 N 3 /N 30 =0-7500 Z. X'OPs = 36° 52' 

0 N 4 = 6-3 N 4 P 4 = 1-6 tan P 4 OX =P 4 N 4 / 0 N 4 =0-2540 ^P 40 X= 14 ° 15 ' 

Now arc XYPg > j circum., and angle at centre is Z-XOPg, 

,, XP gP ,, ), }j j, Z.XOP 3 , 

nXP 2 P 4 >| „ „ „ Z.XOP 4 , 

the angles XOP 3 , XOP 4 being measured in the direction of arrow. 

To calculate these angles, we have, from Fig. 54, and the 
above table, 

L XOPg = 180° - L PgOX' = 180° - 22° 37' = 157° 23', 

L XOP 3 = 180° + z. X'OPg = 180° 4- 36° 52' = 216° 52', and 
aXOP4 = 360°~z.P4OX =360°-14°15' = 345°45'. 

59. Obtuse and Reflex Angles. Angles which are greater than 
one and less than two right angles are called obtuse angles, thus 
Z.XOP 2 is an obtuse angle, and it will be noticed that its arm OPg 
lies in the second quadrant; this will obviously be true of all 
obtuse angles. 

When the sum of two angles is 180°, the angles are said to be 
supplementary, each being the supplement of the other. Thus 
the supplement of 57° is 123°, and the supplement of 162° is 18°, 
so that for every pair of supplementary angles, with the excep- 
tion of two right angles, one is acute and the other obtuse. 

Angles like XOP 3 , XOP 4 , each measured in the positive direction, 
i.e. in the direction of the arrow, which are greater than two right 
angles, are called reflex angles. To distinguish them the word 
‘ roflex ’ is always written before the angle. ^ 

All reflex angles have one of their arms in either the third or 
^urth quadrants, so that we may say : 

Acute angles belong to the First Quadrant. 

Obtuse „ „ Second Quadrant. 

Reflex „ „ Third and Fourth Quadrants. 
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EXERCISES 9a. 

Draw diagrams showing the quadrant in which the revolving arm of 
each of the following angles lies. State also the kind of angle, and 
calculate the size of the acute angle in the same quadrant which must 
be added to each to make up a multiple of a right angle : 

1. 30°. ‘ 2. 120°. 3. 225°. 4. 330°. 

5. 46°. 6. 132°. 7. 231°. 8. 325°. 

9. On a piece of squared paper describe a circle 8*5 cm. in radius 
whose centre is O. Draw a horizontal diameter X'OX and mark off 
X'A = 1 cm., X'B=:l-7 cm., X'C=:12*6 cm. and X'D = 16-2 cm. Erect 
perpendiculars AE, BF, CG, DH, meeting the circumference in E, F, G, H 
respectively, AE, DH being drawn downwards, and BF, CG upwards. 
Calculate (i) the lengths of these perpendiculars, (ii) the acute angles 
XOG, X'OE, X'OF, HOX, and (iii) Z.XOF, reflex Z.XOE, and reflex 
^XOH. 

10. ABCD is a quadrilateral inscribed in a circle whose centre is O. 
If L ABC = 67° 42', calculate Z.ADC, Z.AOC and reflex Z.AOC . 

11. ABC is a triangle in which AB = 12*3 in., BC = 15‘5in.,CA = 21-8in., 
and L ABC is obtuse. Calculate the length of the perpendicular from 
A to CB produced, hence find the size of the angle ABC. 

12. A BC is a triangle in which AB = 11*3 cm., BC = 16*5 cm., CA = 21-2 
cm., and L ABC is obtuse. The perpendicular from A to CB produced 
meets it in D ; calculate the length of BD, and the size of ^ABC. 

13. ABCD is a rectangular sheet of paper ; points P, Q are taken on 
AB, AD respectively such that AP = 17-7 cm. and AQ = 25 cm. The 
corner A is cut off along the line PQ ; find the magnitudes of L BPQ 
and L DQP. 

Calculate the angle in degrees subtended at the centre of each of the 
following circular arcs, taking 7r= 3-1416. 

14. Length of arc=20-25 in., radius = 7-5 in. 

15. Length of arc = 84 cm., radius = 25 cm. 

16. Length of arc = 82-35 yd., radius = 15 yd. 

Calculate the size of the reflex angle in degrees between two adjacent 
sides of a regular polygon in each of the following cases where the 
number of sides is given : 

17. 5 sides. 18. 8 sides. 19. 18 sides. 

20. 25 sides. 21. 45 sides. 22. n-sides. 

Find the number of sides of a regular polygon when the reflex angle 
between adjacent sides is 

23. 190°. 24. 210°. 25. 220°. 

26 a right angles. 
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60. Ppsitive and Negative Directions. In defining the trigono- 
metrical functions of angles greater than a right angle, it is 
necessary to consider the directions in which the respective per- 
pendiculars and bases are measured. All distances measured 
horizontally from left to right, and vertically upwards are taken 
as positive, whilst those measured in the opposite directions are 
taken as negative. For example, in the case of an obtuse angle 
such as XOP2 (Fig. 54), the foot N2 of the perpendicular N2P2 
falls outside the angle, so that the base OX has to be produced 
backwards, i.e. in the negative direction Hence ON2 is negative. 
The same is true for reflex angles in the third quadrant, whilst the 
perpendiculars of all such angles have to be drawn downwards, 
and are therefore negative. 


61. Trigonometrical Functions of Obtuse and Reflex Angles. 

We can now proceed to find the general values of the trigono- 
metrical functions of angles greater than a right angle. Taking 
first any obtuse angle XOPg (Fig. 54), we have ON2= -NgO, so that 



tan XOPo 


C 08 XOP, = ^ = 


-N-^=-tanP,OX', 

-cosP.OX'. 
OP, 2 


sin XOP« 


N0P2 • p. 

= = sin PoOX . 

np ^ 


But ^ P 2 OX' = 180° - XOP 2 


tanXOPg- -tan(180°-XOP2); 
cos XOP2 = - cos ( 180° - XOPg) ; 

FIG. 64. ' 

sin XOPg = sin (180° - XOPg). 

Again, for the reflex angle XOP3, N3P3= - P3N3, so that 


tan XOP. 


, _N3P3_ 

-P 3 N 3 . 

= ON 3 

-N 30 " 

, _0N3_ 

-N 30 

* OP 3 

0 

1 

, _N3P3_ 

-P 3 N 8 . 

* OP 3 

0 


-tan X'OPo 


- cos X'OPq 
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But reflex z.XOP 3 = 180°-t-4X'OP3, from which, 
z.X'OP 3 =^XOP 3 - 180 °, 

tanXOP3=tan(XOP3-180°); cosXOP 3 = - cos (XOP 3 - 180°) ; 
sin XOP 3 = - sin (XOP 3 - 180°). 

Finally, for a reflex angle in the fourth quadrant, such as reflex 
Z.XOP 4 , we have N 4 P 4 =-P 4 N„ SO that 

cos XOP 4 = = cos P 4 OX, 

sinXOP4=^^^ = ^^^^= -sinP 40 X. 

But reflex ^XOP 4 -l- i!.P4OX=360°, from which 
/.P 40 X = 360°-^XOP4; 

ten XOP 4 = - ten (360° - XOP 4 ), cos XOP 4 = cos (360° - XOP 4 ), 
sinXOP 4 = -sin(360°-XOP4). 

62. Summary of Results. The above results are so important 


that they are here collected in tabular form : 

Trigonometrical Functions of angles greater than 90*^. 


When ^^° is in the 

Second Qualrant 
it is an Obtuse Angle 
lying between 90® and 
180®; then 

Third Quadrant 

it is a Reflex Angle 
lying between 180® and 
270®; then 

Fourth Quadrant 
it is a Reflex Angle 
lying between 270° and 
360® ; then 

sin ( 9 = sin (180®-^) 
cos - cos (180° - 6 ) 

tan d— - tan (180® - 6 ) 

sin ~ sin (0 ~ 180°) 

cos 0— - cos (^~ 180°) 
tan 0= tan (0- 180°) 

sin 6 >= - sin (360® - 0) 
cos 0 = cos (360® - 0) 
tan 0~ - tan (360® - 0) 


Ex. 65. Find the trigonometrical functions of 125°, 233°, and 
327°. What is the value of coslk when A = 73° ? 

From the relations just established, since 125° is in the second 
quadrant, 

sin 125° - sin (180° - 125°) = sin 55° = 0 * 8192 . 
cos 125° = - cos (i80° - 125°) = - cos 55° = - 0*5736. 
tan 125° - - tan (180° - 125°) = - tan 55° = - 1*4281 . 
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Also, since 233° is in the third Quadrant, 

sin 233°= - sin (233° - 180°) = - sin 53°= - 0 - 7986 . 
cos 233° = - cos (233 - 180°) = - cos 53° = - 0 - 6018 . 
tan 233°= tan (233° - 180°) = tan 53°= 1 - 3270 . 

Finally, since 327° is in the Fourth Quadrant, 

sin 327° = - sin (360° - 327°) = - sin 33° = - 0 - 5446 . 
cos 327°= cos (360° -327°)= cos 33°= 0 - 8387 . 

tan 327° = - tan (360° - 327°) = - tan 33° = - 0 - 6494 . 

When A = 75°, 7A = 511°, which is greater than four right angles. 
But 511° = 360° + 151°, so that the revolving arm has traversed a 
complete revolution and 151° in addition, i.e. 511° is effectively 
equal to 151°; 

/. cos 511° = cos 151° = - cos (180° - 151°) = - co'^ 29° 

= - 0 * 8746 . 

63 . Variation of sin ^ as ^ increases from 0 ° to 360 °. We 

must now investigate how sin 0 changes as 0 increases from 0° 
to 360°. This is best done graphically. 

Problem 16. To trace the variation of sin 0 as 9 changes f.om 
0° to 360°. 


On a piece of squared paper describe, near the left-hand edge, 
a circle of radius 5 cm., marking H as its centre (Fig. 55). Draw 



a diameter A'HA and produce it completely across the paper. 
Divide the upper semicircle into six equal parts at B, C, D, E, F, 
and draw the diameters BHB', CHC', DHD', EHE' and FHF' ; then 
z.AHB = 30°, z.AHC = 60°, Z-AHD=90°, ana so on. To represent 
these angles, take a point 0 on A'A produced and mark ofi to the 
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right twelve eqaal parts, and number them 30®, 60®, 90®, etc., as 
shewn in the figure. From B, draw a line parallel to A'A to meet 
the ordinate at 30® in fc. Do this for each of the other points 
on the circle, thus obtaining a series of corresponding points 
h, c, d, e, ... a. Through these draw a smooth curve. 

Now sin AHB = (perp. on HA from B)/HB = (ordinate at 30®)/5, • 
sin AHC = (perp. on HA from C)/HC = (ordinate at 60®)/5, 
and so on for each of the other angles ; hence, since the radius is 
the same for all, the sine of each angle is proportional to its 
ordinate, and tnerefore the curve shews the changes in the value 
of sin ^ as 6^ varies from 0® to 360®. 

It should be noticed that 

(i) from 0® to 180®, the sine is positive, whilst from 180® to 

360® it is negative, 

(ii) tHe sine of any acute angle- the sine of its supplement. 

(iii) sin (180® + a) = sin (360® - a®), where a is an acute angle, 

(iv) the curve repeats itself for values of d beyond 360® ; 

for this reason the sine is said to be a periodic function 

with a period of 4 right angles or 27r radians, 

(v) the greatest value of sin d occurs at 90®, where it is 1, 

and the least value at 270®, where it is - 1. 

64. Variation of cos 6> as d increases from 0® to 360®. The 

changes in the value of cos d as d varies from 0® to 360® may also 
be shewn on the same figure by marking ofi on each ordinate a 
distance equal to the base of the corresponding angle, i.e, the 
segment of HA (Fig. 55) cut off by the perpendicular from the 
extremity of the corresponding radius. By joining the extremities 
of the ordinates thus marked off, we get another curve precisely 
similar to that of the sine. Indeed, it will be seen from the 
figure that it is really the sine curve moved horizontally through 
90° to the left. Hence for any angle 0, 

cos 6 ° — sin (6^® + 90®). 

We also see that the value of cos 6 , like that of sin 6 ^ lies between 
-hi and -1, and 

sinO® = sin 180®-= sin 360® = 0, 
sin 90®= - sin 270® = 1, 
cosO® = - cos 180® = cos 360® = 1, 
cos 90®= cos 270® = 0. 
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65. Variation of tan ^ as ^ increases from O'" 360''. Since 

the tangent of an angle is the ratio of the perpendicular to the 
base, by making the base the same for all angles from 0° to 360°, 
the tangent will be proportional to the perpendicular. The 
variation in the length of the perpendicular will therefore give the 
corresponding variation in the tangent. 

Problem 17. To trace the changes in the values of tan 6 as d 
varies from 0° to 360°. 

On a piece of squared paper draw a circle 5 cm. in radius having 



no. 56.— Graph of tan^. 


A' A (Fig. 66) as diameter. Draw H'H through A perpendicular to 
A'A. Divide the circumference into twelve equal parts and draw 
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diameters through the points of division producing them to meet 
H'H as indicated. Draw lines parallel to the axis Aa from each 
of the points on H'H, to intersect the corresponding ordinates. 
A series of points is thus obtained through which smooth curves, 
as shewn, may be drawn. 

66. Characteristics of the Tangent Curves. From Fig. 56, it 
will be noticed that the tangent curve is not continuous like that 
of the sine or cosine. It consists of three portions, breaks occur- 
ring at 90° and at 270°, so that no finite values are given for the 
tangents of these angles. As, however, the angle increases from 
0° to 90° the intercept on AH gets longer and longer, until at 90°, 
where D'D is parallel to AH, it is greater than any finite line. 
Look up a table of tangents from 85° to 89° 54' and see how 
rapidly they increase from 11 43 to 573. From 89° 54' to 89° 59' 
the values are : 


e 

tand 


tan 0 

89° 64' 

6730 

89° 67' 

1146-9 

65' 

687-5 

68' 

1718-9 

66' 

869-4 

69' 

3^37-7 


It is evident, therefore, that we can make the tangent of an 
acute angle as large as we please by making the angle near enough 
to 90°, i.e. tan 90° is greater than any finite number. This 4s 
expressed by the symbolical statement 

tan 90° = 00 , 

where the symbol oo is read “ infinity 
Similar facts apply to tan 270°, so that we may write 

tan 270'' ~ oo . 

It will be observed also that as 0 passes through 90°, tan 6 
changes from + oo to - oo , and as 6 passes through 270°. tan C 
changes from - oo to + oo . Further, tan 0° =0, tan 180° =0 and 
tan360°==0, so that tan^ may have any value whatever between 
- 00 and 4- oo ; i.e. an angle can always be found having for its 
tangent any nuxuber, positive or negative, however great or 
small. 
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EXERCISES 9b. 


Find the sine, cosine and tangent of each of the following angles : 

1 152°. 2. 138° 42'. 3. 154° 36'. 4. 196°. 

5. 215° 30'. 6. 282°. 7. 315° 18'. 8. 329° 24'. 

9. 371°. 10. 492°. 11. 540°. 12. 621°. 

13. The electro- motive force (e.m.f.) in a certain alternating current 
circuit is equal to 100 sin B. What are the values of the e.m.f.’s for 
the following values of 40°, 145°, 235°, 310°, and \>hat is the value 
of 0 when the e.m.f. is 90 volts ? (U.L.C.I.) 


Verify each of the following statements : 

14. sin 153° = sin 77° cos 76° + sin 76° cos 77°. 

15. cos 142° = cos 74° cos 68° - sin 74° sin 68°. 

1C 4. 1^00 tan 81° + tan 97° 

16. tanl78° = ti — r — 5^-01 — 

1 - tan 81° tan 97° 

17. sin236° = 2sinll8°cosll8°. 

18. cos242°=cos2121°-8in2 121°. 

2 . tan 106° 


19. tan 212° = 


l-tan2l06°* 


20. sin 135° + sin 87° = 2 . sin 111°. cos 24°. 

21. cos 147° + cos 79° = 2 . cos 113°. cos 34°. 

22. Evaluate sin A + sin 2A + sin 3A + sin 4A when A = 72°. 

00 j i.1- 1 . sinA + sin3A + sin5A + sin7A .1 . . 

23. h ind the value of rrr-i — : , correctly to two 


places of decimals, when A = 82°. 


cos A . cos 2A 


24. If tan 6^ = 


sin A + sin 2A + sin 3A + sin 4A 


,find the smallest positive 


' cos A + cos 2A + cos 3A + cos 4A 
value of 0 when A = 82°. 

OK Tf i. ^ “sin3A + 2sin5A + sin7A j .. n i. •4.- 

25. If tan O' = smallest positive 

cos 3A +2 cos 6A + cos 7A 

value of 6 when A =43°. 


Find the positive values of between 0° and 360°, which satisfy 
each of the following relations ; 

26. sin ^=0-612. 27. sin 0=0-91. 28. cos 0=0-682. 

29. cos 0=0-4019. 30. tan 0=0-4. 31. tan 0 = 13. 

32. sin 0 = - 0-304. 33. cos 0 = - 0-81. 34. tan 0 = - 1. 
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35. sin <9 = R v^e - ^2). 36. cos 0 =iiJ5 + l), 

37. tan (9 = 2 -f 38. cos (9 = - J (^/6 + ^2). 

39. sin ^ = J(1 - >y6). 40. tan - n/5 + 2;^5. 

41. Draw the graph of cot6> between 0° and 360°. Deduce the 
values of the cotangent when ^=0°, 90°, 180°, 270°. 

42. Draw the graph of :?/ = cos + ~ ^ -cos from the point 

at which ^=0 to the point at which 6 — 217. (J.M.B.) 

43. Draw the graph of y — ainO-\-coQ6 from ^ = 0 to 0 = 180°, and 
from it read off the value of y when 0 = 21°. 

44. Draw the graph of i/=tan0 + cot0 from 0 = 0 to 0 = 180°; 
hence find the value of y when 0 = 70-3°. Shew also from the graph 
that the sum of a number and its reciprocal cannot be less than 2. 

45. Plot the function i/ = 6-8 sin 0+ 100 cos 0 on squared paper from 
0=0 to 0 = 90°, and read off the value of 0 when ?/ = 90. 

46. Draw the graph of ?/ = tan 0 + 13 cot 0 from 0 = 0 to 0=90°, and 
read off the values of 0 when ?/= 14. 


B.M.T. 


H 
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THE SECANT AND COSECANT. REGULAR POLYGONS 

67. Further Conversion Factors. We know from Art. 36 that 
the trigonometrical functions are convenient multipliers for con- 
verting one side of a right-angled triangle into another side. It 
will be observed, however, that there are no functions which, as 
multipliers, will convert either of the sides forming the right angle 
into the hypotenuse. The following example will shew this. 

Ex. 66. A tie wire of a vertical pole is attached to the pole at a 
point 8*3 ft. from the top^ and to the ground at a distance 4-5 ft. 
from the foot of the pole. The angle made by the wire with the 
, ground, which is horizontal, is IV ; find the lengths of the t ire and 
p of the pole. 

Let OP (Fig. 57) be the pole, RQ the wire, then 
or = 4-5 ft., PQ = 8-3ft., and ^ORQ = 77^ 

Since ORQ is a right-angled triangle, 

/. OR = RQ cos IV, i.e. 4-5 = RQ x 0*225, 

so that RQ = 4*5/0*225 = 20 ft. 

Also 

OQ = RQ sin 7V = 20 x 0*9744 = 19*488 ; 

/. OP =OQ + QP = 19*488 + 8*3 = 27*8 ft. 

68. The Secant and Cosecant. In such calculations as Ex. 66, 
it would be more convenient if we had simple multipliers to con- 
vert either of the sides OR, OQ respectively into the hypotenuse 
RQ. Suppose -lORQ (Fig. 57) be any angle 0, then RQ is equal 
either to OR/cos 0 or to OQ/sin 0. 

Now 1/cos^ is the ratio of the hypotenuse to the base, and is 
called the secant of 0 ; similarly, 1/sin 6 is the ratio of the hypo- 

114 




§§ 67, 68] 


THE SECANT AND COSECANT 


115 


tenuse to the perpendicular, and is called the cosecant of ^6/. The 
secant and cosecant of 0 are briefly written sec 0 and cosec 6 
respectively, so that 

sec 0 = -i- and cosec 6 

cos u smu 

We have now all the elementary trigonometrical functions, 
viz. sin 0, cos 0, tan 6, and their respective reciprocals ; cosec 0, 
sec cot 0. With the aid of these, any one side of a right-angled 
triangle may be converted into either of the other two by simple 
multiplication, when we have the requisite tables of the six 
functions. 

Ex. 67. Given that ton A = 4*95, find the other iive trigono- 
metrical junctions of A without using tables , and shew that 
cot A — 10 (cosec A - 1). 
tanA = 4-95 = -J^^ = |^. 

Now draw a triangle ABC, having a right angle at C, BC = 99 
units and CA = 20 units ; then tan A = BC/CA = 99/20. 

If, therefore, we know the length of the hypotenuse AB, all 
the functions of A can be written down. By the theorem of 
Pythagoras, 

AB2 = BC2 4- CA2 = 992 + 202 = 9801 + 400 = 10201 ; 

AB = v/i0M = 101. 

Hence 8inA=BC/AB= 99/101 = O’ 9802. 

cos A = CA/AB = 20/101 = 0- 1 980. 
sec A = AB/CA = 101/20 =5’05. 
cosec A = AB/BC = 101/99 =1-0202. 
cotA = CA/BC= 20/99 =0’2020. 

Taking the right-angled side of the given relation, 

10 (cosec A - 1) = 10(^7- - 1) = 20/98 = cot A. 

EXERCISES 10a. 

Find cosec A as a decimal, without using tables, when sin A has each 
of the following values : 

1. i 

4. 0-319. 


2. 117/126. 
5. >/3/2. 


3. 0-81. 
6 . 
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Find sec A as a decimal, without using tables, when cos A has each 
of the following values : 

7. 3/4. 8. 7/26. 9. 0-91. 

10. 0-665. 11. ■J2I2. 12. {sl5 - l)/4. 

Find cot A as a decimal, without using tables, when tan A has each 
of the following values : 

13. 2/5. 14. 225/216. 15. 10-2. 

16. 36-8. 17. 18. 2-^3. 

Calculate the five other trigonometrical functions as decimals when : 
19. tan A = 13/84. 20. cot A =39/80. 21. sin A =0-96. 

22. cos A =0-604. 23. sec A =2. 24. cosccA = l-45. 

Using the tables, verify each of the following relations : 

25. sec 26° 12'= tan 48° 6'. 

26 sec 68° 48' = cosec (90° - 68° 48'). 

27. cosec 11° 30'= sec 11° 30' . cot 11° 30'. 

28. sin 30° 24' . coscc 30° 24'= 1. 

29. cos 72° . sec 72° = 1. 

30. tan 84° 54' . cot 84° 64' = 1. 

In a triangle ABC, if 

31. A=394 sq. in., A=52°, 6=26 in., find c. 

32. A =4575 sq. cm., B=66° 12', c=125 cm., find a. 

33. A=74-9 sq. ft., C = 48° 30', o = 16 ft., find 6. 

34. A =60-72 sq. yd., A =30° 24', 6=16 yd., find c. 

Solve the following triangles ; 

35. o = 6-5 in. , 6 = 48°, C = 90°. 36. 6 = 26 ft., C = 90°, A = 62°. 

37. a=31 in., A=61°, C=90°. 38. 6=42 ft., B=72°, C=90°. 

39. a = 12-8yd., B=C=30°42'. 40. a=35chains, B=C, A=43°. 

41. 6 = 86 yd., B=38°, C=A. 42. 6=72 cm., C=A=73°. 

43. c=94yd., A = B=62°. 44. c=112 cm., A=B, C = 84°. 

45. B=49°, C = 81°, and the perpendicular to BC from A=28 m. 

46. A =45°, B = 116°24', and the perpendicular from C to AB 
produced, meeting it in D, makes AD = 16 m. 
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69. Circles and Perimeter of a Regular Polygon. regular 
polygon can always be described in a circle, so that each side is a 
chord. This circle is called the circumscribed circle, or more 
briefly, the circum-circle. It is also possible to describe a con- 
centric circle to touch each side of the polygon. Such a circle is 
called the inscribed or in-circle. If the side of the polygon be 
given, we can easily find the radii of the circum- and in-circles, 
and conversely, if the radius of either circle be known the side of 
the polygon may readily be found. 

Ex. 68. Find the radii of the circum- and in-circles of a regular 
nonagon each of whose sides is 5 cm. 

Let AB (Fig. 58) be one side of the nonagon, D its mid-point 
and O tiie centre of the circum- and in-circles ; then OD is 
perpendicular to AB, and the inscribed circle touches AB at D. 



Since the polygon has niije sides, by joining O to the angular 
points, there will be nine equal isosceles triangles of which AOB is 
one ; 

/. L AOB = J . (4 right angles) = 40°, 
and z.AOD = Z-DOB = |ilAOB -20°. 

Hence the radius AO of the circum-circle = AD cosec AOD 

- 2*5 cosec 20° - 2-5 x 2-9238 - 7-3095 cm. 

— 7' 3 cm. practically. 

Again, the radius of the in-circle 

= OD = AD cot AOD = 2-5 cot 20° - 2-5 x 2-7475 - 6-8687 or 6*9 cm. 

We might ha\e found this radius thus : 

DO - OA cos 20° - 7-3 x 0-9397 = 6-9 cm. 
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Ex. 69. The radius of a circle is five inches ^ and a regtilar 'polygon 
0 / 15 sides is inscribed in it. Find the perimeter of the polygon and 
the angle between the two adjacent sides. 

Referring again to Fig. 58, let AB represent one of the fifteen 
sides, then ^ AOB = 360715 = 24® ; 

AB = 2AD = 2AO.sinAOD = 2*5.sinl2° 

= 2-5 X 0-2079 = 2-079 in.; 

Perimeter = 2-079 x 15 = 31-185 in. or 31*2 in. 

Now z.OAD=half the angle between two adjacent sides 
= 90® -12® = 78®; 

Angle of polygon 78® x 2 = 156®. 

70. General Rule. General expressions will now be found con- 
necting the side and the circum- and in-radii of a regular polygon. 

Problem 18. A regular polygon of n sides is described in a 
circle of radius R. If a be the length of a side and r the radius of 
the iu'drcle, find the relations between a, r and R. 

Let AB (Fig. 58) be a side of the polygon, O the centre of the 
circum-circle, and OD the perpendicular on AB from O ; then 
AD = iAB = Ja, OA = R, and OD=r. 

/. By the theorem of Pythagoras, 

R2=ja2 + r2. 

J 27r TT 

Again, Z-AOD=4z.AOB = s • — = - radians. 

“ 2 n n 

But DO = AO cos AOD, or AD cot AOD, 

i,e, r = R cos - or r = 4a cot -• 

n ^ n 

Finally, AD = AO sin AOD, i,e, 

a = 2R sin 

n 

71. Expressions for the Area of a Regular Polygon. We have 
already seen how to find the area of a regular polygon (p. 74), 
and now we shall deduce general expressions for the area in terms 
of a, r, R and n. 
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Problem 19. A regular polygon of n sides is described in a 
circle of radius R, If a be a side and r the in-radius ^ find expressions 
for its area in terms of a, r, n and R. 

From Fig. 58, it is clear that AOAB = i . AB . DO = ^ar. 

Now, since there are n triangles in the polygon each equal to 
OAB, we have, using the results of Problem 18, 

TT TT TT 

Area of polygon = Jnar = ^naR cos - = |na® cot - = nr* tan - 

= nR* sm - . cos - . 
n n 

Ex. 70. A fiat plate in the shape of a regular octagon is cut from 
a circular sheet of diameter 3 ft, 6 in. with the minimum waste. 
Find the length of a side and the area of the plate. 

A regular octagon is a polygon of 8 sides ; hence if a inches 
be the length of one side, we have from Prob. 19, 

a = 2R sin (I 8 O 78 ) = 2R sin 22-5°. 

Now since the waste is to be the minimum, the circular plate 
will correspond to the circum-circle of the octagon ; 

2R = 3-5 ft., so that R = 1-75 ft. 
a = 3-5 sin 22-5° = 3-5 x 0-3827 = 1*34 ft. 

Further, from Prob. 19, the area of the plate 
== 8 x 1-752 sin 22-5° cos 22-5'^ 

= 8 X 1-752 X 0-3827 X 0-9239 = 8*66 sq. ft. 

72. Area-multipliers. Often in practice the only known 
measurement of a regular polygon is either the length of a side or 
that of the circum-radius. Now from Problem 19, the area of a 
polygon is either {n cot (tt/^) . a^, or n sin (:r/n) cos (tt/w) . R^, so 
that Jncot(7r/ri) and w sin cos (tt/w) are multipliers which 
will convert the square of a side and the square of the circum- 
radius respectively into the area. 

For those polygons most frequently met with, these area- 
multipliers are therefore calculated and tabulated for reference. 
A table of them will be found at the end of the book on p. 205. 
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Ex. 71. Solve Ex. 70 again by the use of a table of area,- 
multijpliirs. 

For a regular octagon of side a, and circum-radius R, its area is, 
from the table on p. 205, 

4-828a2 or 2-828R2. 

Since R = l*75 ft. ; area = 2*828 x 1-75^- 8-66 sq. ft. 

Also, 4*828a2=:2*828R2; 

.*. a = l-75N/2-828/4-828==l*34 ft. 


EXERCISES 10b. 

Angles of Quadrilaterals and Polygons, 

1. A certain polygon has seven sides ; one of the angles is 25*^ 

greater than each of the others, which are equal. Find the number of 
degrees in each angle. (L.M.) 

2. ABCDEF is a hexagon in which Z.FAB=:110°, iiABC = 115°, 

the side CD is at right angles to side AB, and the side DE is at right 
angles to side AF. The angles BEF, EFA are equal. Find all the angles 
of the hexagon other than those given. (L.S.) 

3. The sum of the interior angles of a regular polygon is four tim 5R 
the sum of the exterior angles formed by producing the sides succes- 
sively ; find the number of sides in the polygon. 

4. In the hexagon ABCDEF, each of the sides AB, BC, CD, DE is 
one inch long ; the angles at A, C, E are equal to one another, as also 
are the angles at B, D, F, the former being double the latter. Find 
these angles, draw the hexagon, and measure the lengths AF, AD. (L.M.) 

5. The angles A, B, C of a quadrilateral A BCD are 96°, 140°, 76° 

respectively, and the bisectors of the four exterior angles of the quadri- 
lateral are drawn, forming a quadrilateral PQRS ; find the angles of 
this quadrilateral. (L.M.) 

6. A BCD is a cyclic quadrilateral such that BA, CD produced 

intersect at an angle of 30°, and DA, CB produced intersect at an angle 
of 40°. Find the angles of the quadrilateral. (L.M.) 

7. In a pentagon ABCDE, the sides AB, BC, EA are each one inch 
in length, the angles A, B are each 120°, and the angles C, E are each 
95°. Alternate sides are produced to meet, forming a star-shaped 
figure. Calculate the magnitudes of the angles of the star. (L.M.) 

8. ABCDE is an irregular pentagon having the angle B equal to the 
angle D, each being equal to two-thirds of the sum of the angles A and C. 
The angle A is double the angle C, and E is three times C. Find the 
size of each of the angles. 
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9. If ABCDJFG iwS a regular heptagon, calculate to the nearest 
minute the angles of the figure, the angles of the triangle ACF^ and the 
angles of the triangle formed by AC, DF and the peipendicular at G 
to FG. (L.M.) 

10. ABODE is a convex pentagon with the side BC equal and parallel 
to AE, and the three sides AB, CD, DE all equal to one another. If the 
angle at A is 70°, find each of the other angles of the pentagon. (L.M.) 

11. In a cyclic quadrilateral A BCD, the angles CAD, BDA, BDC are 

15°, 65°, 35° respectively. Find the angles of the quadrilateral, and 
construct it if /.C = l*7 in., measuring the length of BD. (L.M.) 

12. A square A BCD and a regular pentagon ABPQR are described on 
opposite sides of a line A 6. By calculating the sizes of the angles 
RAD, PRD, prove that one of these angles is double the other. (L.S.) 

13. The magnitudes of the angles of a polygon, taken in order round 
the figure, are in arithmetical progression. The smallest is 107° and the 
greatest is 163° ; find the number of sides in the figure. 

14. PSQ, is a circle of radius r and centre O, having POQ as a diameter, 

and OS perpendicular to PQ. R is the mid-point of OP, and with R as 
centre and RS as radius, an arc is drawn cutting OQ in T. Shew that 
2 . ST2 = (5 - ; hence prove that ST is the length of a side of the 

inscribed pentagon. 

Arms of Polygons, 

The expressions given in Prob. 19 for the area of a regular polygon 
may be written in the forms, kjR^y k^r^, where k^y 
stants for each polygon. Calculate the values of these multipliers for 
each of the following regular polygons : 

15. Pentagon. 16, Hexagon. 17. Heptagon. 

18. Octagon. 19. Decagon. 20. Duodecagon. 

Find the areas of each of the following regular polygons : 

21. A decagon of side 8*5 in. 

22. A heptagon whose perimeter is 4 ft. 4J in. 

23. A polygon of 15 sides inscribed in a circle of 25*6 in. diameter. 

24. A polygon of 18 sides inscribed in a circle of radius 18*3 cm. 

25. A polygon of 24 sides circumscribed about a circle of 17*4 in. 
diameter. 

26. A polygon of 30 sides circumscribed about a circle of 15*2 cm. 
diameter. 

27. An octagon formed by cutting off the corners of a square of 
2 ft. 11 in. side. Give the area in square feet. 
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28. A regular hexagonal plate is to be made by cutting off the 
corners 6f a rectangular plate 2 ft. 1 in. long. How wide must the 
plate be, and what will be the area of the hexagon ? 

29. A regular octagonal court has a perimeter of 176 yards ; find its 
area in acres. 

30. The area of a regular duodecagon is 1587 sq. cm. Find the 
radius of the circumscribed circle. 

31. In any regular polygon, shew that if 5= semi-perimeter, and 
A = area, then the radius of the in-circle =A/.s ; hence find the length 
of one side of a nonagon of r = 6*5 in. and A =81*9 sq. iii. 

32. Prove that the areas of regular polygons, each of n sides, inscribed 
in and circumscribed about a given circle are as 

cos® (180°/w) : 1. 

If this ratio be 0-75, find n. 

33. ABODE is a regular pentagon whose perimeter is 3 ft. 7 in. The 
sides AB, DC are produced to meet in F ; find the area of the triangle 
BCF. 

34. A regular hexagon with side 4 in. and a concentric circle of the 

same area as the hexagon are described. Find the length of the chord 
cut off by the circle from each side of the hexagon. (L.M.) 



CHAPTER XI 


SIMPLE SOLUTION OF A TRIANGLE 

73. Data for Solution. We shall now consider briefly the 
simple methods of solving a triangle completely. There are four 
cases to be dealt with, viz., those in which we are given : 

(i) Three sides, 

(ii) Two sides and the included angle, 

(iii) One side and two angles, 

(iv) Two sides and the angle opposite one of them. 

74. Case I. When Three Sides are given. Here we have to 
find the three angles. 

Ex. 72. Solve the triangle in which a = 89 cm., 6 = 97 cm. and 
c = 170 cm. 

Let ABC (Fig. 59) be the triangle ; then 
clearly A and B will be acute angles, since 
they are opposite the shorter sides. Draw ^ g 

CF perpendicular to AB, then we must -pio. 69. 

determine the lengths of AF and FB. 

Let AF =x cm., so that FB = 170 - x cm. ; then 
AC2 - AF2 = CF2 = CB2 ~ FB2, 
or 972-ir2 = 892-(170-a;)2, 

from which x = 7597 /85 and 170 - cc = 6853/85 ; 

/. cos A =AF/AC = 7597/(85 x 97) =0*9212, 
and cos B = FB/BC = 6853/(85 x 89) = 0*9059. 

Hence, from the table of cosines, 

A = 22" 54' and B = 25"3'; 

C = 180 - (A 4- B) = 180" -47^ 57' = 132" 3'. 

The triangle is thus completely solved. 

123 
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EXERCISES 11 A. 

Solve completely each of the following triangles : 

1. a=4 in., 6=5 in., c = 6 in. 2. a = 7 ft , 6 = 6 ft., c = 5 ft. 

3. a = 13 yd., 6 = 12 yd., c =5 yd. 4. a = 12 cm., 6 = 37 cm., c = 35 cm. 

5. a = 1 +^/3, 6 = ^6, c = 2. 6. a = 6, 6=2v^6, c = 3.^2 + ^y6. 

7. a = 56, 6 = c = 53. 8. a = 92, 6 = 85, c = 39. 

9. a = 6 = 73, c = 96. 10. a = 73, 6 = 52, c = 75. 

76. The Cosine Rule. To save the trouble of finding the 
segments into which the perpendicular divides the base in every 
case, we can find a general rule which will give the cosine at once. 

Problem 20. To find a relation connecting the three sides of a 
triangle with one of its angles. 

Let ABC be the triangle (Fig. 59), and let F be the foot of the 
perpendicular from C ; let AF — x^ then FB = c - a; ; 

/. as in Ex. 72, -x^—a^ -{c-x)^, 

from which 6^ - = 2cx. 

Now ir = AF = AC cos A = 6 cos A ; 

/. 62-a2 + c2 = 26c cos A, 
or a2 = + c2 - 2bc cos A, 


Similarly, it may be shewn that 

b^ bb c2 + — 2ca cos B and = a^ + b^ - 2ab cos C. 

These important relations constitute what is called the Cosine 
Rule of a triangle. 

In calculating angles by this rule it is convenient to modify the 
expression for the cosine in the following way. 

Since = 6^ + - 26c cos A ; /. cos A == (6^ + c^ - a^)/26c, so that 

1 + cos A == (6^ + c^ - + 26c)/26c 

= {(6 + c)2-a2}/26c 
= (6 + c + a){h + c - a)/26c 
= 25(5-a)/6c, 

where 2s = a + 6 + c, as in Prob. 6. 


Similarly, eos B = — - 1 , cos C = — ^ - - 1 . 
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Ex. 73. AbCD is a parallelogram in which 

AB = 8*4 cm., BC = 7*8 cm., and BD=9-4 cm. 

Find the angle BAD and the length of the diagonal CA. 

The parallelogram is shewn in Fig. 60. Since AD =BC, we have 
for the triangle ABD, 25 = 8-4: + 7*8 + 9*4 = 25*6 cm. ; 

B 


D C 

Fia. 60 . 

/. 5 “BD = 12*8 ~ 9*4 = 3*4 cm. ; 
cosA-(25-6x3-4)/(7-8x8-4)-l 
-1-3284 -1-0-3284. 

Hence from the tables, A - 70° 50'. 

To find the diagonal CA, we must use the first form of the 
cosine rule. 

/. CA2-AB2 + BC2-2AB .BC .cosABC 

- 8-42 + 7-82 - 2 X 8-4 X 7-8 cos (180° - A) 

- 70-56 + 60-84 + 15-6 x 8-4 cos A = 171-44 ; 

CA = 7171-44 =13-1 cm. 

EXERCISES llB. 

Solve each of the following triangles by the cosine rule : 

1. a = 28in., 6=:53in., c = 45in. 2, a = 58 ft., 6 = 51 ft., c = 41 ft. 
3. a =6 = 65 cm., c = 32 cm. 4. a = 97 m., 6 = 72 m., c = 65 m. 

5. a = 35yd., 6 = 73 yd., c = 52 yd. 

6. a = 82 ch., 6 = 57 ch., c = 89 ch. 

?. a = 21, 6 = 61, c = 68. 8. a = 6 = 260, c = 154'5. 

9. Find the angles and the other diagonal in a parallelogram ABCD 
in which AB=97 yd., AD =78 yd., and BD =95 yd. 

10. Calculate the angles and the diagonal BD of a parallelogram 
ABCD in which AB = 41 m., BC=58, m. and CA = 51 m. 

76. Case 2. When Two Sides and the Included Angle are 
given. Here the trii-ngle may be solved either by dividing it 
into two right-angled triangles, or by using the cosine rule. 
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Ex. 74. Solve the triangle in which 

c=8'6 ft., a = 6'7 ft., and B = 52°24'. 

(i) Draw CF perpendicular to AB (see Fig. 69, p. 123). 

Then FC=a sin B = 6-7 x0-7923 = 5'308 ft., 

FB = a cos B = 6-7 X 0-6101 =4-088 ft., 

AF = 8-6 -4-088 = 4-512 ft., 

and tan A =FC/AF = 5-308/4-512 = 1-176= tan 49° 38' ; 

A = 49° 38'. 

Hence, C = 180° - (A + B) = 180° - 102° 2' = 77° 58'. 

Finally, 6 = CA = AF/cos A = 4-512/0 6477 = 6'97 ft. 

If a table of secants were available, we could say that 
6 = AF sec A = 4-512x1 -5439 = 6-97 ft. 

(ii) No perpendicular need be drawn if we make a direct 
application of the cosine rule ; thus 

62 = 0 * +a2 - 2m cos B = 73-96 + 44-89 - 17-2 x 6-7 x 0-6101 
= 118-85-70-31 = 48-54; 

6 = V48^=-6-97. 

To find A, we have 2s = 6-7 -j- 6-97 -F 8-6 = 22-27 ft. 
and s-a = ll-136-6-7=4-435ft., 

cos A = (22-27 X 4*435)/(6-97 x 8-6) - 1 
= 1-6477-1=0-6477; 

A = 49° 38' 

and C = 180° - (A + B) = 180° - 102° 2' = 77° 58'. 

EXERCISES 11c. 

Solve each of the following triangles : 

1. a=b=7-8 in., C=60°. 2. a=16-7 ft., 6 = 13-2 ft., C=32° 48'. 

3. a=24 cm., 6=37 cm., C=71° 4'. 

4. 6 = 18-5 cm., c=ll-4cm., A=72°3'. 

5. 6=9-6 yd., c=19-3 yd., A = 60° 31'. 6. 6=2, c=v6, A=75°. 

7. c=62 m., 0=41 m., B = 12° 38'. 

8. 5 = 17-37 oh., c=21-07 ch., A=47°. 

9. 0 = 398-9, c=496-6, B=72° 18'. 10. 6=216, 6=197, A=73°. 
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77. Case 3. When One Side and Two Angles are given. In 

this case, as in the previous one, the triangle may be sdlved by 
dividing it into two right-angled triangles. 

Ex. 75. Solve the triangle in which C = 53° 12', A = 67° 36' and 
6 = 18-4 m. 

Again referring to Fig. 59 (p. 123), note that the perpendicular 
CF is drawn to one of the unknown sides. This should always 
be done. 

Now B = 180° - (C + A) = 180° - 120° 48' = 59° 12', 
and AF = 6 cos A = 18-4 X 0*3811 =7-012, 

FC = 6 sin A = 18-4 x 0-9245 = 17-01 , 

FB = FC cot B = 17-01 x 0-5961 = 10-138 ; 

/. c = AF + FB = 7-012 4- 10-138 = 17‘15 m. 

Finally, a = FC/sinB = FC cosec B = 17-01 x 1-1642 = 19*8 m, 

78. The Sine Rule. We can solve a triangle in this case without 
first finding the segments into which the perpendicular divides the 
base, by means of a very simple and useful rule connecting the 
sines of the angles with the lengths of the sides. 

Peoblem 21. In any triangle ^ to find a relation between the 
sines of the angles and the sides opposite those angles. 

Let ABC ^Fig. 61) be any triangle ; draw the perpendiculars 
AD, BE from A to BC and from B to CA 
respectively. 

Then from the triangle ABD, AD =^ sin B, 
and „ „ ACD, AD = 6 sin C; 

/. c sin B = 6 sin C, or sin B/b = sin C/c. 

Also from the triangle BAE, BE = c sin A, 
and „ „ BCE, BE = asinC; 

/. c sin A = a sin C, or sin A/a = sin C/c. 

Hence, since sin B/6 and sin A/a are each equal to sin C/c, we 
have 

sin A ^ sin B ^ sin C 
a b c * 

This important relation is called the Sine Rule of a triangle. 


A 



B D C 


no. 61 . 
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Ex. 76. Solve the triangle in which 6 = 562 yd., J = 46° 12' and 
C = 82°G6'. 

Here we have A = 180° - (B + C) = 180° - 128° 48' = 51° 12'. 

Now, from the sine rule, 

sin A sin B , sin C sin B 
ah c b 


a — 


c = 


& sin A 562x0-7793 
562x0-9917 


sin B 
h sin C 
sin B 


0-7218 


= 606*7 yd. 
= 772*1 yd. 


This rule enables us to apply logarithms directly to calculate 
the unknown sides. 


EXERCISES llD. 
Solve each of the following triangles : 

1. A =63'= 12', B=58'= 24', c = 125 ft. 

2. A =46° 24', C=43° 36', 6 = 29 yd. 

3. A =47° 33', B = 84° 54', a = 15-2 m. 

4. B=52°, C = 63°, a = 973-6 yd. 

5. A = 100°, B = 42° 46', c = 108 m. 

6 . A = 68° 54', B = 21°6', 6 = 36 in. 

7. A =56° 18', C = 67° 48', 6=327 cm. 

8. A = 111° 6', B=48°, 6 = 25 chains. 

9. A = 88°36', B = 31°54', c = 10-6. 

10. B = 75° 24', C = 62° 42', a = 324-1. 


79. Case 4. When Two Sides and the Angle opposite one of 
them are given. ‘ Before proceeding to solve a triangle in this 
case, we shall first consider how it may be constructed. 

Problem 22. Construct a triangle ABC, having given the sides 
c, a and the angle A. Examine carefully all the possible cases. 

Draw the angle XAB = A (Fig. 62). Cut ofi AB = c, and with 
centre B and radius equal to a describe a circle. Suppose this 
circle cuts AX in two points C, C' on the same side of A as X, then 
clearly both the triangles ABC, ABC' satisfy the given conditions, 
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and it should be observed that C' = z. C'CB = 180° - C, \.e. C, C' 
are supplementary. Also BC < AB. 

The condition for the circle to cut AX must be examined. Draw 
BE perpenaicular to AX, then BE = AB sin A = c sin A, and the 
circle will cut AX if BC > BE, i.e. if a > c sin A. 

If a'> Cy i.e. BC > AB, C will lie to the left of A ; then only 
the triangle ABC' will satisfy the given conditions. 

Further, if BC=BE=BC', i.e. a = c sin A, then C, C', E coincide, 
and one right-angled triangle ABC results. This will fulfil the 
given conditions if A is acute, i.e. a < c, as in Fig. 63. 

Finally, if a < c sin A, then the circle does not reach AX, as in 
Fig. 64, and no triangle can be constructed. 



Hence, summing up the results, when two sides c, a, and a non- 
included angle A of a triangle are given, 

(i) there are two solutions if a > c sin A and a < c, in which case 

the respective angles opposite side c are supplementary. 

(ii) there is one solution if a > c sin A and a > c. 

(iii) there is one solution if a c sin A and a < c, in which case 

c^ = a^ + b^. 

(iv) there is no solution if a = c sin A and a >> c. 

(v) there is no solution if a < c sin A. 

Since there are thus several possible solutions, as well as impos- 
sible ones according to the nature of the data, this case of solution 
is called the ambiguous case. 

Ex. 77. If A = 30° 30', 6 = 48, solve the triangle if possible when 
a is (a) 25*42, (fl) 24*36 and (y) 23*84. 

The perpendicular from C to AB = 6 sin A = 48 x 0*5075 = 24*36. 

Hence (a) when a = 25*42 there will be two solutions by (i). 

By the sine rule, sin B = (? sin A/a = 24*36/25*42 =0*9585 ; 

/. From the tables, B = 73°26' and sin (180° ~B) = sin B, so 
that 180° -B is the corresponding angle of the second triangle. 

B.M.T. I 
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This verifies the fact deduced in Prob. 22 that tne two angles 
opposite b are supplementary, 

B = 73°26' or 106^34'. 

HenceC = 180^-(A + B)=:76°4' or 42° 56'. 

To find c, we have, by the sine rule, c = & sin C/sin B, which, on 
putting in the two pairs of corresponding values of B and C, gives 
c-48-6 or 34*11. 

(/?) With a = 24-36, sin B = 24-36/24-36 = 1 ; 

B = 90°, 

and there is only one triangle which is right-angled. 

Thus C and A are complementary, and C = 59° 30'. 

Also c = & sin C = 48 X 0-8616 = 41*36. 

(y) With a = 23-84, sin B = 24-36/23-84 = 1-022, which is impos- 
sible, since the sine cannot exceed unity, 

.*. there is no solution. 


EXERCISES He. 

Find the angle opposite the greater of the given sides, and the third 
side in each of the following triangles : 

1. B = 30°, 6=52 in., c = 78 in. 

2. A = 69° 24', 6 = 12-5 ft, a = ll-7 ft. 

3. B = 54°, 6 = 90*2 cm., c = 115 cm. 

4. C=56°6', a = 17 yd., c = 16-6yd. 

5. B = 65°30', a = 54m., 6 = 65m. 

6. B = 68° 54', c = 27 ch., 6 = 31-1 ch. 

7. B = 16° 16', 6 = 7, c = 25. 8. C=63°, 6 = 216, c = 183. 

9. A=40° 24', a = 35, 6=54. 10. A=60°, a = 6 = 38-5. 


EXERCISES llF. (Miscellaneous.) 

1. Solve the triangle in which a=562*3 ft., 6 = 349-5 ft., c = 456-8ft. 

2. Find the remaining angles of a triangle in which a = 7235 links, 
6=4635 links, and C = 78° 26'. 

3. Calculate a and C in a triangle where A = 55°, B = 65° and 
c = 270 yd. 

4. Find A and B when in a triangle a =26 and C = 75°. 

5. Determine the angles in a triangle in which a = 187 cm., 
6 = 165 cm., and c= 88 cm. 
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6. Calculate the values of a and C when in a triangle 6=486 m., 
c=643m. and B=48° 18'. 

7. Find the longest side of a triangle in which B = 65° 36', C=78° 
and a =424 ft. 

8. A BCD is a parallelogram in which AB = 12 cm., BC=5 cm. and 
L BAD =68° 54'. Find the lengths of the diagonals BD and CA. 

9. Find the angles B and C of a triangle in which 6=535 ft., 
c=465ft. and A =51° 20'. 

10. If in a triangle a = 7, 6 = 10, c = 13, find its smallest angle. 

11. Find the values of the angle C of a triangle in which 6 = 762 ft., 
c = 735 ft. and B=51° 42'. 

12. The difference between the base and the perpendicular of a 
right-angled triangle is one-fifth of their sum. Find the angles of the 
triangle. 

13. If two sides of a triangle are 56 and 87 yards long and the area 

of the triangle is 984 sq. yd., find the possible values of the angle 
between the given sid ^s. (J.M.B.) 

14. Solve a triangle in which a = 12-35 in., B = 35° 30', C = 64° 24'. 

(J.M.B.) 

!5. In the triangle ABC, AB = 17 inches, AC = 19 inches, the angle 
ABC = 31° 30'. What is the value of the area ? (J.M.B.) 

16. If in a triangle ABC, 2a = 36, and A = 2B, express c in terms of 6 
and hence find the angles of the triangle. 

17. The sides of a triangle are in the ratios 4: 10: 11 ; find the 

greatest angle of the triangle. (J.M.B.) 

18. Two angles of a triangle are 43° and 65°, and the area of the 

triangle is 1000 sq. yd. Calculate the length of the longest side of the 
triangle. (C.P.) 

19. The diagonals of a parallelogram are 35 and 45 inches long, and 

inclined to one another at 80°. Calculate the sides and angles of the 
parallelogram. ( D. U. ) 

20. Three angles A, B, C of a quadrilateral are each 75° ; AB = 10 

inches and AD =5 inches. Find the lengths of BC and CD. (L.S.) 

21. A ship C is seen by an observer at A to be in a direction 32° 7' 
N. of W. ; another observer B, 800 yards to the west of A, sees the ship 
at the same time to be 43° 49' N. of W. How far is the ship from A ? 

(L.S.) 

22. A triangle has bas'' 4 in., height 3-5 in. and one of its base angles 

is 120°. Find the side opposite to this angle to the nearest hundredth 
of an inch. (L.M.) 
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23. Pf ove the formula a* = 6® + - 26c cos A. 

If A, B, C are three points in order on a straight line, and P any 
point not on the line, prove that 

AB . CP2 + BC . BP2 - AC . BP2=AB . BC . AO. (L.M.) 

24. Explain what is known as the “Ambiguous Case ” in the solution 
of triangles, stating the circumstances in which the ambiguity arises. 

In a triangle ABC, a =75, 6=92, A =48''. Find the other angles of 
the triangle. (L.M.) 

25. In a triangle ABC, a = 3, 6 = 26, c=26; BC is produced to D so 
that CD =22. !^d AD and angles BAC, CAD. 

26. In a triangle ABC, a = 28, 6 = 17 and cos B = 0*8 ; use the cosine 
rule to find the two values of c, and give the area of the triangle in each 
case. 

27. ABC is a triangle whose bisector of A meets BC in D. If 6 = 2, 
c=5 and AD =2*5, find the angle A and the side a. 

28. If a, 6 are the lengths of the sides of a parallelogram, and 6 is 
the acute angle between them, shew that the diagonals are of length 
s!a^ + 6^ ± 2ah cos 6, 

Find the diagonals of a rhombus of side 8 inches and angle 60°. 

29. A town B is 153 miles from a town A in a direction 10° N. of W. ; 

a town C is 254 miles from A in a direction 35° N. of E. Find the 
distance and direction of C from B. (L.M.) 

30. Devizes is 9J miles from Chippenham in a direction 37° E. of S., 

Melksham is 7 miles from Chippenham in a direction 1 1° W. of S. 
Calculate how many miles Devizes is from Melkshaiii, and in what 
direction. (J.M.B.) 

31. In the triangle ABC, the angle BAC = 43° 30', the angle ACB 

=47° 45'. The line BD divides the angle ABC into two parts, one of 
which is double the other, and meets AC in D. What is the ratio of 
AD to DC, AD being the shorter .segment ? (J.M.B.) 

32. In a triangle ABC, the bisector of the angle A meets BC in D ; 
calculate, by the sine rule, the length of AD when 6=24, c=28, and 
A =49°. 

33. Compare the areas of the two triangles in which A =31° 47', 
a = 85, and c = 160. 

34. A BCD is a quadrilateral in which AB = 16, CD =25, DA = 15, 
L BAD = 66° 25' and L BCD =36° 52'. Find the length of BC. 

35. In a triangle ABC, c = 153, tan A = 1, and tan B = 2 ; find, without 
using tables, the remaining sides and the value of tan C. 
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APPLICATIONS OF THE SOLUTION OF TRIANGLES 

80. Application of the Right-angled Triangle. In Chapter 11. 
we have already discussed some simple practical problems on 
the solution of right-angled triangles. Here a more difficult 
case will be considered. 

Ex. 78. To find ttie width of a river, two objects A, B on the left 
bank are observed from two positions C, D on the right bank, which 
are in the line perpendicular to AB through B. At 0, which is 35 ft, 
fro, i the right bank, L ACB = 22® ; at D, l ADB = 20®, and CD = 10 ft. 
Calculate the width of the river and the distance between A and B. 

Let BD (Fig. 65) cut the right bank in E, then 
EC = 35 ft., CD = 10 ft., so that ED = 45 ft. 

Let the width BE, of the river, be x ft., then 
AB = BD tan 20® = (x 4- 45) x 0-364, 
and AB — BCtan22® = (cc + 35) xO-404, 

(cc + 45)x0-364 = (a; + 35)x0'404, 
from which a? = 56 ft. 

To find AB, we have 

AB = (a; + 45) X 0-364 = 101 x 0-364 = 36-76 ft., 
or =36*8 ft. nearly. 

81. Application of the General Triangle. In addition to the 
area problems in surveying in which a district is divided up into 
triangles, there a^e many practical cases where an application of 
the solution of a general triangle is useful. The following example 
will illustrate this. 
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Ex. 79. A straight road AC, inclined at an angle of 17° to the 
horizontal^ leads from the sea-level k to a vertical monument CD, 
the top of which is observed frotn two points A, B on the road. At k 
the angle CAD = 24°, and at B, the angle CBD=37°. kB = ^0 ft.; 
calculate the height of D above the sea-level, and the height CD of 
the monument. 

From the diagram (Fig. 66), it is evident that we have to 
calculate the distances FD and CD. 



Now FD = AD sin DAF, and from the sine rule, 

AD/sin ABD = AB/sin ADB, 
so that AD =AB sin ABD/sin ADB, 

and FD = AB sin ABD . sin DAF/sin ADB. 

But sin ABD = sin DBC = sin 37° = 0*6018. 

z. FAD = ^ DAC + Z. CAF = 24° + 17° = 41°, 
and z.ADB = z.CBD-z.CAD = 37°-24° = 13° ; 

FD = 90 X 0*6018 x sin 41°/sin 13° 

= 90x0*6018 X 0*6561/0*225 = 158 ft. 

To find CD, we have 

AF = FD cot FAD = FD cot 41° = 158 x 1 *1504, 
and CF = AF tan FAC = AF tan 17° 

= 158 x 1*1504 X 0*3057 =55*6 ft. ; 

/. CD = 158 -55*6 = 102-4 ft. 

82. Application to Three Dimensions. It is sometimes incon- 
venient to take observations in the same vertical plane, and as a 
consequence, some problems can only be solved from measure- 
ments taken in two or more vertical planes ; hence three dimen- 
sions are necessary. The following is a typical example. 
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Ex. 80. A mountain peak is observed from two stations P, Q 
situated 679 ft, apart on a horizontal stretch of ground at the sea- 
level. At P, which is due west of the pealc^ the angle of elevation is 
65° 32', whilst at Q, which is due south of the peaky the angle of 
elevation is 63° 15'. Calculate the height of the peak above the sea- 
level. 



Let P, Q be the stations and S' (Fig. 67a) the foot of the peak 
on the horizontal plane of the stations ; then l PS'Q is a right 
angle, and PQ = 679 ft. 

Taking a vertical plane through P and the peak, we have the 
fxght-angled triangle PS'S (Fig. 676), where S is the summit, and 
iLS'PS = 65°32'. 

If, therefore, h - height S'S of the peak in feet, 

PS' - A cot 65° 32' - 6 X 0-455. 

Again, taking a vertical plane through Q and the peak S, we 
have a right-angled triangle QS'S (Fig. 67c), in which S'S = A ft., 
and ^S'QS = 63° 15'; 

QS' = A cot 63° 15' -Ax 0*504. 

Hence from Fig. 67a, PQ2 = PS'2 h-S'Q2, 
i.e. 679^ -AHO-4552 +0-5042) 

-A^x 0*6792; 

/. A -1000 ft. 

EXERCISES 12. 

1. A tower stands on a level plain. A person A standing on th'* 
plain 50 feet west of the tower observes the angle of elevation of its 
top to be 34°, while a second person B standing due east of the tower 
observes the angle of elevation to be 27°. Find the height of the tower 
and the distance of B from its foot. (U.L.C.I.) 
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2. A person on a ship which is sailing on a straight course, observes 
two lighthouses, one of which, L, is clue north of the other, M. When 
M is due east, L bears 45° to the east of north, and when L is due east, 
M bears 60° to the east of south. Find the direction in which the ship 
is sailing. 

3. P and Q are two stations 1000 yards apart. The line PQ bears 
east and west. At P a rock bears 42° west of south ; at Q it bears 35° 
east of south. Calculate the distance of the rock from the shore. 

4. From a ship steaming at 12 miles per hour in a direction 71° 36' 
E. of N., the bearing of a lighthouse is observed to be x4° 12' E. of N. 
at 8 p.m., and to be 33° W. of N. at 9.30 p.m. Find the distance of the 
lighthouse from the ship’s path, neglecting the curvature of the earth, 

5. A train travelling at a uniform rate of 21 miles per hour takes 
3-75 minutes to go from a station P along a straight line to the next 
station Q. From a point A in the same horizontal plane, it is observed 
that 

L APQ =3Z. PQA = \L PAQ. 

Find the distances in yards from A to P and to Q T^spectively. 

6. The angle of elevation of the top of a house from a certain point 

on the ground is observed to be 47° 24'. On receding 25 ft. further 
from the house, the angle of elevation of the top is now 32° 47'. CpI- 
culate the height of the house. (N.U.T.) 

7. By observations on a lighthouse L on an island, from two stations 

P and Q, 1250 yards apart, on the shore of the mainland, the angle 
LPQ is found to be 62°, and the angle LQP 51°. If the shore between 
P and Q is straight, what is the shortest distance to the lighthouse from 
the shore ? (N.U.T.) 

8. Two ships B and C are seen from a lighthouse A ; B is 7-94 miles 
distant in the direction 29° 13' S. of W., and C 9*38 miles distant in the 
direction 10° 41' W. of S. What is the direction of C as seen from B ? 

(L.M.) 

9. In a survey it was necessary to continue a lino PQ past an 

obstacle which caniiot be seen over. A line QB of length 140 yards 
was measured off at right angles to PQ, and from the point B, lines BD 
and BE are drawn which clear the obstacle ; the angles QBD and QBE 
are 32° and 45° respectively. Find the lengths of BD and BE so that 
DE and PQ may be in the same straight line. {U.L.C.I.) 

10. From the top of a vertical cliff 100 ft. high, forming one bank 
of a river, the angles of depression of the top and bottom of the vertical 
cliff forming the opposite bank are 28° 40' and 64° 30' respectively. 
Find the height of the cliff and the width of the river. 
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11. To get frcxTi a place A to a place C, it is necessary to go along two 

straight- roads AB, BC, inclined to one another at an angle of 85°. 
Calculate what distance would be saved if it were possible to go along 
the straight road AC, it being given that AB — miles and BC = 3'J 
miles. (U.L.C.L) 

12. It is found by walking towards a chimney a distance of 75 feet 
along a straight line through the base that the angle of elevation of its 
top is changed from 42° to 59°. Find the height of the chimney. 

(N.U.T.) 

13. Two chimneys AB and CD are of equal height. A person stand- 
ing between them in the line AC joining their bases observes the 
elevation of A B to be 60°. After walking 100 ft. in a direction at right 
angles to AC he finds the elevation of AB to be 45° and of CD 30°. 
Find the height of the chimneys and the distance between them. 

(J.M.B.) 

14. From their point of intersection, Danson Lane runs in a direction 

of 18° east of North ; Holderness Road runs in a direction of 22° north 
of East. Kent Street, which rims from the latter road to the former, 
has a direction 56° west of North, and is 410 yards long. How far is it 
along Holderness Road from Danson Lane to Kent Street ? (J.M.B.) 

15. At a point on a level plain the elevation of the top of a mountain 

is 22°, and at another point on the plain, a mile further away in a 
dii "jct line, the elevation is 9° 48'. Find the height of the mountain 
above the plain. (J.M.B.) 

16. A lighthouse L is observed from a station A on shore. B is 
another station on the shore 1065 links from A, and the angle LAB is 
found to be 85° 36'. At B, a pier BC, 585*9 links long is at right angles 
to AB, and <^n observing L from C the angle LCB is found to be 
126° 30'. Calculate the shortest distance of the lighthouse from the 
shore AB. 

17. From a point on a river bridge, the angle of depression of the 

foot of a telegraph pole, 32 ft. high, on the bank is 47° 32', while the 
angle of elevation of the top of the pole from the same point is 19° 16'. 
What is the height of the observation point above the bank ? (N.U.T.) 

18. A and B are two points 500 ft. apart on the straight towing path 

of a canal. C is the site of a house on the opposite bank 100 yards 
from the canal. The angles ABC and BAC are found to be 42° 23' and 
65° 13' respectively. Find the width of the canal. (N.U.T.) 

19. The side of a hill is a plane surface and slopes at 27° to the 

horizontal. Two men walk from the same point at the foot of the hill. 
One man walks 510 yards in the direction of the steepest slope, the other 
380 yards in a direction making 43° with that of the first man. Find 
the difference in level between the two men in their new positions and 
the actual distance between them. (U.L.C.I.) 
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20. A man observes that the angle of elevation of an aeroplane at a 

certain instant is 33° and that 54 seconds later it is 43°. Assuming 
that the aeroplane is flying at the rate of 80 miles an hour in a hori- 
zontal line directly over the observer, find its height above the ground, 
and the time which elapses after the first observation before it is over- 
head. (L.M.) 

21. A vertical tower PQ is observed from two stations A, B in the 
same horizontal plane as the foot Q of the tower. A is due south and 
the observed angle of elevation of P is 31° 48'. B is 336 ft. due east of 
A, and the elevation of P there is 17° 12'. Find the height of the tower. 

22. When a traveller is at a place A, the top of a mojntain is seen to 

the north-east at an elevation of 21° ; when he arrives at B, in the same 
horizontal plane as A, the mountain is due east and the elevation 15°. 
The top of the mountain is known to be 7300 ft. above the level of A 
and B. Calculate (i) the distances of A and B from the projection of 
the top of the mountain on the horizontal plane through A and B, 
(ii) the distance from A to B. (L.M.) 

23. A tower stands on a horizontal plane at a distance of 500 yd. 

from the foot of a mountain ; an observer, whose distance up the 
mountain slope is 1000 yd., looking over the to;^ of the tower can just 
see the nearer bank of a river whose distance behind the tower is 100 
yd. When he has walked half-way down the slope, which is to bo 
taken of a uniform gradient, he can just see the further bank of the 
river when he looks over the tower. Given that the river is 50 yd. 
wide, find the height of the tower and the inclination of the mountain 
side to the horizontal. vJ.M.B.) 

24. A, B, P, Q are four points in the same horizontal plane, and B 

is 650 yards due East of A. From A, P bears N. 19° E., and Q bears 
N. 50° E. From B, P bears N. 46° W., and Q bears N. 25° W. Cal- 
culate the distances AP, AQ, PQ. (L.M.) 

25. Walking along a straight level road in a direction N.W., I notice 

two spires P, Q, in a straight line with me on a bearing N. 20° E., P 
being the nearer spire. After walking 4 miles further along the road, 
P bears E. 22° S., and Q bears E. 26° N. Find the distance between 
the spires. (L.M.) 

26. A line AB, 100 yards in length, is measured along a straight road 

inclined to the horizontal at an angle of 5°. At the lower extremity A 
the angle of elevation of an object P, beyond B, in the same vertical 
plane as A B is 32° ; at the upper extremity B, the angle of elevation 
of P is 38°. Find the height of the point P above the horizontal plane 
through A. (J.M.B.) 

27. A sailing boat has to go from a certain point to another 21 miles 
off in a direction S. 40° E. After sailing 10 miles S. 35° E. it alters its 
direction 15° more to the east and sails another 10 miles. How far 
wiU it then be from its destination, assuming there is no current ? (L.M.) 
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28. A steam r is going down Channel at constant speed in a straight 

line when a passenger P sees two landmarks A, B which are known to 
be 6510 yards apart, and observes that PA, PB make angles 85° 15' 
and 42° 20' with the steamer’s course. Forty-two minutes later he 
notices that the steamer is crossing the line AB produced at an angle 
31° 35'. Find the speed of the steamer in knots. A knot is 6080 feet 
per hour. (L,M.) 

29. ABC is a triangle in which A = 63°, B = 47° and AB = 58 ft. AB 
is produced to P so that the angle BCP=25°. Calculate the length of 
BP to the nearest foot. 

30. A and B are two points in a horizontal plane, 153 feet apart, and 

C is a point in the same plane such that the angles CAB and CBA 
contain 73° and 39° 15' respectively. Find the length of the perpen- 
dicular distance of C from AB, and the approximate size of the angle 
between that perpendicular and the straight line joining C to the 
middle point of AB. (C.P.) 

31. Two boats at sea are observed from a point on a cliff 350 feet 

high. The bearing and angle of depression of one are N. 52° 20' E. and 
20° 35', and of the other N. 22° 50' W. and 13° 50'. Find how far each 
boat is north of the observer, how far east and west of him respectively, 
and how far the second boat is north and west of the first. (L.M.) 

32. Two chief landmarks on a stretch of flat country are a lake 

distant 3 miles from an aerodrome, and a wood distant 5 miles from 
the lake. An observer in an airship vertically above the aerodrome 
notes that the bearing of the lake is S. .52° W., and its angle of depres- 
sion is 20°. Ten minutes later when vertically above the wood he notes 
that the bearing of the lake is S. 78° E., and its angle of depression is 
22°. Find the average rate in miles per hour at which the airship has 
been movin^,’ horizontally, and the average rate in feet per minute at 
which it has been rising. (L.M.) 

33. A lighthouse is observed from two stations A, B on a horizontal 
cliff in a straight line passing through the lighthouse. AB=48'6 feet, 
and the angles of elevation and depression of the top and bottom of 
the lighthouse at A are 20° 54' and 19° 42' respectively, whilst at B the 
elevation is 16° 48'. Find the height of the lighthouse. 

34. An aeroplane flying at 52-5 miles an hour in a horizontal line due 
south is observed by two men A and B. When the aeroplane is due 
east of A he observes that its angle of elevation is 45°. Two seconds 
later, B, who is due north of the aeroplane, observes that its angle 
of elevation is 68° 12'. The distance between A and B is 902 ft. ; 
calculate the height of the aeroplane in feet. 



CHAPTER XIII 
MEASUREMENT OF VOLUME 

83. Volume. If we take a flat sheet uf paper so thin that its 
thickness may be neglected in comparison with its size, the sheet 
obviously represents an area because it possesses two dimensions 
only., viz. length and breadth. If, however, a large number of simi- 
larly shaped sheets be placed face to face, like the leaves of this 
book when closed, the thickness can no longer be neglected ; conse- 
quently we have not only length and breadth, but also the thick- 
ness to take into consideration. There are now three dimensions, 
and a body, capable of retaining its shape, like a block of wood, 
and possessing three dimensions is called a solid. The amount of 
space occupied by such a body is called its volume or cubical ct*.ients. 

84. Measurement of Volume. The dimensions of a solid body 
are measured in three mutually perpendicular directions ; hence 
the unit of volume chosen is a solid whose length, breadth and 
thickness are not only perpendicular to each other, but are also 
equal. Such a solid is called a unit cube, and one such unit, 
representing a cubic inch, is shewn on the right in Fig. 68. It 
will be seen from the figure that a cube contains 12 edges forming 
the sides of 6 square faces. 

The length of the edge chosen may be any one of the linear 
units of either the British or Metric systems, according to the 
size of the body whose volume is required. If the edge be one 
inch in length, the volume of the unit cube is called a cubic inch ; 
if the edge be one centimetre, the volume of the cube is known as 
a cubic centimetre, and so on. The process of finding the volume 
of a solid consists, therefore, in finding the number of unit cubes 
contained in that solid. 
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86. British Measures of Volume. A cubic inch is shewn upon 
a small scale on the right hand of Fig. 68. If we place twelve of 



Fig. 68.— a cubic foot built up of cubic inches. 

these in a row, we have a stick one foot in length, and one square 
inch in section. Twelve of these sticks laid one upon another 
build up a slab containing 12 x 12 = 1 44 cubic inches, and if twelve 
of these slabs be placed together as shewn, we have a cube each 
of whose edges is 1 foot in length, i.e, the volume of the cube is 
one cubic foot. 

Hc'ce the number of cubic inches in this cubic foot is 
144x12-1728, i,e. 123. 

Exactly the same reasoning will shew that a cubic yard contains 
33 or 27 cubic feet. Hence the following tables of cubic measure. 

British Measure of Volume. 

123 Qj. 1728 cubic inches = 1 cubic foot 
33 or 27 cubic feet =1 cubic yard 

For measuring the internal volumes, or capacities of hollow 
bodies, used for holding liquids, the following table is used. 

2 pints — 1 quart 
4 quarts = 1 gallon. 

In this connection it is only the gallon that is generally used, 
and an Imperial gallon is defined as the quantity of distilled wate’* 
which weighs 10 lb. under standard conditions. It is equal to 
277*274 cubic inches, and an approximation useful in most cases 
is 277*25 cub. in. 
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Ex. 81. The capacity of a cistern is 221*8 cub. ft . ; how many 
gallons will it hold taking one gallon to be equivalent to 277*25 cubic 
inches ? Capacity = 221-8 cub. ft. 

= 221*8 X 1728 cub. in. 


= (221*8 X 1728)/277*25 gallons 


2218 X 1728 X 4 
10x1109 


= 1382*4 gallons. 


86. Metric Measure of Volume. By reasoning similar to that 
of Art. 85, it will be seen that a cube each of whose edges is one 
centimetre in length contains 10^ or 1000 cubic millimetres. 
Hence the following table : 


Metric Measure of Volume. 

10^ or 1000 cubic millimetres =1 cubic centimetre (c.c.) 
10^ or 1000 „ centimetres = 1 „ decimetre 

10^ or 1000 „ decimetres =1 ,, metre 

A cubic decimetre is called a litre, so that 

1 litre = 1000 cubic centimetres. 

A cubic metre is sometimes called a stere. 


Ex. 82. Taking one inch to be equivalent to 2*54 cm., the 
number of cubic centimetres equivalent to a cubic inch. Use the 
result to determine the equivalent of a pint in litres^ correct to three 
places of decimals, taking 1 gallon as 277*274 cub. in. 

Here we have first to find the volume of an inch cube in c.c. 

Hence, since 1 in. =2*54 cm., 

1 cub. in. = 2*54 X 2*54 x 2*54 c.cm. = 16*387 c.c. correctly 
to three places of decimals. 

/, 1 cub. in. is equivalent to 16*387 c.c. 

Now 1 gallon = 277*274 cub. in., 
so that 1 pint = 277*274-^8 = 34*659 cub. in. 

= 34*659x16*387 c.c. 


z.e. 


and 


= 567*80 c.c., 

1 pint = 568 c.c. to the nearest c.c., and since 
1000 c.c. = 1 litre, 

1 pint is equivalent to 0*568 litre, 

1 litre is equivalent to = 1*76 pints. 

0*o6o 
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87. Volume of a Rectangular Solid. A solid bounded by three 
pairs of equal, parallel and rectangular faces is called a rectangular 
solid. Such a solid is shewn in Fig. 69 ; the faces ABCD, EFGH 


E F 



Fig. 69.— Volume of a rectangular solid. 

are equa!, parallel and rectangular. So also are the faces ABGH, 
CDEF, and the faces BCFG, ADEH. Further, since each face is a 
rectangle, the three pairs are mutually perpendicular to each 
other. The length of any edge may be taken as the length of 
the solid, and the lengths of the two perpendicular edges are then 
called the breadth and height of the solid respectively. Thus in 
Fig. 69, we may take CF as the length, CD as the breadth and 
BC as the height. 

When the length, breadth and height are all equal so that each 
face is a square, the solid is a cube. The cube is thus a parti- 
cular form 0 ^ a rectangular solid, and for this reason, when length, 
breadth and height are not equal, the solid is often called a cuboid. 

Problem 23. TAe length, breadth and height of a rectangular 
solid or cuboid are I, b, and h units respectively ; find its volume. 

Referring again to Fig. 69, let a slice ABCDdcba of unit thick- 
ness Aa be cut from the solid, then it will be clear that the number 
of unit cubes contained in this slice is equal to the number of 
unit squares in the rectangle ABCD. Thus if AB, BC contain b, h 
units of length respectively, then the area of ABCD = 6A square 
units ; i.e. the slice contains bh unit cubes. 

Now the number of slices each equal to kBODdcba that can be 
cut from the whole solid is equal to the number of unit lengths 
in CF, i.e. b. 

Hence the number of unit cubes in the whole solid = bhl. 

This is, therefore, tne required volume, so that 

Volume of cuboid = bhl = area of end x length. 
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Ex. 83. The internal measurements of a rectangular cistern are : 
length 2-4 m., breadth 1*22 m., height 1 m. How many litres of 
water will it hold ? (C.S.) 

Expressing the dimensions in cm., we have, length = 240 cm., 
breadth = 122 cm., height = 100 cm. 

Internal yolume of cistern = 240 x 122 x 100 c.c. 

= 2,928,000 c.c. 

And since 1000 c.c. = 1 litre ; 

/. the cistern will hold 2928 litres. 


Ex. 84. A rectangular reservoir is to he constructed 8 ft. 5 in. 
long by 6 ft. 9 in. wide. How deep must it be made in order that it 
may hold 2727 gallons of water, taking 277^ cuh. in. as the equivalent 
of 1 gallon ? 

Let the required depth be h in., then the internal \olume of 
reservoir = 101 x 81 x 4 cub. in. 


But 1 gallon of water occupies 211 \ cub. in. 

/, 2727 gallons of water occupy 277^ <2121 cub. in. 
This, therefore, must be the internal volume, so that 
101 x81x^ = 277|x 2727; 


h = 


1109x2727 

4x101x81 


= 92-4 in.. 


i.e. the depth of the reservoir must be 7 ft. 8*4 in. 


88. Diagonals of a Cuboid. Let ACEQ (Fig. 70) be a rectangular 
solid or cuboid, then, in addition to. the diagonals of each rect- 
angular face, there are also four diagonals joining opposite corners 
of the solid ; these are the lines joining 
C, H ; F, A ; E, B ; D, G. The lengths 
of these diagonals are easily found. 

Problem 24. To find the lengths of 
the diagonals of a cuboid whose length, 
breadth and height contains I, b, and h 
units respectively. 

In Fig. 70, let CF = Z, CD = &, and 
CB = A, then if HB and HC be joined, 
we have to find the length of CH. 

Now CHB is a right-angled triangle, since Z.CBH =90° ; 

/. CH2 = HB2 + BC* = BG2 + Gh2 + BC^ 
since HB is the diagonal of the rectangle ABGH. 


F E 



Fig. 70.— Diagonals of a cuboid. 
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bg = CF = Z, GH-FE==CD = 6, 

= + 

and similarly for each of the other diagonals, FA, EB, DG. 

Hence the diagonals of a cuboid are all equal, and the square on 
each one ~ sum of the squares on the three perpendicular edges. 

Ex. 85. Find the length of the diagonal of a cuboid whose dimen- 
sions are 7 ft. 3 in., 7 ft., and 6 ft. 8 in. 

Reducing the dimensions to inches, and applying the above 
rule, we have : 

square on diagonal 

-87« + 842 + 80^-7569 + 7056 + 6400 = 21025 sq. in. 

Length of diagonal = \/21025 = 145 in. = 12 ft. 1 in. 


89. Solids of Uniform Section. A solid whose section, cut 
perpendicular to its length, is always the same both in shape and 
size is called a solid of uniform section. When the end faces 
are also perpendicular to the length, the solid is called a right 
solid of uniform section. Let us see how the volumes of such 
solids may be determined. 


Pp^^lem 25. To find a rule for determining the volume of a 
right solid of uniform section. 

Lot ABCD (Fig. 71) be any right solid of uniform section, and 
suppose a slice kadD of unit thickness 
be cut ofi ; then the number of unit 
cubes contained in this slice will be 
equal to the number of units of area 
in the face AD, i.e. in the section. 

Even if the face does not contain a 
whole number of units of area, any 
fraction of a unit will be the same 
fraction of a unit cube, since the 
whole slice is of unit thickness. 

Hence, in every case, the area of the 

section is a numerical measure of the volume of the slice. The 
whole solid can be cut into as many slices of unit thickness as 
there are units in its length ; 



D d C 

FiO. 71.— Solid of uniform section. 


/.Volume of a right solid of uniform section is measured by the product 
area of section x length of solid. 


B.M.T. 


K 
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90. Prisms and Cylinders. When the end faces of a solid of 
uniform section are bounded by straight lines the solid is usually 
called a prism ; when they are bounded by curved lines the solid 
is called a cylinder. When the end faces are perpendicular to 
the length of the solid, we have a right prism or a right cylinder. 
When the faces are parallel but not .perpendicular to the length, 
the solid is known as an oblique prism or an oblique cylinder as the 
case may be. 

The shape of the section of a prism gives it its name ; thus 
when the section is a triangle, the solid is a triangular prism, when 
a hexagon, the solid is a hexagonal prism, and so on. 

In all cases of right prisms and cylinders the rule given in 
Problem 25 applies, since these are particular forms of right 
solids of uniform section. 


Ex. 86. A cylindrical tank standing on its circular base is 7 *5 /if. 
in diameter and holds 2475 gallons of water. Find the height of 
the water, talcing 6-25 gallons to a cubic foot and 
Let h ft. = height of water ; then the water in the tank takes 
the shape of a right circular cylinder whose base diameter i.. 
7*5 ft., and height h ft. 

Its volume = area of base x height 

= 7r X 3-75 X 3*75 x h cub. ft. 


= 7r X 3-75 X 3-75 x A x 6-25 gallons. 
But this must be 2475 gallons ; 

/. TT X 3-75 X 3-75 x A x 6-25 = 2475 ; 


2475 

TT x 3-75 X 3*75 X 6-25 


ft. = 8-96 ft. 


Ex. 87. A hollow circular cylinder stands on a solid square 
slab of the same material 3Aft. thick, whose edge is 15*7 ft. The 
internal and external diameters of the cylinder are 8*7 ft. and 
7 ft. respectively, and the weight of the cylinder is equal to that of 
the slab. Find its height, taking 7r = 3*14. 

Let the height of the cylinder be h ft., then since it is hollow, 
its area of section = 7r (4-35) (3*5) ^ = tt x 7-85 x.0-85 sq. ft. 

Its volume = tt x 7*85 x 0*85 x h cub. ft. 

Also, volume of slab ==15*7 x 15*7 x 3*4 cub. ft. 
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Now since the weights of the cylinder and slab are equal, 
and they are made of the same material, 

their volumes must be equal, so that 
TT X 7-85 X 0*85 X ^ = 15-7 x 15*7 x 3-4 ; 


15-7 X 15-7 X 3-4 
3-14 X 7*85 X 0*85 


= 40 ft. 


91. Volume of an Oblique Prism. The essential characteristic 
of an oblique prism or cylinder is the fact that its end faces are 
parallel but not perpendicular to its length. The volume of such 
a solid will now be found. 


Problem 26. To find the volume of an oblique prism of length I 
and whobJ right section has an area a. 

Let ABCDEA'B'C'D'E' (Fig. 72) be an oblique prism in which 
the end faces ABODE, A'B'C'D'E' are parallel, and the length of 



whose edge AA' = I, Suppose ABcde be a right section, and suppose 
the prism be cut through this section ; then since the face ABODE 
is parallel to the face A'B'O'D'E', therefore both these are equal, 
so that if the solid ABODEedc be removed and placed on A'B'O'D'E' 
so that corresponding sides coincide, then the faces A'B'c'd'e', 
ABcde will be parallel, and therefore perpendicular to the length 
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of the prism. Thus a right prism has been constructed whose 
volume is (area of ABcde) x I, i.e. al. 

Volume of ABCDEA'B'C'D'E' = vol. of ABcdeA'B'c'd'e' ^al 
Volume of an oblique prism is measured by the product area of 
right section x length of edge. 

92. Area of Right Section of an Oblique Prism. It is not always 
easy to measure the right section of an oblique prism, so that the 
above rule is often inconvenient to use. We shall now shew, 
however, how the area of such a section may be found from the 
area of the end face of the prism. 

Problem 27. To find the relation between the areas of a right 
section and the end face of an oblique prism. 

Let ABCDEF (Fig. 73) be the end face, and ABC'D'E'F ' a right 
section of an oblique prism. Draw Ee, Dd perpendicular to AB, 

D 


D' 


Fig. 73.— Area of a right section of an oblique cylinder. 

and suppose E'e, D'd be the corresponding lines on the normal 
section. 

Now if E'D' be not parallel to AB, the figure BD'E'c is a trapezium, 
and if w be its width, then its area = |i(;(eE' + dD'). 

Let the planes of the faces be inclined at an angle 6, then 
L D'dD — L E'eE = 0, and eE' —eE cos d, dD' —dO cos 0 ; 

Area of dD'E'e — \w(eE' + dD') =lw{ eE + dO) cos 6, 

But area of dDEe = lw{eE-\-dD), since w — de\ 

Area of dD'E'e — (area of dOEe) x cos 6. 

The same relation may similarly be shewn for every pair of 
corresponding areas in the two faces ; it is therefore true for the 
whole areas, hence 

Area of right section of an oblique prism is measured by the product 
(area of end face) x cos 6, where 0 is the inclination of the end face to the 
right section. 
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Ex. 88. Tue lengths of the hounding edges of the end face of an 
oblique triangular prism are 4 ft, 3 in., 4 ft. 4 in. and 4 ft. 5 in. 
respectively, and the face is inclined at 36° 52' to the plane of a right 
section ; find the area of the right section in sq.ft. 

The area of the end face = area of a triangle of sides 51 in., 
52 in. and 53 in. respectively. 

The semi-perimeter s = J (51 -f 52 -f- 53) = 78 in. 

Hence from Problem 6, area of end face 

= s/78 X 27 X 26 x 25 = >/l32 x 182 x 52 = 13 x 18 x 5 sq. in. 

And from Prob. 27, 

area of right section = 13xl8x5xcos 36° 52' 

= 13 X 18 X 5 X 0*8 sq. in. 


13x18x5x8 
144 X 10 


= 6*5 sq. ft. 


93. Volume of Gllique Prism in terms of the Area of its End 
Face and its Vertical Height. We can now find a more convenient 
expression for the volume of an oblique prism by means of the 
lecult of Problem 27. 

Pivv/BLEM 28. To find the volume of an oblique prism of vertical 
'height h, each of whose end faces has an area a. 

Let ABCC'B'A' (Fig. 74) be the elevation of an oblique prism 



no. 74.— Volume of an oblique prism. 

standing on one of its end faces ABC ; then the perpendicular 
distance CD between the two parallel end faces is called the 
vertical height of the prism. Thus DC'=A. Let the length of 
the prism CC' = I, and 0 be the angle ACa between the planes of 
the end face and a normal section. 
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Then l DC'C = 90° - Z. DCC' = 90° - (180° - L ACC ) 
-90°-(180°-90°~(^)==6>. 

Now by Prob. 26, 

volume of prism = (area of right section Oha) x 1. 

But by Prob. 27, 

area of right section = (area of end face) x cos 6 — a cos 0, 
and from triangle DCC', 

cos d^hjl; 

volume of prism = al cos 6 = ah, 

volume of an oblique prism is measured by the product (area of one 
of the end faces) x (perpendicular distance between those faces). 

From the results of Problems 25 and 28, we may deluce the 
important fact that prisms standing on equal bases and of the same 
vertical height are equal in volume. 

Further, the result of Prob. 26 applies equally to an oblique 
cylinder, and by dividing a plane curved area into very small 
elements, it may be shewn that the result of Prob. 27, and there- 
fore that of Prob. 28, remain true for a cylinder ; hence 
Cylinders standing on equal bases and of the same vertical height are equ«l 
in volume. 

Ex. 89. An oblique prism has each of its end faces in the shape 
of a quadrilateral ABCD in which AB = 2 ft, 2 in,, BC — 2 ft, 6 in,, 
CD— 2 ft, 1 in,, DA = 1 ft. 5 in. and CA = 2/^. 4 in. The perpen- 
dicular distance between the faces is 6 ft, ; find the volume of the 
prism in cub. ft. 

We must first determine the area of the quadrilateral base. 

The quadrilateral should be drawn, when it will be seen to 
consist of the two triangles ABC, ADC whose sides are 26, 30, 
28 in. and 25, 17, 28 in. respectively. The semiperimeters are 
thus 42 and 35 m. 

/. A ABC = n/42 X 16 x 12 x 14 = 336 sq. in. 

A ADC = \/35x 18x10x7 =210 „ 

Area of end face = 336 210 = 546 sq. in. 

Volume of prism = 546 X 72 cub. in. 

546 X 72 
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EXERCISES 13. 

Find the volume of each of the following rectangular solids whose 
dimensions are given : 

1. 4-62 in. by 6*78 in. by 8-25 in. 

2. 9*87 cm. by 6*85 cm. by 12*31 cm. 

3. 7*2 in. by 8*4 in. by 4 ft. in cub. ft. 

4. 15*6 in. by 16*2 in. by 26*4 in. in cub. ft. 

5. 27*7 cm. by 32*5 cm. by 51*8 cm. in cub. ft. 

6. 47*8 in. by 36*7 in. by 62*5 in cub. ft. 

7. 23*6 cm. by 32*4 cm . by 75*8 cm. in cub. ft. 

8. 48*7 cm. by 69*7 cm. by 82*7 cm. in steres. 

9. Assuming that 1 cubic inch is equal to 16*387 cubic centimetres, 

find, to che nearest whole number, the number of cubic inches in a 
litre. (C.S.) 

10. Assuming that a gallon of water weighs 10 lb. and that a cubic 

foot of water weighs IQOO oz., find, to the nearest gallon, the number of 
gallons of water m a rectangular tank 3 feet long, 2 feet broad, the 
height of the water in the tank being 2 feet 7 inches. (C.S.) 

11. A rectangular tank is 4 ft. long, 3 ft. wide and 2 ft. 6 in. deep. 

Calculate the number of gallons and the weight of water it will hold. 
A cubi3 foot of water weighs 62*5 lb. and a cubic foot contains 6*26 
gallons, (U.L.C.I.) 

12. Calculate the third dimension of a rectangular cistern to hold 

100 gallons, the other two dimensions being 2 ft. 6 in. and 3 ft. 4 in. 
A cubic foot of water contains 6*25 gallons. (U.L.C.I.) 

13. If Jth of the air is oxygen, how many cubic feet of oxygen are 
there in a room which measures 20 ft. x 24 ft. x 11 ft. 6 in. ? (U.L.C.I.) 

14. A rectangular tank, whose internal dimensions are 1*6 metres 

long, 1*5 metres wide, and 0*4 metre deep, is half full of water. Find 
the depth of the water after 300 cubic decimetres of water have been 
poured in. (C.S.) 

15. A rectangular block of iron of square section has weight 65 lb. 

and thickness 2*6 in. Find the side of the square section being given 
that the iron weighs 444 lb. per cubic foot. (L.M.) 

16. A rectangular block of brass measures 10 ft. 3 in. by 7 ft. 4 in. 
by 3 ft. 6 in., and weighs 62*75 tons. Find the weight in lb. of one 
cubic inch. 

17. A square plate of iron of edge 192 cm. and thickness 12 cm. 
weighs 3354 kilograms. Find the weight in grams of one cubic centi- 
metre. 
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18. Shew where the mistake is in the following, anJ give the true 
volume in cubic centimetres correctly to one place of decimals : 

Volume of rectangular block =4*5 x 3*75 x 2*25 cu. in. 

=-4-5 X 3-75 X 2-25 X 2*54 c.c. 

19. Estimate the number of tons of water in a pond of which the 

surface is an acre in extent and the average depth is 10 ft. A cubic foot 
of water weighs 1000 oz. (C.P.) 

20. A rectangular box without a lid, whose internal dimensions are 

0-745 m. long by 0-5 m. wide by 0-2 m. deep is made out of wood 2 cm. 
thick. Find its weight when empty to the nearest kg. if a cubic 
centimetre of wood weighs 0-8 of a gram. (L.S.) 

21. A rectangular tank whose internal dimensions are 2 ft. 11 in. by 

2 ft. 4 in. by 1 ft. 9 in. is quite full of water when a metal cube is dropped 
in, and as a consequence one-sixtieth of the water overflows. Find the 
length of an edge of the cube. 

22. A water tank is 3 ft. deep, and its base is a rectangle 4 ft. 6 in. 

by 2 ft. 9 in., inside measurements. Find how much the wa:er will 
rise if a block of stone measuring 6 in. by 5J in. by 4^ in. is placed in 
the tank when it is half full of water. (C.S.) 

23. The external dimensions of a closed rectangular cistam are 

3 ft. 6 in., 2 ft. 9 in., 2 ft. 3 in. ; and the thickness of the material is 

§ of an inch. How many gallons of water will it hold ? 1 gallon of 

water weighs 10 lb., 1 cub. ft. of water weighs 1000 oz. (L.M.) 

24. Find, to the nearest cubic inch, the volume of a quantity o! lead 

weighing 20 kilograms. 1 c.c. of lead weighs 11-37 gm., 1 metre 
equals 39-37 in. (L.M.) 

25. Calculate the number of bricks required for building the walls 

of a rectangular barn 40 ft. long by 20 ft. wide externally, neglecting 
the space taken up by mortar between the bricks. The walls are 15 ft. 
high and 6 in. thick, each brick is 6 in. by 3 in. by 2 in. ; and a gap 
12 ft. wide by 10 ft. high is left for a door in the ‘centre of one of the 
walls. (L.M.) 

26. The base of a reservoir is a rectangle 100 yards long by 50 yards 

wide. The two short sides are vertical and the two long sides are 
inclined outwards at an angle of 45° with the vertical. Find the 
volume of the water in gallons which will fill the reservoir to a depth of 
5 ft., taking a gallon as equal to 277J cub. in. (L.M.) 

27. Find the length of the diagonal of a cuboid measuring 3-2 ft. by 
5-1 ft. by 6 ft. 

28. A room is 8 yd. long, 5 yd. wide and 10 ft. high. Calculate the 

length of string which, tightly stretched, would reach from the centre 
of the ceiling to a comer of the floor. Give the answer to the nearest 
inch. (C.P.) 
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29. The diagonal of a cuboid is 2*6 times the diagonal of one face 
measuring 7 in. by 2 ft. Find the third dimension of the solid. 

30. The length of a cuboid is greater than twice its width by six 
inches, and the height is greater than five times the width by five inches. 
The diagonal is 7 ft. 5 in. long ; find the dimensions of the solid. 

31. A right triangular prism is 6 ft. long, and the sides of its base are 
13 in., 37 in. and 40 in. respectively. Find its volume in cubic feet. 

32. Give the volume and surface of a cylinder whose diameter is 

30 inches and length 45 inches. (U.L.C.I.) 

33. Find the volume of a cylinder 3*8 cm. long and 1*58 cm. in 
diameter. 

34. What is the volume of a cylinder 1*26 cm. in diameter and 5*12 
cm. long ? 

35. How many litres will a cylindrical vessel 11 cm. in diameter and 
15*78 cm. in height contain ? 

36. A piece of brass eight centimetres long in the shape of a right 
circular cylinder displaces 1413 c.c. of water, and its diameter is 15 cm. 
Deduce the value of tt . 

37. A circular pit, 18 feet in diameter, is sunk to a depth of 200 yards. 

Taking the average weight of one cubic foot of material as 138 lb., find 
the total weight in tons of rock excavated. (U.L.C.I.) 

38. A trough of semi-circular section with stopped ends is 8 feet long 

and 12 inches wide. Calculate the number of gallons it will hold, 
taking 277 J cubic inches to one gallon. (U.L.C.I.) 

39. The volume of a disc, 8 mm. thick, is calculated on the assump- 
tion that its diameter is 10*4 cm. If the correct length of the diameter 
is 10*36 cm., find the percentage error in the calculated volume. 

(N.U.T.) 

40. A cylindrical vessel of height = diameter of base = 85 cm. contains 

water up to a height of 35 cm. How much will the water rise when an 
iron cube of edge 25 cm. is placed inside the vessel ? (N.U.T.) 

41. A stone garden-roller which has a length of 3 ft. 6 in., has a volume 

of 18 cu. ft. 609 cub. in. ; what is the diameter of its circular ends ? 
Take7r = ^^ (J.M.B.) 

42. Find the weight of a circular iron disc one foot in diameter and 

one inch thick, punched with 12 circular rivet holes each | in. in dia- 
meter, 1 cu. ft. of iron weighing 480 lb. Give the answer to the nearest 
quarter lb. (L.S.) 

43. The practical approximate rule for calculating the number of 
gallons in a cylindrical vessel is to multiply the square of the diameter 
in inches by the depth of the water in yards, and divide by 10. Apply 
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this rule to find the number of gallons in a well 5 ft. m diameter, the 
water being 15 ft. deep. 

Calculate also the true quantity, taking 6*23 gallons to the cubic 
foot, and estimate to one significant figure the percentage error in the 
approximation. (D.U.) 

44. Rain falls on 500 square feet of roof to a depth of half an inch. 

It runs of! into a circular tank 6 ft. in diameter. Find, to the nearest 
inch, the height of the water in the tank. (C.S.) 

45. A circular fish pond 21 yards in diameter with a flat bottom is to 
be made in the centre of a square courtyard whose side is 63 yards. 
To save the trouble of removal, the earth excavated is spread evenly 
over the remaining surface of the courtyard. Find in inches how 
much the level of the courtyard has been raised when the bottom of 
the pond is 5 yards below the new level of the courtyard, taking tt as 

46. In a hollow cylinder, open at both ends, there are 678*24 cu. in. 
of material. Its external diameter is 1 ft. 2 in. and its length is 9 in. 
Find the thickness of its walls, taking 7r=3*14. 

47. A hollow cylinder of lead has an external diameter of 42 cm. and 
an internal diameter of 32 cm. Its length is 95 3m., and lead weighs 
11*28 gr. per c.c. Calculate the weight of the cylind'^r in kilograms. 

48. A cylindrical shaft 30 feet long is to have its curved surface 
covered with concrete 6 inches thick. If the internal diameter of the 
concrete when completed is 5 ft. 3 in., find the weight in tons of whe 
concrete used. One cubic foot of concrete weighs 195 lb. (J.M.B.) 

49. A hollow cylinder whose internal and external radii are 3J ft. and 
9 ft. respectively, has the same volume as a cube whose edge is 1 1 ft. 
Calculate the length of the cylinder, taking 7r = 3^. 

50. A mile of copper wire weighs 7700 lb., and a cubic foot of copper 

weighs 640 lb. Find the diameter of the wire in inches, taking the 
volume of wire to be 0*7854 x length x (diameter )2. (L.S.) 

51. An inch of rain on an acre weighs M tons. A centimetre of rain 

on a hectare weighs N tons. Given that 1000 cubic centimetres of 
water weigh a kilogram, a cubic foot of water 62*4 lb., and that 1000 
kilograms =0*984 of a ton, shew that M tons exceeds N tons by nearly 
2 tons 14*6 cwt. (L.S.) 

52. Taking a cubic foot of water to weigh 1000 oz. Av., what must 
be the area of the base of a cylindrical vessel 10 in. deep to contain a 
pound and a half of water, and what will be the diameter of the base ? 

(L.S.) 

53. Find the volume of an oblique triangular prism whose perpen- 
dicular height is 25 cm., and whose end faces have sides of lengths 
14*5 cm., 13*7 cm. and 18*8 cm. 



CHAPTER XIV 


VOLUMES OF PYRAMIDS AND CONES 

94. Pyramid. A solid standing on a plane rectilineal base and 
having plane triangular faces which meet in a common vertex is 
called a Pyramid. According to the shape of the base, so the 
pyramid is named. A triangular pyramid is called a tetrahedron. 

95. Area of a Section of a Pyramid parallel to the Base. It is 
important to know how the sectional area of a pjramid varies at 
different distances from the base. This will be our first problem 
on the pyramid. 

Problem 29. To find how the area of a section of a pyramid 
parallel to the base varies with its distance from the vertex. 

Let PQRSV (Fig. 75a) be a pyramid of height A, standing on a 
square base PQRS, each of whose sides is a units long. 

Let pqrs be a plane section parallel to the base and at a distance 
y units from V. If the perpendicular from V to the base meets 
pqrs in c and the base in C, then yc^y, and VC = A. 

Now by similar triangles, 

pq __yp 

/, pq = y , PQlh — yajh, 

Similarly, we have qr = yajh. 

Area of pqrs —pqxqr — y^a^jh^. 

But area of base PQRS=a2; 

• area of pqrs _ y^ 
area of PQRS h^' 

or, we might say that since the area of the base and the height 
of the pyramid remain the same whatever the section pqrs may 
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be, the ratio a^jh^ is constant for the pyramid. Ii, therefore, we 
denote this constant ratio by k, so that k — a^jh^, then, 
area of section pqrs = k . y^, 

i.e.y the area of any section parallel to the base is proportional to the 
square of its distance from the vertex. 

For a pyramid standing on any base it is easy to see that by 
dividing the base and any parallel section into corresponding 
unit squares however small, the above fact is still true ; hence it 
is true of all pyramids. 


Ex. 90. The sides of the triangular base of a tetrahedron of 
height 4= ft. 4 in. are 2 ft. I m., ift. 3 in., ^ft. 4 in. long respectively. 
It is cut by a plane parallel to the base and 2 ft. 8*5 in. from it ; 
find the area of the section thus made. 

The semi-perimeter of the base~|(25 -f51 +52) =64 in. ; 

Area of base = \/64 x 12 x 13 x 39 = 8 x 6 x 13 sq. in. 

Let a sq. in. be the area of the section ; its distance from the 
vertex is 52 - 32*5 = 19*5 in. ; 

19-5 X 19-5 Q . 


8 X 6 X 13 X 39 X 39 
" 52x52x2x2 


==87^75 sq. in. 


96. Pyramids on Equal Bases and of the same Height. It will 
now be shewn that the volumes of such pyramids are equal. 

Problem 30. To find the relation between the volumes of two 
pyramids of the same height and standing on bases of equal area. 

Let VPQRS, ViPjQiRiSj^ (Fig. 75) be two pyramids of height h 
and whose bases PQRS, PiQiRiS^ each have area a. Let pqrs, 
Vild'ih slices parallel to their respective bases and 

each distant y from its vertex ; then from Prob. 29, 

area of pqrs = ay^jk^, and area of Piqi^iSi = ay^jh^, 
i.e. area pqrs^aieB, PiQi^iSi, 

and if the thicknesses of the slices are equal, and very small, the 
volumes of the slices will be approximately equal. Indeed, as 
we make the common thickness smaller and smaller, the volumes 
will become more nearly equal, so that when the thickness be 
indefinitely diminished, the volumes will ultimately become equal. 
The same is true of all corresponding slices making up the 
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pyramids, so that the sum of the volumes of all slices in one 
pyramid is equal to the sum of all slices in the other pyramid : 



Fig. 75. — Right and oblique pyramids. 


hence the volumes of pyramids of equal altitude standing upon bases of 
equal n-rea are equal. 

97. Volume of a Pyramid. We can now find a rule for deter- 
mining the ^^olume of a pyramid. 

Problem 31. To find the volume of a p 
pyramid. 

We shall solve this problem by two inde- 
pendent methods. 

(i) Let PABCQ (Fig. 76) be a triangular 
prism ; then we can cut this prism into 
three pyramids SABC, PASQ, QCAS as indi- 
cated. Of these, the pyramids SABC, PASQ ^ 
are clearly of the same height, and their 
bases ABC, PSQ are equal ; hence they are B 

equal in volume. Further, the pyramids fig. 76.— Volume of a 

PASQ, SAQC have equal bases PAQ, QAC ' 

since they are halves of the uncut face PQCA ; and the common 
vertex S is the same distance from these bases, so that the 
pyramids are equal in volume. Hence the three pyramids 
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SABC, PASQ, QCAS are equal in volume, so that the volume of 
each is one-third that of the prism. 

In the case of a pyramid whose base is a quadrilateral or 
polygon, these figures may be divided into triangles however 
small, and tho pyramid cut so that each smaller pyramid has 
one triangle for its base. The volume of each of these pyramids 
is ^ that of the prism standing on the same base and of the same 
height, so that on summing, the volume of the whole pyramid is 
^ the corresponding prism. Hence, in all cases, the volume of a 
pyramid volume of a right prism standing on the sa ne base and of 
the same altitude ; 

i.e, volume of pyramid is measured by the product (area of base) 

X altitude. 

(ii) Referring to Fig. 75a, let the base area PQRS be a. and the 
height yO — h. 

Let VC be divided into n equal parts, where n is a large whole 
number ; then the length of each part = A//i, which is very small. 

Now suppose at a distance of r of these divisions from V, i.e. 
rhlriy we have a slice pqrs parallel to the base and whose thickness 
is one of the equal divisions, i.e. hln ; then the approximate 

volume of slice = area of pars x thickness = ro • • “ = —A U 

hr \n/ n rr 

we give r all the values 1, 2 , 3, ... n in turn, we shall obtam the 
volumes of all the slices, so that the approximate volume of the 

pyramid = ^3 (P + 2* + 3* + . . . + w^). 

But, by algebra, we know that 

1^ + 22 + 32 + ... — ; 

/. Approximate volume of p 3 rramid 
= + l)( 2 n + 

= JaA(2 + 3/?i + l/ri^). 

Now as n is made larger and larger, the more nearly does this 
expression represent the volume, so that as n is indefinitely 
increased, and l/n^ tend to zero, and ultimately we get 
volume of pyramid = . 2 = \dh, 

i.e. ^ of the volume of the right prism whose end face has an area 
a, and whose altitude is h. 

This method is quite independent of the fact that pyramids on 
equal bases and of the same altitude are equal in volume, and such 
fact may therefore be immediately deduced from it. 
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Ex. 91. Find the weight in tons of a solid rectangular ^pyramid 
of bronze 15 ft. high, whose base measures 7 ft. hy 5 ft. 4 in., the 
weight of the bronze being 546 Ih. per cubic foot. 

The volume of the pyramid = ^ (area of base) x height 

=^- X 7 X 5J X 15 cub. ft. 


Its weight = ^x7x5^xl5x 546 lb. 
7x16x15x546, 


3 x3 X 112 X 20 


tons = 45*5 tons. 


98. Regular Pyramids. When the lateral faces of a pyramid 
are all equal isosceles triangles so that the base is a regular recti- 
lineal figure, the pyramid is said to be regular. The line drawn 
from the vertex perpendicular to the base of such a solid is called 
its axis, and clearly the axis meets the base in its middle point, 
which is the centre of the circle circumscribing the regular recti- 
lineal figure. 

Ex. 92. A regular pyramid stands on a hexagonal base whose 
side is 2 ft. 4 in. long, and one of its egml lateral edges is 4: ft. 5 in. 
long. Find the volume of the pyramid in cubic feet. 

Jjet VABCDEF (Fig. 77) be the pyramid standing on the hexa- 
gon?’ base ABCDEF. Let OV be the axis, 
then O is the centre of the circle circum- 
scribing the hexagon, so that 

GA = 0B=AB = 28 in. 

Hence OAB is an equilateral triangle, 
and its area = 196.y3 sq. in. 

And the hexagon consists of six equi- 
lateral triangles each equal in area to OAB ; 

area of base = 6 x 196.^3 sq. in. 

We have next to find the height OV. _ ^ 

Since the pyramid is regular, VOA is a na. TT.lReguiar hexagonal 
right angle, pyramid. 

OV* = AV* - OA* = 53* - 28* = 81 X 25 = 45* ; 

OV = 45in. 



Volume of pyramid = j x 6 x 196,y3 x 45 cub. in. 
6x196x1-732x45 

= 3iri728 cu. ft. =17-7 cub. ft. 



160 


MENSURATION AND TRIGONOMETRY [ch. xiv 


99. The Gone. If the number of sides in the base of a regular 
pyramia be increased indefinitely, we know that the base then 
becomes ultimately a circle. In such a 
case the lateral faces also become ultimately 
a single curved surface, and the pyramid 
becomes a right circular cone. We may, 
however, regard the cone as the solid 
formed by the revolutions of a right-angled 
triangle about one of the sides forming the 
right angle. Thus in Fig. 78, the right 
circular cone VPQR is generated by the 
revolution of the right-angled triangla VCP 
about the side VC, which is called the axis 
of the cone. The side CP traces out the 
circular base PQR, whilst the hypotenuse 
VP traces out the curved surface, and is ''^lled a generator of 
the cone. 





Fig. 78. — Right circular 
cono. 


Problem 32. FM the volume of a right circular cone whose 
base radius is r and height h. 

Since a right circular cone is really a special form of a regular 
pyramid, its volume is, by Prob. 31, measured by the product 

I (area of base) x height. 

Now the area of the base = area of a circle of radius r = Trr^ ; 

Volume of a right circular cone whose base radius is r and height 
h is ^7rr“h. 


Ex. 93. A right circular cone is generated by the revolution of a 
triangle VCP, having a right angle at C, about the side VC. Jf 
CP = 7-8 in. and PV = 4/if. 3 in. ^ find the volume of the cone in cu.ft. 

Referring to Fig. 78, it will be clear that CP is the radius of the 
base and CV is the height ; to find CV, we have 

CV2 == PV2 ~ PC2 = 512 - 7.32 _ 53.3 X 43.2 = 2540*16 ; 

CV = V2546T6 = 50-4 in. 


/. Vol. of cone = -jTT X CP2 xCV = ^7rx 7-82 X 50*4 cub. in. 


22 X 7-8 X 7*8 x 50-4 
3x"7xl728 


-1*859 or 1-86 cub. ft. 
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EXERCISES 14. 

Take 7r = 3*14, unless otherwise stated. 

1. A pyramid standing on a triangular base whose sides are 10 cm., 
17 cm. and 21 cm., is cut by a plane parallel to the base at a distance 
6 cm. from it. If the height of the pyramid be 30 cm., find the are^* of 
the section cut by the plane. 

2. A right circular cone of height 9 in. and base radius 4*5 in. is 
cut by a plane parallel to the base and 5 in. from it ; find the area of 
the section thus made. 

3. A pyramid 1 ft. 10 in. high stands on a rectangular base 16 in. 
by 11 in., and is cut by a plane parallel to the base so that the area of 
the section is 68-75 sq. in. Find the distance of this plane from the base. 

4 . The radius of a section parallel to the base of a right circular 
cone ana 2-1 in. from it is 5 in. ; the radius of the base is 8 in., find the 
height of the cone. 

Find the volume of each of the following pyramids or cones : 

5. Base, a square of 9 ft, side ; height, 5 ft. 4 in. 

6. Base, a square of 4*5 ft. side ; height, 8*4 ft. 

7. Base, a rectangle 14-9 cm. by 13-2 cm. ; height, 15-5 cm. Give 
the volume in cubic inches, taking 16*39 c.c. as the equivalent of 1 cub. in. 

8. Triangular base whose sides measure 39 cm., 17 cm., 44 cm. ; 
heig'-t, 74*5 cm. Give the volume in cub. in., using the equivalent of 
Ex. 7. 

9. Triangular base whose sides measure 37 in., 13 in., 40 in. ; 
height, 81 in. Give the volume in cubic feet. 

10. Base, a quadrilateral A BCD in which AB=45 in., BC=20 in., 
CD =34 in., DA =39 in., BD =42 in. ; height, 43-2 in. 

11. Base, a quadrilateral ABCD having AB = 7-5 cm., BC = 7*8 cm., 
CD =5-8 cm., DA =4-1 cm. ; AC =5*1 cm. ; height, 7-5 cm. 

12. Base, a quadrilateral ABCD having AB = 56 in., CD = 16 in., 
AC =65 in., LB = lD =90° ; height, 27 ft. 

13. Circular base of radius 7*5 in. ; height, 1 ft. 8 in. 

14. A circular base of diameter 26-4 cm. ; height, 89*4 cm. Give 
the volume in cub. ft., using the equivalent of Ex. 7. 

15. Base, a regular hexagon of side 8 in. ; height, 10 in. 

16. Base, a regular octagon of side 6 in. ; height, 1 ft. 8 in. 

17. The base of a regular rectangular pyramid measures 63 in. by 
41*6 in., and the equal slanting edges are each 84*5 in. long. Find the 
volume of the pyramid in cubic feet. 

B.M.T. L 
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18. Find the height of a triangular pyramid whose base measures 
51 in., 52^ in., axid 53 in. respectively, and whose volume is 16*25 c. ft. 

19. A right circular cone, made of cast iron, weighs 62*8 tons, and its 
height is 12 ft. Taking one cubic foot of iron to weigh 448 lb., lind the 
radius of its base. 

2.0. A solid cast iron pyramid 18 ft. high standing on a square base 
of 5 ft. side weighs 30 tons. Find the weight of a cubic foot of cast 
iron. 

21. A conical vessel 9 in. high holds 2*5 pints of water. Find the 
radius of its rim, taking 6*25 gallons to a cubic foot. 

22. A square pyramid 135*7 cm. high is to be cut into two portions 
of equal volume by a plane parallel to the base. Find the distance of 
tne plane from the vertex. 

23. A right circular cone 1 ft. 9 in. high, whose base diameter is 1 ft., 
is cut by a plane parallel to its base at a point 10 in. from rhe base. 
Find the volumes of the two portions. 

24. The top stone of a gate post is in the form of a square prism of 
2 ft. 3 in. side and 4 in. thick, surmounted by pyramid 6 in. high 
standing on a square face of the prism as base. Fmd the weight of 
the stone if the material of which it is made weighs 176 lb. per cub. ft. 

25. Find the radius of the base of a right circular cone whose volume 
and height are equal respectively to the volume and height of a righi/ 
circular cylinder of diameter 1 ft. 8 in. 

26. A cone of depth 53*6 cm. and base diameter 24*7 cm. just fits 

into a hollow cylinder so that the vertex of the cone meets the centre 
of the circular base of the cylinder. Find the volume of the air-space 
between the cone and the cylinder. (N.U.T.) 

27. A hollow copper cone is of uniform thickness throughout its base 

and sides, and weighs 80 lb. Its external dimensions are : diameter of 
base 1 ft., height 1 ft. If a cubic inch of copper weighs 0*32 lb., find 
the thickness of the cone. (U.L.C.l.) 

28. A right circular cone of lead whose base radius is 9 in. is melted 
down and re- cast into a right circular cylinder whose length is equal to 
three-quarters of the height of the cone. Assuming no lead is wasted, 
find the radius of the cylinder. 

29. A right circular cylinder of height 1 ft. 8 in. is inscribed in a 
right circular cone so that its base lies on the base of the cone and its 
axis along that of the cone. Find its base radius and its volume if 
the height and base diameter of the cone are 2 ft. 8 in. and 1 ft. 8 in. 
respectively. 

30. A right circular cone is generated by the revolution of a triangle 
ABC, right-angled at C, about CA. If AB = 181 in., BC = 1*9 in., find 
the volume of the cone. 
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31. ABC is a triangle having BC = 8*5 cm., CA = 13*2 cm., and 
Z.C = 90°. Tlie triangle revolves about AB ; lind the A^olume of the 
solid thus generated. 

32. A solid is formed by the revolution of an isosceles triangle ABC 

about its base AC. Find the volume of the solid when A B = BC = 6-5 in., 
and AC == 3-2 in. , 

33. ABC is a triangle in which A B =21*2 in., BC = 19-5 in., CA = 11*3 
in., and it revolves about BC thus generating a solid. Find the volume 
of the solid in cub. ft. 

34. A solid spindle is formed by the revolution of a quadrilateral 
ABCD about the side BC. If AB = 8-9 in., BC=29-0 in., DA = 25-7 in., 
and AD, BC are each perpendicular to DC, find the volume of the 
spindle in cub. ft. 

35. ABCD is a trapezium in which AD is parallel to BC, and the 
distance between them is 15 cm. The whole figure revolves about 
the side AD ; find the volume of the solid thus generated in cu. in., 
when AD =99-1 cm., and BC=32*4 cm., using the equivalent given in 
Ex. 7. 

36. A wedge is shewn in Fig. 79. PQRS is the rectangular base of 
a right triangular prism whose ends are cut so that the triangular faces 



SRD, PQE are equally inclined to PQRS, and the faces EDSP, EDQR 
are equal trapeziums. If PS — Z, SR = 6, ED=^’, and the perpendicular 
distance between the edge ED and the base^/^ find an expression for 
the volume of the solid. 

Hence calculate the volume in cub. ft. when Z=22 in., 6 — 16 in., 
e = 10 in. and 4 = 12 in. 



CHAPTER XV 

SURFACE AREA OF A SOLID. 

100. Surface Area of a Prism. The total area of all the faces 
of a prism is called its surface area. When, however, the areas of 
the end faces are not included, the area of all the remaining faces 
is known as the lateral area. 

Problem 33. To find the lateral area of (i) a right 'prism, (ii) an 
oblique prism, 

(i) The lateral faces of a right prism are all rectangles, whose 
length is equal to that of the prism and whose width is equal to 
the length of one side of the base, i,e, the end face. 

Let I be the length of the prism, and s^, hy ••• lengths of 
the sides of the base : 

then the lateral area of prism = Is^ + + ^ + 

= +52 + S3 + ...) 

=5=J(sum of sides of base). 

Now the sum of the sides of the base is its perimeter, and since 
every right section of the prism is equal in all respects to an end 
face, the perimeter of a right section = perimeter of end face, 

The lateral area of a right prism is measured by the product, 
(length of prism) x (perimeter of right section). 

(ii) The lateral faces of an oblique prism are parallelograms 
whose length is equal to that of the prism and whose width is 
equal to the length of a side of a right section. 

Hence, the lateral area of an oblique prism Is measured by the pro- 
duct (length of prism) x (perimeter of right section). 

164 
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Ex. 94. A wooden tank 4 ft, hy 3 ft. by 6 ft. deep is to be lined 
with sheet zinc weighing \\lb. per square foot. Calculate the weight 
of zinc to be used, alhwinq 10 per cent, on the net size for laps and 
waste. (U.L.C.L) 

The area of the base = 4 x 3 = 12 sq. ft. 

Lateral area = 2(4 + 3) x 5 = 70 sq. ft. 

Total area to be covered =82 sq. ft. 

10 per cent, of 82 sq. ft. = 8*2 sq. ft. 

/. A-'ea of zinc required = 82 + 8*2 = 90*2 sq. ft. 
and weight of zinc required = 90-2 x 1*5 = 135*3 lb. 

101. Lateral Area of a Cylinder. As the cylinder is really a 
special form of a prism, the rules found in Prob. 33 also apply. 

Problem 34. Find the lateral area of a right cylinder of length I, 
whose base is any closed curve of perimeters. 

Deduce the lateral area of (i) a right circular cylinder of base 
radius r, (ii) an vbliqrte cylinder. 

If we cut a piece of thin paper so that when it is wrapped 
’’onnd the curved surface of the cylinder it covers the surface 
completely, without overlapping, the area of the paper will be 
equLl to that of the curved surface. 

The shape of the paper, when spread out on a flat table, will be 
rectangular, since the end faces of the cylinder are perpendicular 
to its length. The width of the rectangular sheet will be equal 
to the perimeter of an end face, and its length will be the same as 
that of the cylinder ; hence the 

lateral area of a right cylinder is” measured by the product, 

(length of cylinder) x (perimeter of right section), 
i.e. the lateral area = Is. 

(i) When the base is a circle of radius r, its perimeter = 27rr ; 

.*. lateral area of a right circular cylinder of length 1 and base radius 
r is measured by the product 27rrl. 

(ii) When the cylinder is oblique, the shape of the paper com- 
pletely covering its curved surface is that of a parallelogram, 
whose length is that of the cylinder and whose width is equal to 
the perimeter of a right section, hence ; the 

lateral area of an oblique cylinder is measured by the product 
(length of cylinder) x (perimeter of right section). 
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Ex. 95. A cylindrical-sha'ped vessel 6 in. in diameter and 12 in. 
long, closed at both ends, is made of copper weighing 2 Ih. per sq. ft. 
Determine its weight. (U.L.C.I.) 

Here we have to find the surface area. 

Now the lateral area = 2:rx3xl2 = 727r sq. in. 

Area of the ends = 27r . 3^ = 187r sq. in. 

/. Total surface = 7r (72 + 18) =907r sq. in. =907r/144 sq. ft. 
Weight of copper = 1 80r/l 44 = 3*93 lb. 


102. Lateral Area of a Pyramid. Each of the sloping faces of 
a pyramid is triangular in shape, so that the lateral area is the 
sum of the areas of these triangular faces, which are equal when 
the pyramid is regular, but unequal in other cases. 


Problem 35. To find the lateral area of a pyramid. 

Let VPQRST (Fig. 80) be a regular pyramid standing on a 
polygonal base PQRST. If there are n equdi sides in the base, 
then there will be n triangular faces all 
equal in area. 

Let VA be the perpendicular from V to PO, 
then VA is called the slant height. Clearly 
the area of triangle VPQ = |PQ . VA, sc that 
the lateral area of a regular pyramid whose base 
contains n equal sides is measured by the product 
^n(side of base) x (slant height). 

When the pyramid is not regular, the 
area of each triangular face must be sepa- 
rately determined, either by measuring its 
three sides or its base and slant height. 



FIG. 80.-— Lateral area of 
a pyramid. 


Ex. 96. Find the area of sheet lead required to cover the roof of 
a turret in the shape of a regular pyramid, whose sloping edge is 
12 ft. 4 in. long, and whose base is a pentagon of side 8 ft. 

Let VPQRST (Fig. 80) represent the turret, then if VA be the 
slant height, since VP = 12^ ft. and PA = 4 ft., we have 
VA2 = VP2 - PA2 = (^Y-)2 - 42 = _4 0 X ; 

VA- V R* 

Hence, area of face VPQ=- J . PQ . AV — 4 x Y’ R- 
Lateral area — 4 x Y x b — 233 J sq. ft. 
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103. Lateral Area of a Right Circular Cone. As the right 
circular cone is a special form of a regular pyramid, the rule 
found in Prob. 35 may be applied to find the area of the curved 
surface. We may, however, determine the measure of the lateral 
area by a method similar to that used in Prob. 34 to find the 
curved surface of the cylinder. 

Problem 36. To find the lateral area of a right circular cone of 
height h and base radius r. 

Let VPQ (Fig. 81a) be a right circular cone, whose height OV —h, 
and base radius = OQ = r. The length of the generator PV or QV 
is called the slant height of the cone ; denote its length by 1. 

Now if a thin piece of paper be cut so that when wrapped 
round the curved surface it completely covers that surface with- 
out overlapping, then on flattening out the paper it takes the 
shape V'P'd', where V'P' = V'Q' = VQ, = I, and the arc P'Q' = circum- 
ference of the circular base PQ. 



(aj (h) 

no. 81. — Curved surface of a right circular cone. 


V'P'Q' is, therefore, the sector of a circle, and by Prob. 14 its 
area is \ . V'P' x arc . P'Q', ^.e. | (slant height) x (circumference 
of base). Hence, the lateral surface of a right circular cone is measured 
by the product, 

’ (slant height) x (circumference of base). 

The slant height 

J = VQ = n/Q 02 + OV^ = v/»-2 -J- A®, 
and circumference of base = 2w ; 

.*. lateral surface cl a right circular cone of height h and base radius 
r is Trr s/r- +h“. 
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Ex. 97. A piece of thin metal in the form of a quadrant of a 
circle of radius 10 in. is bent so that the extreme radii coincide, and 
the 7netal forms an open conical cup. Find how many cubic inches 
of water it will hold. (O.P.) 

Let /• = radius of base, ^== height of the cone, then the slant 
height = 10 in., so that 

lateral surface = 10;rr = area of the quadrant, i.e. |7r . 10^ ; 

/. 107rr = 257r, from which r = 2*5 in. 

Also slant height = 10 = ; 

100 -6*25 = 93-75, 

or 7^ = 9•68in. 

Hence volume of cone = ^j7r x 2-5^ x 9-68 = 63*4 cu. in. 

104. The Trigonometry of the Cone. We have already seen 
from Art. 99 that the right circular cone is formed by the revolu- 
tion of a right-angled triangle about one of the sides forming the 
right angle. Thus in Fig. 81, QOV is the generating triangle, 
and the angle OVQ opposite the base is clearly hah the angle PVQ ; 
hence it is called the semivertical angle of the cone. We shall 
denote the size of this angle as a°. The angle P'V'Q' of the 
sector whose area gives the lateral area, we shall call the sectorial 
angle of the cone, and denote its size by 6°. 

Problem 37. Given the base radius r and the semivertical 
angle a, of a right circular cone, to find (i) its height, (ii) its lateral 
area, (iii) its sectorial angle, and (iv) its volume. 

(i) Referring to Fig. 81, ^OVQ = a, OQ = r. 

Let the height O V = h, then hjr = cot OVQ = cot a ; 

h = rcota. 

(ii) VQ is the slant height, and r/VQ = sin a, 

so that VQ = r cosec a ; 

lateral area = Trr . VQ = irr^ cosec a. 

(iii) Let the sectorial angle P'V'Q' = = dr/180 radians. 

Now the circular measure of z. P'V'Q' = arc P'Q'/radius P'V' 

= 2-rll radians ; 

• • 1 QA '''' ^7 == == 360 sin a. 

loU I 

(iv) Volume of cone = ^rr% = ^rr^ . cot a. 
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Ex. 98. A cup in the form of a right circular hollow cone has a 
capacity of 231 c.c. and its height is 12*5 cm. Find its ser.iivertical 
angle and its sectorial angle, taking tt =-y-. 

Let r cm. be the base radius, then 

^ ^Trr^x 12-5 = 231, 
from which r = 4*2 cm. 

Now if a be the semi vertical angle, 
r 4*2 

tan a = T = ,^ .=0*3360. 
h 12-5 

Hence, from the tables, a = 18° 34'. 

Finally, if 6^° be the sectorial angle, 

= 360 sin 18° 34' = 360 x 0*3184 = 114° 37'. 


105. Angles of a Pyramid. The angle between two intersecting 
planes is called a dihedral angle, and is measured by the plane 
angle between two straight lines, one in each plane, drawn from 
any point in tne line of intersection, and perpendicular to it. 
The lines lie, therefore, in a third plane which is mutually per- 
pendicular to the given planes. This definition enables us to 
calculate the dihedral angle between any two faces of a pyramid 


when sufficient measurements are known. 

Ex. 99. Find the angle between the base 
and (i) a triangular face, (ii) a slant edge of 
a regular pyramid of height 19*3 in, staging 
on a pentagonal base of side 10 in. 

Let VPQRST (Fig. 80) be the pyramid; 
since it is regular, the base PQRST will be 
a regular pentagon, and the perpendicular 
from V will meet it at O, the centre. Let OA 
be the perpendicular to PQ from O, then A 
is the mid-point of PQ, and AV is perpen- 
dicular to PQ. 


V 



FIG. 80. 


Hence the angle between the base and the face VAQ is measurea 
by the angle VAO. 

Now, since all the sides of the pentagon are equal, 


*. z.POQ=’ .360° = 72°, 


z.AOQ = 36°. 


so that 
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Hence AO = AQ cot 36^ = 5 x 1 *3764 = 6*&82 in . ; 

tan VAO = OV/AO = 19-3/6-882 = 2-805 ; 

/. L VAO = 70° 23' approx. 

The angle between a line and a plane is the angle between the 
line and its orthogonal projection upon the plane. For the edge 
VQ, the orthogonal projection on the base is QO, so that the 
angle between the edge and the base is VQO. 

Now QO = AO/cos 36° - 6-882/0-809 ; 

tan VQO = OV/QO = (19-3 x 0-809)/6-882 - 2-269 ; 

/. Z- VQO = 66° 13' approx. 


EXERCISES 15. 

Take 7r = 3-14, unless otherwise stated. 

Find the total surface area of each of the following solids : 

1. A cuboid measuring 8-5 in. by 7*5 in. by 11-5 in. 

2. A right circular cylinder of length 7-6 ft. and diameter 4*8 ft. 

3. A triangular prism 9 ft. 4 in. long, the sides of its triangular face 
measuring 7 ft. 5 in., 6 ft. 10 in., 4 ft. 9 in. respectively. 

4. A triangular prism 21-6 cm. long whose right section is a tria-igie 
of sides 14-3 cm., 15-7 cm., 14 cm. respectively. Give the area in square 
inches, taking 6*45 sq. cm. to a sq. in. 

5. A hexagonal prism 15-1 in. long, whose right section Is a regular 
hexagon of side 8 in. 

6. An octagonal prism 36 cm. long, whose right section is a regular 
octagon of side 5 cm. 

7. A right pyramid 12 ft. high, standing on a rectangular base 
measuring 54 ft. by 44 ft. 

8. A right pyramid 72 cm. high, standing on a rectangular base 
measuring 80 cm. b}^ 42 cm. 

9. A regular tetrahedron of side 5 in. 

10. A right circular cone of height 24 cm. and base diameter 14 cm. 

11. A right pyramid standing on a regular hexagonal base of side 
3 in., whose slant edge is 11-3 in. long. 

12. A right pyramid standing on a square base of side 774 cm., 
whose slant height is 176-3 cm. Give the area in square feet, using the 
equivalent of Ex. 4. 

13. Find the whole surface of a solid right ciicular cylinder, three feet 
six inches high, and eighteen inches in diameter. 
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14. A square prism of 9-9 in. side and 18 in. long is cut by two parallel 
planes so that the ends become rectangles 10*1 in. by 9-9 in.' Find its 
total surface area. 

15. The <.ost of making a rectangular covered tank is lOd. per sq. ft. 

for the metal and Is. per linear foot for riveting at the edges. What 
is the charge for making a tank 6 ft. by 3 ft. 9 in. by 2 ft. 8 in. if all 
the edges are riveted ? (L).S.) 

16. Calculate the area of sheet lead required to line an open rect- 
angular tank 11-6 ft. long and 8-4 ft. wide whose base slopes uniformly 
from a depth of 6 ft. to one of 7 -3 ft. across the width of the tank. 

17. An open cylindrical tank of diameter 25 ft. is to be constructed 
to hold 942 gallons of water. Taking 6^ cub. ft. of water to a gallon, 
find the area of sheet iroix required. 

18. A rectangular lean-to shed has vertical walls and a rectangular 
sloping roof. The front wall is 9 ft. wide and 8 ft. high ; the back wall 
is 14 ft. high, and the distance between these two walls is 8 ft. Find 
the total area of walls and roof. 

19. Find the lateral area of the wedge in Fig. 79 (p. 163), when 
PS = 75 ft., SR — 23-8 ft., ED =51-2 ft., and the height of the ridge ED 
above the base PQRS = 12 ft. 

20. A straight tunnel of semicircular section is 1 mile 25 chains long 

and 22 ft. wide on the ground. Find in square yards the total area of 
its internal curved surface. (J.M.B.) 

21. The total surface area of a cube is 5046 sq. ft. Find the length 
of xfcs edge. 

22. The dimensions of a cuboid are as 3 : 4 : 5, and its total surface 
area is 2843-5 sq. ft. Find its dimensions. 

23. From a sheet of iron 60-75 sq. ft. in area two hollow boxes are 
made, one being a cube and the otW a cuboid whose dimensions are 
proportional to 10, 6, 3 respectively. If the total surface areas of the 
boxes are equal, find the dimensions of each. 

24. The total surface area of a right circular cylinder is 12-56 sq. ft., 
and its length is 3-5 ft. Find the radius of its circular section. 

25. A cylindrical boiler 19 ft. long has to be made from 1099 sq. ft. 
of iron plate. Find its diameter, allowing jth of area for overlapping 
and waste. 

26. The total surface of a right circular cone w^hose slant height is 
61 cm. is 2486-88 sq. cm. Find its base radius and its height. 

27. The total area of tin-plate used in making a hollow cone, includ- 
ing the circular base of diameter 1 ft. 6 in., is 1413 sq. in. Find the 
height of the cone. 

28. The area of the curved surface of a right circular cone is 2-6 
times that of its base, and the height of the cone is 2 ft. 3 in. Find its 
total surface area in square feet. 



172 


MENSURATION AND TRIGONOMETRY [ch. xv] 


29. The areas of the curved surfaces of a right circular cone and a 
cylinder ©f the same height and base diameter are as 65 : 126. Find 
the height of the cone when the base diameter is 1 ft. 4 in. 

30. A right pyramid stands on a square base whose side is one inch 
less than three times the height of the pyramid, and the height is two 
inches less than the slant height of each triangular face. Find the total 
surface area of the pyramid in sq. ft. 

31. The height of a right pyramid standing on a square base is 
and the length of one of its slanting edges is I, Shew that 

(i) the area of its base is 2(1^ - h^), and 

(ii) its lateral area is 2 - h^. 

Hence calculate the total surface area of the pyramid when ^ = 8*5 in. 
and /i=8*4 in. 

32. The curved surface of a right circular cone forms a semicircular 
area ; find the semivertical angle of the cone. 

33. A circular sector of radius 15*7 in. and angle 1*4 radians is made 
into a conical bag by bringing its straight edges together. Find the 
volume of the bag. 

34. A hollow vessel made of very thin metal is of the form of a 
right circular cone. If it were slit along a generator aiid rolled out flat, 
it would become a quadrant of a circle of radius 20 in. What was the 
volume of the vessel ? 

35. A cone of height 18 in., and base diameter 12 in., is covered with 

thin leather over its curved surface. Find the sectorial angle of the 
leather. (N.U.T.) 

36. A sector of a circle of radius 25 cm. has an angle of 135°. A 
hollow circular cone is constructed from this sector by bending it until 
its straight edges are just in contact. Find the volume of this cone. 

(N.U.T.) 

37. A BCD is a regular tetrahedron, each of whose edges is 30 cm. long. 
Find (i) its height, (ii) its volume, (iii) the angle between the faces ABC, 
DBC, and (iv) the angle between the edge AC and the face BCD. 

38. The angle between the base of a regular square pyramid and one 
of its triangular faces is 77° 12'. The side of the base is 2 ft. 4 in. ; 
find the volume of the pyramid in cubic feet. 

39. Find the volume and total surface of a right circular cone of 
height 25 cm., whose semi vertical angle is 21° 48'. 

40. The volume of a right circular cone of height 8 ft. 3 in. is 41,448 
cub. in. Find the semivertical angle of the cone. 

41. Find the angle made by the diagonal of a cube with each of the 
faces. 

42. Find the angle between the diagonal oi a rectangular prism 
measuring 82 cm. by 18 cm. by 39 cm. and the edge measuring 39 cm. 
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FRUSTA OF PYRAMIDS AND CONES. THE SPHERE 

106. The Frustum. If a pyramid or cone be cut by a plane 
parallel to its base and the upper part containing the vertex be 
removed, the remaining solid is called a frustum of the pyramid 
or cone. Thus in Fig. 82 ABCabc is a frustum of a cone and 
PQRSTUp^rs^t^ is a frustum of a pyramid. 



Fig. 82. — Frustum of a cone (a) and of a pyramid (&). 

107. Volume of a Frustum. It will be easily understood that 
the volume of a frustum is the difference between the volume of 
the complete ppamid or cone and that of the smaller pyramid or 
cone which has been removed. 

Problem 38. To find the volume of the frustum of a pyramid^ 
and deduce the volume of a conical frustum. 

Let F be the area oi the base PQRSTU (Fig. 82&) of the frustum 
of a pyramid, and / the area of the parallel face pqrstu. 
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Suppose in the complete pyramid the perpendicular from the 
vertex to the base meets the upper face in o and the base in O. 
Let Oo — //, then h is the perpendicular distance between the 
parallel faces. 

Now from Prob. 29,//F = o\/^/OV2 = (OV - A)2/OV^. 

Let us write for the ratio //F, then 
(OV-^)/OV = A;, 

from which O V = ^/( 1 - A;) . 

Hence, volume of frustum = vol. of VP ... U ~vol. of Vp ... 

= JF.OV- J/.oV 
-|F. {OV-P(OV -/i)} 

= jF{(l-A;2)OV + M2j 
-jF;i(l+^j-A;2) 

= iA(/+N//F+F), 

SO that the volume of a frustum of a pyramid bounded by two parallel 
faces of areas f, F respectively and distant h apart is Jh(f + ^fF 4 F). 

In the case of a cone, if r, R be the radii oi the parallel faces, 
f = and F = ttR^] and the above expression becomes 

4 - yR 4 - R^), 

i.e. the volume of a frustum of a cone bounded by two parallel circrla* 
faces of radii r, R respectively, and distance h apart is Irrhif^ +rR 4 R-^). 

Ex. 100. A right pyramid 21 in, high stands on a triangular 
base whose sides are 10-1 in., 5-2 m., 14*7 in. respectively. It is 
cut by a plane 12 in. from the vertex and 2 )arallel to the base. Find 
the volume of the frustum thus formed. 

It is better in numerical examples to work from first principles 
rather than use the formula of Prob. 38. 

Semi-perimeter of ba8e = |(10*l 4-5*2 4-14-7) = 15 in. 

/. Area of base = \/l5 x 4*9 x 9*8 x 0*3 = 14*7 sq. in. 

Let / be the area of the parallel section, then 

f 122 

= which /= 4*8 sq. in. 

Volume of frustum = ^ . 14*7 x 21 - J . 4*8 x 12 sq. in. 

= 102*9 -19*2 = 83-7 sq. in. 

Had we used the formula of Prob. 38, we should put F = 14*7, 
f = 4*8, h = 9, so that 

Volume = J . 9 (4*8 -f- v/fS^lTY 4 - 14* i )= 3(19*5 4 - 18*4) 

= 83*7 sq. in. 
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108. Lateral Area of a Frustum. We shall next find the 
measures of the lateral areas of the frusta of a p}5'amicl and a 
cone respectively. 

Problem 39. To find the lateral area of the frustum of a 'pyramid. 

Referring to Fig. vS25, it will be readily seen that each sloping 
face of a frustum of a pyramid is a trapezium ; hence the slant 
height of each face must be found if the pyramid is not regular. 
If VeE be the slant height of the whole pyramid, then the area of 
the face pqOiP =^\{P(k + pq) x Ee, and similarly for the other faces. 

When the pyramid is regular, all the faces are equal in area, 
and the lateral area of the frustum of a regular pyramid standing on a 
base with n equal sides is measured by the product 

^n(sum of two parallel sides) x (slant height) 
or i (sum of perimeters of parallel faces) x (slant height). 

Problem 40. To find the lateral area of the frustum, of a right 
circular cone. 

This might be deduced directly from Prob. 39, but an 
independent method will here be employed. 

Let a^cABC (Fig. 82a) be the frustum, R, r the radii of the 
parallel circular faces, ABC, ahc. If the axis cuts ahe in I and 
ABC in L, then AL = R, and al — r 

Hence by Problem 36 (p. 167), 

Lateral area of frustum = 7rR . AF -wr .aP 
= 7r{R(Aa -f aF) -r(AF - Aa)} 

= 7r{(R +r)Aa + R . aP - r . AF}. 

XT al PL . r R xl. X * r- r- 

Now — = t.e. , so that r . AF = R . aF : 

aF AF aF AF 

.*. lateral area of frustum = 7r(R H-r) . Aa, or the 

lateral area of a frustum of a right circular cone is measured by the 
product, TT X (sum of radii of parallel faces) x (slant height). 

We might write 7r(R + r) . Aa in the form 27r . 5-^ . Aa, and 

is the radius of the section mid- way between the parallel faces ; 
hence, the 

lateral area of a conical frustum is measured also by the product, 

2- X (radius of mid-section parallel to base) x (slant height). 
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Ex. 101. It is required to rmke a lamp shade in the form of a 
frustum of a right circular cone. The perpendicular height is to he 
7*5 in., and the diameters of the circular ends 18 in. and 10 in. 
respectively. Find the minimum area of 7rmtcrial required, allowing 
22 sq. in. for overlap and waste. 


Let ABCD (Fig. 83) represent a vertical section of the com- 
plete shade through the axis of the 
frustum ; then AB = 10 in., CD = 18 in., 
and AE, the perpendicular distance 
between AB and CD = 7-5 in. 

From Prob. 40, the lateral area 

= 7r(5 + 9) xAD 
= 7rx]4x VdPTeM 

And DE = |(DC-AB)=4 in.; 


FIG. 83, 


/. lateral area = 7r x 14 x s/l6 + 56*25 = 44 x 72*25 = 374 sq. in., 


so that the total area of material required = (374 + 22) sq. in. 


= 396 sq. in., or 2*75 sq. ft. 


109. The Sphere. A solid whose surface is such that e\ery 
point on it is equidistant from a fixed point within it is called a 
sphere (Fig. 84). The fixed point is called the centre, and the 



Fig. 84. 


constant distance of every point on the surface from the centre 
is called the radius of the sphere. Any straight line terminated 
by the surface and passing through the centre is called a diameter. 
If a sphere is cut through at any part by a plane, the surface of 
the cut portion is a plane section of the sphere. 
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Problem 41 . To find the shajpe of a plane section of a sjphere. 
Let PBC (Fig. 85) be the section of a sphere cut by any plane 
KK' ; draw, from the centre O of the sphere, ON perpendicular to 



Fig. 85. — Plane section of a sphere. 


the plane. Take any point P on the line of intersection of the 
plane and sphere, a^d join OP, PN. 

Then since Z-uNP is a right angle, NP2 = OP2 -ON^. 

Now ON is constant in length for all positions of P, for it is the 
distance of the plane KK' from the centre O. Likewise, since OP 
is the radius of the sphere, it is constant in length for all points 
on the line of intersection ; hence NP is constant, so that the 
locus of P is a circle. Similarly, we may shew that any other 
plane section is a circle, so that 

every plane section of a sphere is a circle. 

From this fact it follows that a sphere is a surface of revolution. 
It is generated by the revolution of the semicircle AC A' about 
its diameter AA'. If, therefore, two spheres intersect, the section 
is also a circle, for the straight line joining their centres is a 
common axis of revolution. 

When a plane intersecting a sphere passes through the centre, 
the circle of section is called a great circle. All other circles of 
section are known as small circles. Thus in Fig. 85, AEA' is a 
great circle, whilst CPB is a small circle. 

110. Area of Spherical Zone. The portion of a sphere cut off 
between two parallel planes is called a spherical frustum, and the 
curved surface of such a frustum is known as a spherical zone. 
The constant distance between the parallel planes is called the 
thickness of the frustum. When the sphere is cut into two 

B.M.T. M 
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portions by a single plane, either portion is called a spherical 
segment, and its curved surface is called a spherical cap. 


Problem 42. To find the area of any s'phencal zoyie^ a nd deduce 
the area of (i) a spherical cap, and (ii) the whole spherical surface. 
Let PQP' (Fig. 86) be a semicircle whose centre is O. Suppose 
that in this semicircle half a regular polygon of an even number 
of sides be described, of which AB is one side. Let C be the 
mid-point of AB ; join CO, and draw Aa, Cc, Bb 
each perpendicular to OP, and BE perpendicular 
to Aa. 

Now, as the semicircL revolves about PP' to 
generate a sphere, AB generates the frustum of a 
cone of which Cc is the radius of the mid-section. 
Hence by Prob. 40, 

Lateral surface of frustum = 27r . AB . Cc. 

But L cOC = 90° - z. OCc = Z- cCB - A EAB ; 
sin cOC = sin EAB, i,e. Cc/OC = EB/AB =a6/AB, 
^pheSal’^one”.' “ ' Z. AB . Cc = OC . 



SO that lateral surface area becomes 2:7. OC . ah. 

By making the sides of the polygon smaller and smaller, we c^^n 
make the difference between AB and ab as small as we please, 
so that when the sides are increased in number indefinitely, the 
area of the zone traced out by the arc AB is 27r . OC . ab, 


i.e. the area of a spherical zone is measured by the prod-.ct 
277 (radius of sphere) x (thickness of zone) 

Now for a spherical cap generated by the revolution about aP 
of the figure bounded by Aa, aP and the arc AP, the thickness 
becomes the distance aP, which is called the height of the cap. 
Hence, the area of a spherical cap is measured by the product, 

277 (radius of sphere) x (height of cap). 

If aP = h, and the radius of the sphere — r, 
area of cap = 27rrh. 

Finally, for the whole sphere the thickness becomes the dia- 
meter PP', i.e. twice the radius, so that the surface area of a sphere 
is measured by the product, 477 (radius of sphere)®, i.e, 477r^. 

If a cylinder be circumscribed about the sphere, its length 
would be 277, and the radius of its circular base r , its lateral area 
would thus be 27rr . 2r = 47rr^. Hence the surface area of a sphere is 
equal to the lateral area of its circumscribing cylinder. 
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Ex. 102. A howl is to he made in the form of a spherical cap of 
height 9 in. whose top diameter is 2 ft. How many square feet of 
sheet 7rietal tvill he required for it? 

Let ABC (Fig. 87) represent the elevation of the bowl, O, the 
centre of the sphere of which it forms part, and B, the mid-po^nt 



B 

FiG 87.— Surface of a spherical cap. 


of the arc ABC. Then OB is perpendicular to AC, and bisects 
AC at H. 

Now AH = |AC = i ft., and BH =9 in. = J ft. 

To determine che radius OA of the sphere, we have 
A02 = AH2 + H02 - 1 + (OB - BH)2. 

Hence, if AO == r = OB, == 1 + (r - f )2, from which 
r = If ft. ; 

Area of metal required = area of cap 

= 27r.|f .|sq. ft. 


3-14x25 

16 


= 4*9 sq. ft. 


111. Volume of a Sphere. We next pass to the determination 
of the volume of a sphere. 

Problem 43. To find the volume of a sphere. 

Suppose the surface of the sphere to be divided into a large 
number of small triangles ; then each triangle will be approxi- 
mately plane, and may be regarded as the base of a pyramid 
whose vertex lies at the centre of the sphere. Thus in Fig. 88, 
DEBC is one of these pyramids, those around it having been 
removed. • 

Now, regarding each base as plane, we can, by making the 
triangles smaller and smaller, make their combined area differ 
as little as we please from the actual area of the spherical surface. 
Hence, ultimately the areas will be the same. 



180 


MENSURATION AND TRIGONi 


CH. XVI 


But the volume of a pyramid = J(area of base) x height, and 
the height of each pyramid == radius of spln'i c* ; so that on summing 
the volumes of all the pyramids making up the S2)hcre, we get : 
volume of sphere = ^(surface area of sphere) x (radius) 

= ^ 7r(radius)^ ; 

i.e. the volume of a sphere is measured by the product, Jir (radius)^. 



Fig. 88. — Sphere made up of small pyramids, a few of which have been removed. 

It is usually more convenient to express the volume in terms of 
the diameter, since this is directly measured. 

Let r, d be the radius and diameter of a sphere respectively, 

then the volume becomes —*7r~ = ^ird^. 

Putting TT = 3*1416, we have 

volume of sphere- J 7 rr®=^;rd 3 = 0 * 5236 d^ 

Ex. 103. How many gallons of water will a hemispherical hotel 
2 ft. 6 in. in diameter hold, taking 0*16 cu.ft. of water to the gallon ? 

Volume of hemisphere = 0*2618 x 2*5^ cu. ft. 

0*2618 X 2*53 „ 

^ 0-16 
= 25*56 gallons. 

112. Spherical Sectors and Segments. \v'hen a plane circular 
sector revolves about one of its bounding radii, it generates a 
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portion of a sphere called a spherical sector. Such a sector is 
shewn in Fig. 89, and it will be seen that the solid ts made up of 

C 



1 10. 89.— Spherical sector. 


the spherical segment ABC and the right circular cone ABO, the 
vertex O being the centre of the sphere of which the sector forms 
part. 

Problem 44 To find the volume of a spherical sector, and 
deduce the volume of (i) a spherical segment, and (ii) a spherical 
frustum. 

By dividing the spherical cap ABC into triangular elements, 
we may consider the sector made up of pyramids, just as in the 
case of the whole sphere. 

Hence, by reasoning similar to that of Prob. 43, we have 
the volume of a spherical sector is measured by the product, 

;^(area of cap) x (radius of sphere). 

If A = height of cap = PC, and r = radius of sphere, then 
volume of spherical sector =|7rr^h; 

For the volume of the spherical segment, we have 

volume of ABC = vol. of sector AOBC - vol. of cone ABO 
= f7rr2A-.^7rAP2.0P. 

Now OP = OC -PC-r-^, 

and Ap2 = OA^ - 0P2 -r^- (r- A)^ - h {2r - h) 

so that the volume becomes 

^Trh {2r2 _ (2r -h)(r- h)} - l-h^i^r - h). 

To use this expression we must find r, the radius of the sphere, 
but it is usually more convenient to measure AP, the radius of 
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the base of the segment. Let AP=a, then it has just been shewn 
that AP* = h(Zr-h), so that r = \{a^ + h^)lh ; 

(3r - A) = (3a2 

Hence, 

volume of spherical segment ^I^Trh^ (3r -h) =^7rh(3a2 ^h^), 
where h — height, and a = radius of base of segment, and r = radius 
of sphere of which the segment forms part. 

For a frustum of a sphere, let its plane parallel surfaces be of 
distances from the surface of the sphere, and let h be its 

thickness, then taking ^ = The volume of the 

frustum is equal to the difference in the volumes of two spherical 
segments of heights Aj, A 2 respectively, 
i,e, ^TT [h^ (3r - A 2 ) - (3r - Aj) } 

= JttA {3rA2 + 3rAi - + hji^ + h -^) } , since h = A 2 - 

Let a, 6 be the radii of the upper and lower circular faces, then, 
as shewn above, 

= Ai(2r - Aj) , 6^ = A2(2r - Ag) ; 

By addition, 

a2 + = 2r {hi + A 2 ) - {h^ + h,^), 

or r(Ai + A 2 ) = + + + 

Substituting this value in the above expression, in order to get 
rid of r, we have 

JttA (3a^ + 36^ -f - 2 A 1 A 2 + h^) = JttA (3a2 + 36^ + A^) . 

Hence, the volume of a spherical frusirum of thickness h, and whose 
plane parallel faces have radii a, b respectively, is 
|7rh(3a2+3b2+h2). 

Ex. 104. A lead paper-weight in the shape of a spherical segment 
of height 2*6 cm. weighs 5718 grams. Find the radius of its spherical 
surface if lead weighs 11*28 gm. per c.c. 

Let r be the radius in cm, of the spherical surface, then 
the volume of the solid =|7r(2*6)2(3r- 2*6) c.c. 

/. Weight of solid -J7r(2*6)2(3r - 2*6) x 11*28 gm. 

J7r2*62(3r~2*6)x 11*28 = 5718, 

from which 

5718 X 3 

~ ""^(F6j2l<lT28 logarithms ; 

/. 3r = 71*6 + 2*6 = 74*2, and r = 24*7cm. 
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113. Lunes. When a sphere is cut by two planes each passing 
through the same diameter of the sphere, the portion ACBD 
(Fig. 90) of surface cut off is called a lune. It will be clear from 
Fig. 90 that a lune is bounded by the semi-circumferences of two 


B 



FIG. 90.— A lime. 


great circles. The angle between the cutting planes is called the 
angle of the lune, £.nd is measured by the angle PBQ contained 
between the tangents PB, QB to the great circles drawn in their 
respective planes. 

Each of the solid portions of the sphere contained between the 
planes from the common diameter to the lunar surface is called a 
spherical or lunar wedge. 


Problem 45. To find (i) the area of a lune and (ii) the volume oj 
a spherical wedge. 

Let the angle of the lune be 6 radians, its area, A, and the 
radius of the sphere, r. We may assume that two lunes of equal 
angle on the same sphere are equal in area. 

Divide the given lune into n small lunes each of area a, where 
n is a large integer; then fii — na, and the angle of each small 
lune is Ojn radians. 

Hence the number of such lunes on the whole sphere = 27rn/6/. 

But this is also the number of times that the area a is contained 
in that of the whole spherical surface, i.e, iirr^ja. 


, 47rr^ 

a 


27rn 

~U~ 


or na = 2r^d; 


/. A = wa = 2r^^, 

i.e. the area of a spherical lune-2r"^, where 0 is the angle of the lune 
in radians, and r is the radius of the sphere. 
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For a spherical wedge whose curved surface is a lune of angle 0 
radians, let the lune be divided as before into n lunes of equal 
area, and suppose the volume of each corresponding wedge is v ; 
then the volume V of the whole wedge — m, assuming that wedges 
of equal angle in the same sphere are equal in volume. 

The angle of each small wedge ^O/n radians, and the number 
of such wedges making up the whole sphere = 2:r7i/^^. 

But this is the number of times v is contained in yTrr®, 


. _ 27rn 

“ ~3v~'~T 


nv = lr^0 ; 


y -nv— f^T^O, 

i.e. the volume of a spherical wedge =|r3^, where 0 radians is the angle 
between its plane faces and r is the radius of its spherical surface. 


114. Spherical Triangles. A triangle formed on the surface of 
a sphere by the arcs of three intersecting great circles is called a 
spherical triangle. ABC (Fig. 91) is such a triangle. The angles 



Fio. 91.— Spherical triangle. ' 


of a spherical triangle are those between the planes containing 
the great circles of which the arcs are the sides. 

Problem 46 . To find the area of a spherical triangle. 

Let ABC (Fig; 91) be any spherical triangle, 6 its area, and r 
the radius of the sphere. Suppose the measures of its angles be 
A, B, C radians respectively ; then 

' area of lune ABA'C = 5 + AA'BC = 2r^A, 

„ „ BAB'C = S + AB'CA = 2r2B, 

„ „ CAC'B = S + AC'AB = 2r2C ; 

/. By addition, 

+ A A'BC + A B'CA + A C'AB = 2r2( A + B + C) . 
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Now AA'BC = AAB'C', for they are corresponding portions of 
equal lunes ; 

A A'BC + AB'CA + AC'AB = A AB'C' + AB'CA + AC'AB 
= ^(surface of whole sphere) - A ABC 

= 277/2 - 8 ; 

so that 3^ 4* 2:7/2 _ 5 = 2/2(A + B + C) ; 

/. a = (A + B + C-«r)/2. 

Since 8 is always positive, it follows that 

A + B + C> 77 radians or 2 right angles, 
t.e. the sum of the three angles of a spherical triangle is greater than two 
right angles. 

The angle by which this sum exceeds 77 radians or two right 
angles is called the spherical excess, and is usually denoted by E ; 
thus A-+-B + C- 77 = E, and the area of a spherical triangle is measured 
by r^E, where E - A -fB + C -77, all the angles being expressed in radians. 

115. Latitude auu Longitude. To locate a point P (Fig. 92) on 
the surface of a sphere, such as the Earth, two perpendicular 

N 



no. 92, — Latitude and longitude. 

arcs NOS, X'OX are first chosen. The extremities N, S of the upright 
diameter SON are called North and South Poles respectively, and 
the great circle XQX', the equator. For any point P on the 
surface, it is sufficient to know the angle POQ, made by the radius 
OP with the equatorial plane, and the angle XOQ which is made 
by the planes through NPQS and NXSX'. A POQ is usually 
denoted by and is called the latitude of P, this being north or 
south according to whether P lies north or south of the equatorial 
plane. 
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The circle APB drawn through P parallel to the equatorial plane 
is known as a parallel of latitude, 6 being constant for all points on 
the circle. The angle XOQ, usually denoted by </>, is called the 
longitude of P, this being east or west according to whether P 
lies in the eastern or western hemisphere. The great circle^NPQS 
is called the meridian of P, and clearly will be constant for all 
points on this circle. Any point P, therefore, may be fixed on 
the surface if its latitude and longitude are known. 

Ex. 105. Regarding the Earth as a sphere whose mean diameter 
is 7918 miles, fijid how many miles Southampton, ivhose latitude is 
50° 54', is distant from the equator. 

Referring to Fig. 92, if P be the position of Southampton, then 
L POQ = 50° 54' =0-9570 radian. 

But the radian measure of z.POQ = arc PQ/OP = arc PQ/3959 ; 
/. arc PQ/3959 =0-957, or arc PQ =0-957 x3959 

= 3 1 89 miles. 


EXERCISES 16. 

Take tt as 3-14, unless otherwise stated. 

1. Find the volume of a frustum of a right circular cone of height 
6-5 ft. and radii of parallel faces 3-2 ft. and 1-5 ft. respectively. (U.L.C.I.) 

2. Find the volume of the frustum of a cone whose circular faces 
are 113 in. and 5-1 in. in diameter respectively, the distance between 
these faces being 8 in. 

3. A pail in the form of a frustum of a right circular cone is 19-3 in. 
deep, and the top and bottom internal diameters are 16 in. and 10*5 
in. respectively. Find how many gallons of water it will hold, taking 
6-25 cub. ft. to a gallon. 

4. A frustum of a cone is generated by the revolution of a trapezium 
A BCD about BC, the parallel sides AB, CD each being perpendicular 
to BC. Calculate its volume when A B = 10 ft., CD = 6 ft. and BC = 8 ft. 

5. A BCD is a trapezium in which 

AB = 65 cm., BC=25 cm., CD =20 cm., 
and the distance between BC and the parallel side AD = 16 cm. The 
figure revolves about AD ; find the volume of the solid thus generated. 

6. A tank has the shape of a hollow rectangular frustum. Its base 
is 8 ft. long and 6 ft. wide, and the top is 12 ft. long and 9 ft. wide. 
Its depth is 10 ft. ; find its capacity in gallons taking 6-25 gallons to a 
cubic foot. 
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7. A symmetrical mound with sloping sides has a square base of 

40 ft. side and a square top of 24 ft. side, and the di^tanc^ between 
parallel edges is 10 ft. Find the number of cubic feet of earth in the 
mound. (H.S.) 

% 

8. A stone monument consists of a frustum of a square pyramid, 
with a complete square pyramid on the top whose base is equal to the 
upper face of the frustum. The height of the frustum is 8 ft., and the 
sides of its base and upper face are 3 ft. and 1-5 ft. respectively. The 
height of the complete pyramid is 2 ft. Find the volume of the monu- 
ment. 


9. A granite obelisk consists of the frustum of a square pyramid 
upon which a complete square pyramid rests, the base of this pyramid 
beinq equal to the upper lace of the frustum. If the sides of the square 
faces of the frustum are 2 ft. 6 in. and 1 ft. 8 in. respectively ; the 
height of the frustum 12 ft. 6 in., and the height of the complete p5^amid 
is 1 ft., calculate the weight of the obelisk in tons, taking a cubic foot of 
granite to weigh 168 lb. (N.U.T.) 

10. The volume of a frustum of a right circular cone is 836 cub. ft. 
Its base radius is ? ft., and its height 6 ft. Find the radius of the 
upper face, taki'^g 77r = 22. 

11. The internal diameters of the top and bottom of a flower-pot are 
10-6 in. and 7 in. respectively, and its depth is 7-5 in. Find the internal 
Volume of the pot. 

12. The height of a right circular cone is 20 ft. and the diameter of 

the base 24 ft. ; the cone is cut by a plane parallel to the base at a 
perpendicular distance of 16 ft. from the vertex ; find the area of the 
curved surface of the frustum. (H’.S.) 

13. How many sq. cm. of sheet iron would be required for a circular 
pail, without the handle, 29-7 cm. deep, whose top and bottom radii 
are 24 cm. and 18 cm. respectively. 

14. The height of a frustum of a right cone is h, and the radii of its 
parallel circular faces are R, r ; shew that the area of its curved surface 
i3 7r{R+r)s/h^TlR^Y. 

The dimensions of a frustum are R = ll in., r = 2 in., h~^0 in. ; find 
the radius of a circular cylinder, of the same height, which contains 
an equal volume. Prove that the total surface areas of the two solids 
are also equal. (H.S.) 

15. A right pyramid 12 ft. high, standing on a rectangular base 
measuring 5-4 ft. by 4*4 ft., is cut by a plane parallel to the base and 
distant 6 ft. from it. Find the lateral area of the frustum. 

16. Find the radius of the circle of intersection of two spheres of 
radii 5 in. and 7*3 in. respectively, their centres being 6-9 in. apart. 
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17. Two spheres intersect in a circle of radius 1 ft. 4 in. Their centres 
are 7 ft. 0 in. apart, and the radius of one of them is 5 ft. 5 in. Find 
the radius of the other. 

18, A dome in the shape of an incomplete sphere rests c*i a circular 
base 10 ft. in diameter, and its height is 7 ft. Find its area. (H.S.) 

13. Regarding the Earth as a sphere of diameter 7920 miles, find the 
area in square miles of that portion of its surface which should bo 
visible from the top of a tower 264 ft. high. 

20. Taking the radius of the Earth to be 3960 miles, prove that the 

area visible from a height of 100 ft. is rather more than 470 square 
miles. (H.S.) 

21. Prove that the area of a spherical segment is the same as the 
area of a circle whose radius is the chord of half the arc of the segment. 

^ (H.S.) 

22. Prove that the surface enclosed by the circle drawn with a pair 

of compasses is the same whether the circle is described on a plane or 
a sphere. (H.S.) 

23. The diameter BA of a circle of radius r is produced to any point 
C, and a tangent CD is drawn touching the circle at D. DE is .then 
drawn perpendicular to AB meeting it in E. Shew that the area of the 
spherical cap formed by the revolution about CE of the figure bounded 
by DE, EA and the arc AD is 2Trr%l{r + A), where CA = A. 

If the area of this cap bo 100-92 sq. in., and r = 14*5 in., find h u,aa 
the base radius ED. 

24. Find the volume of a sphere whose diameter is 2-15 ft. 

25. Find the volume of a sphere whose diameter is 1-87 cm. 

26. Find the radius of a sphere whose volume is 179| cu. ft., taking 

7r = '^f* 

27. Find the radius of a sphere whose volume is 1-987 c.c. 

28. Taking the Earth and the Moon as spheres whose diameters are 

respectively 7926 miles and 2160 miles, how many times would a 
volume equal to that of the Moon be contained in a volume equal to 
that of the Earth ? (L.S.) 

29. A hemispherical basin holds 2-5 gallons of water. Find its 
diameter, having given that a cubic foot of water contains 6-25 gallons. 

30. A boiler consists of a hollow cylinder 10 ft. long with hemi- 

spherical ends whose internal radii are llj in. The thickness is J in. 
throughout. Taking 500 lb. as the weight of a cubic foot of the iron 
cf which the boiler is made, find the weight of the boiler. (H.S.) 

31. A hemispherical bowl 15 in. in diameter is made from 2-5 sq. ft. 
of sheet iron. Find the area of the plate not used and the volume in 
gallons of the bowl, using the equivalent given in Ex. 29. 
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32. A solid sphere 6 in. in diameter weighs 54 lb., and it costs 16s. 9d. 
to plate its surface. What would be the weight of a sphtre of*the same 
material 10 in. in diameter, and how much would it cost to plate it V 

(D.U.) 

33. A solid cube of lead, the length of whose edge is 12*9 in., is melted 

and cast into three solid spheres whose radii are in the ratio 1 : 2.: 3. 
Find the radii of these spheres assuming their total volume is e^^actly 
equal to that of the cube. (J.M.B.) 

34. A solid cuboid of lead measuiing 48*5 in. by 28-5 in. by 5-5 in. 
is melted dow^i and recast into a hollow sphere. Assuming the shell 
to be of uniform thickness 5*25 in., find the internal and external 
diameters of the sphere. Take 

35. A right circular cone 1 ft. 2 in. high has a base radius of 6*1 in. ; 
find the radius of the inscribed sphere. 

36. Into a hollow right circular cone standing on its vertex with its 
axis vertical, a sphere of radius 6-5 in. is placed. Find the volume of 
the space between the lower surface of the sphere and the vertex of the 
cone, the dimensions of the cone being: height = 2 ft., diameter of 
top = 1 ft. 8 in. 

37. Assuming that the cone of greatest volume that can be inscribed 

in a given sphere is such that the distance of the centre of the sphere 
ircTi its vertex is three-quarters of its altitude, shew that the greatest 
volume of a cone inscribed in a sphere of radius r is the volume of the 
sphere of radius (H.S.) 

38. A sphere of radius a is inscribed in a right circular cone of semi- 
vertical angle a and base radius 6. Shew that the largest value of q is 
h (sec a - tan a), and that the radius of the circle of contact with the 
curved surface of the cone is 5/(1 -l-sina). 

Compare the volumes of the sphere and the cone for the case in which 
6 = 9, and tan a = 0-225. 

39. A sphere just fits into a cone whose vertical angle is 2a, and 

touches the base of the cone. If the radius of the base of the cone is a, 
prove that the radius of the sphere is a cos a/(l +8in a). (D.U.) 

40. A sphere is inscribed in a cone so that a diameter of the circle 

of contact of the sphere and cone subtends an angle of 120° at the 
centre of the sphere ; prove that the volume of the portion of the cone 
between the surface of the sphere and the vertex of the cone is one- 
eighth of the volume of the sphere. (H.S.) 

41. The outside surface of a bowl is that of a frustum of a right 
circular cone, and the inside surface is a hemisphere of diameter 1 fv. 
The radii of the top and bottom of the frustum are 7 in. and 9 in. 
respectively, and its height is 7*6 in. Find the volume of the material 
of which the bowl is made. 
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42. A sector of a sphere is generated by the revolution of a circular 
sector whbsc afigle is 60° about one of its bounding radii. Shew that 
the volume of its conical part is ^ that of the whole section, and that 
the ratio of the area of the cap to that of the curved surface if the cone 
is as 2 : ^3. 

43. How many gallons of water will a bowl hold whose shape is that 
of a spherical segment of depth 10 in. and upper diameter 2*5 ft., 
taking 6-25 gallons to a cubic foot ? 

44. A sphere of radius 12-6 in. is cut by a plane distant 4-4 in. from 
the centre ; find the radius of the circle of intersection, and the volume 
in cubic feet of the smaller spherical segment. 

45. A sphere of radius r is cut into two po’^tions by a plane distant x 
from the centre. Find the volume of the smaller portion in termo of r 
and X. 

If 3a; find what fraction of the volume of the whole sphere the 
volume of the smaller portion is. 

46. Find the volume of a frustum of a sphere of radius 5 ft. lying 
between two parallel planes on opposite sides of the centre at distances 
3 ft. and 4 ft. respectively from the centre. 

47. A sphere of radius 1 ft. 1 in. has a cylindrical hole of diameter 
10 in. bored through it so that the axis of the hole is a diameter of the 
sphere. Find the volume in cubic feet of the sphere thus pierced. 

48. A spherical cap is cut off by a plane whose latitude is ; if 
r be the radius of the sphere, shew that the surface of the cap is 

27rr2(l-sin 0 ). 

If this area be equal to that of a great circle of the sphere, find the 
value of 6* 

49. Calculate in square miles the area of the Earth comprised between 
the 50th and 37th parallels of N. latitude and the meridians of longitude 
13° W. and 40° E. Take the radius of the Earth as 3960 miles. (H.S.) 

50. The volume of the frustum of a sphere of thickness 15 in. is 
7065 cub. in. The radius of the upper fade is 3 in. shorter than that 
of the lower face. Find the radii of these parallel faces. 
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A. 

1. How many rails 30 ft. long will be required for a mile of double 
track railway, and how many sleepers will be needed if there are 1 1 to 
each 30 ft. of single track ? 

2. The speed of a ship is 23-1 knots ; how many miles per hour is 
this ? 

3. The area of a rectangular field is 7-5 acres, and its length is 200 

yards ; find its breadth. Find also the cost of enclosing it with a fence 
at 2s. 2d. per yard. (C.8.) 

4. A rectangular vessel contains water to a depth of 65 mm. When 

270 c.c. of water are added the depth increases to 80 mm. Find the 
area of the base of the vessel in square centimetres, and state in litres 
how much water it now holds. (O.S.) 

5. At a distance of 125 ft. from the foot of a tower the angle of 
elevation of the top is 22° ; what is the height of the tower ? 


B. 


1. A man is drawn on a scale of 2 miles to an inch. What is the 

scale in kilometres to the centimetre ? Give the answer to three places 
of decimals. (L.S.) 

2. Wall-paper is made in pieces each 12 yards long and 21 inches 
wide. In practice the number of such pieces required to cover the 
walls of a room is found by dividing the area of the walls in square 
feet by 54 to allow for waste in matching. What fraction of a piece 
is wasted ? How many pieces would be required to cover the walls 
of a room 13 ft. 6 in. long, 11 ft. 6 in. wide and 9 ft. high, allowing 
4 per cent, of the total area for doors and windows ? 

3. Find the number of litres of water which will fill a tank whose 
internal measurements are 3-2 metres long, 2-6 metres wide and 0*75 
metre deep. 

If it is a closed tank, find to the nearest centime the cost of painting 
it inside at 5 francs 30 centimes a square metre. (C.S.) 

4. The sides BC, CA, AB of a triangle are 17 in., 10 in. and 21 in. hi 

length respectively. Calculate the lengths of the segments into which 
AB is divided by the loot of the perpendicular dropped upon it from C, 
and thence find the length of this perpendicular. (L.S.) 
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5. ABC is a triangular grass plot right-angled at A, and a flag-pole 
50 ft. high er3cted at A subtends angles of 10° and 5° at B and C 
respectively. Calculate the area of the plot in acres. (O.S.) 

C. 

1. Given that one inch is equivalent to 2*54 cm., find the number of 

chains in a kilometre. , 

2. A load of timber is 50 cub. ft., and boarded surfaces are measured 
by the “ square,” which is the area of a square of 10 ft. side. How 
many squares are there in a load of IJ in. thick floor boards, and how 
many loads of similar boards will be required to cover a rectangular 
floor 115 ft. long and 96 ft. wide ? 

3. Find the diameter of a circular running track in which thei 3 are 
four laps to the mile. Calculate also the area in acres of the plot 
enclosed by the track. Take 

4. A BCD is a rectangle inscribed in a circle of radius 17*5 ft. ; if 
A B is 21 ft. long, find the length of BC. If the rectangle represents a 
lawn, find the cost of turfing it at 3s. 9d. per square yard. 

5. A ladder 32*5 feet long leans against a vertica,'. wall, and the foot 
of the ladder is 8 ft. from the wall. How far from the ground is a man 
two-thirds of the way up the ladder, and what is the angle the ladder 
makes with the wall ? 


D. 

1. If 1 metre = 39-37 in., how many metre-lengths can be cut from 

a ball of string containing 50 yards ? Find to the nearest inch t^e 
length of the remaining piece. (O.J.) 

2. The carpet 1 ft. 9 in. wide required to cover the flooi of a room 

36 ft. long by 29 ft. 9 in. wide cost £53 1 Is. ; find the number of yards 
of carpet bought, and its price per yard. (L.S.) 

3. Given that 1 cub. ft. = 6J gallons, and 1 cub. in. = 16-39 c.c., find 
the number of litres in a gallon to the nearest hundredth. 

4. The external radius of a hollow metal pipe 10 metres long is 20 cm. 

The thickness of the metal is 1-5 cm. Find to the nearest kilogram the 
weight of the metal, taking one cubic centimetre of it to weigh 6-4 
grams. Take tt to be 3-14. (C.S.) 

5. The front of a shed with a sloping roof is 8 ft. high ; the back is 

ft. high and the length of the sloping edge of the roof is 7 ft. What 

‘'ngle does the roof make with the vertical, and what is the width of the 
shed ? (D.S.) 

E. 

1. A standard rod of brickwork is 272 J square feet three half-bricks 
thick. Find the number of standard rods required for a wall 2994-75 ft. 
long, 11-1 ft. high and 2-5 bricks in thickness. 
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2. A series oi soundings taken across a river channel is given by the 
following table, x ft. being the distance from one shore and y ft. the 
corresponding depth. Draw the section and find its area. 


0 

10 

15 

23 

30 

35 

43 

50 

56 

61 

68 

76 

80 

5 

10 i 

12 

14 

15 

15 

14 

12 

10 

8 

5 

2 

0 


3. When the height of a cylinder is decreased by one-third, and its 

radius is reduced by 3 in., the volume of the cylinder is reduced by 
one-half. Find the radius of the cylinder. (O.S.) 

4. In a triangle ABC, the angle B is 90°, the side CA is 62*5 ft. long, 
and the side AB is 49*25 ft. long. Find the length of the side BC and 
the s’?;e of the angle A. 

5. If sin C =sin A cos B - sin B cos A, find the value of the angle C 
when A Is 65° and B is 32°. 


F. 

1. A small circle of 3*6 inch radius rolls around the outside of a larger 
circle of 16*4 inch rp'lms once in 4 seconds. How many feet per minute 
does its centre tr«^-vel ? 

2. A triangular field ABC is to be divided into two portions of equal 
area by a straight fence from a point P in A B to a point Q in CA. If 
^B = 17 chains, BC = 10 chains, CA=21 chains, and AQ=:14 chains, 
calculate the lengths of AP and AQ. 

3. A rectangular block of iron of square section and 2*6 in thick 

wefghs 65 lb. Find the side of the square section being given that the 
iron weighs 44-1 lb. per cubic foot. (L.M.) 

4. A righu circular cone 21 in. high whose base diameter is 12 in. is 
cut by a plane parallel to its base at a point 10 in. from the base. Find 
the volumes of the two parts. 

5. The base BC of an isosceles triangle ABC is 5 in. long and the 

angle A is 36°. Calculate the length of the perpendicular from C to 
AB. (O.J.) 

G. 

1. A carpet 15 ft. long by 8 ft. 4 in. wide costs £11 19s. 7d. ; what 
was the price per square yard ? 

2. A boat brings 144 tons of coal averaging 42 cub. ft. to the ton. 
How long will it take to unload by a crane making 56 lifts per hour, 
each lift removing 20J cub. ft. ? 

3. A right-angled triangle of sides 16 cm., 20 cm., and 25 cm. rotates 

about its hypotenuse as axis. Find the volume of the spindle thus 
generated. (C.P.) 

4. ABC is a triangle and AD the perpendicular on BC. The angles 
B and C are 52*6° and 66*4° respectively, and BD is 523* 1 ft. long. 

B.M.T. N 
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Find (i) the length of D, (ii) the length of DC, and (iii) the area of ABC 
in acres. 

5. AB and AD, adjacent sides of a parallelogram A BCD, are 10 ft. 
and 6 ft. long respectively, and contain an angle of 52°. Cc.!culate the 
length of the diagonal AC, and its inclination to AB. (O.S.) 


H. 

1. The new Ordnance Survey plans are drawn to a scale of 1 to 500. 
Express this as inches to the mile, and give the true area of a field in 
acres which occupies 60*5 sq. in. on the plan. 

2. The area of a square field is 20*8849 hectares ; fina the length of 
one side, and express this length in yards, taking 1 yd. to 0*914 metre. 

3. The conical roof of a turret 12 ft. in diameter is 11*25 ft. high. 
Find the slant height of the roof and the net area of sheet lead required 
to cover it. Find also the weight in cwt. of lead at 6*8 lb. per sq. ft. 

4. The depth of an inverted hollow eone is 8 in. and its sloping sur- 

face makes an angle of 25° with its axis, which is vertical. If a ball of 
radius 1*5 in. is dropped into the cone, calculate the distance of the 
highest point of the ball below the mouth of the C'^ne. (O.S.) 

6. From a point in a plane through the foot of a t^'wer the angle of 
elevation of the summit is observed to be 10°, and from a point 100 
yards nearer it is observed to be 16°. Find the height of the tower. 

(L.M..' 

I. 

1. On a map the distance between two points 1210 yards apart is 
represented by 2*75 inches. Find the scale of the map in inches to the 
mile. 

A point A is, according to the map, 3 inches East, and the point C 
7*6 inches North of point B. Calculate the actual distances of A, B 
and C from one another to the hundredth of a mile. (C.W.B.) 

2. Draw a triangle ABC having BC = 3*3 in., CA = 6*5 in., and angle B 
a right angle. In CB take a point P such that CP is 1*7 in. and produce 
BA to Q so that AQ is 0*7 in. Calculate the length of the line joining 
PQ, and find the difference in the areas of the triangles ABC, PBQ. 

3. A field book record of a plot is as follows : 


Links. 



770 i 
660 I 

330 


506 

198 

308 

352 



132 

319 


0 



Find the area of the field in acres to two places of decimals. 
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4. The surface of the water in a rectangular tank 12 feet long and 

9 feet wide stands at a level 6 feet higher than the surface of the water 
in another rectangular tank 10 feet long and 8 feet wide. Water is 
allowed to run out of the former tank into the latter until the surfaces 
are at the same level. How much will the surface of the latter tank 
rise, and how many gallons will have flowed from one tank to the 
other ? Give the answers to the nearest tenth of an inch and tenth of 
a gallon respectively, taking GJ gallons to 1 cubic foot. (L.M.) 

5. From the deck of a boat which is approaching a lighthouse the 

^ngle of elevation of the top of the lighthouse is 5°. One minute later 
it is 7° 30'. If the speed of the boat is 10 miles per hour, find the 
height of the lighthouse. (O.S.) 

J. 

1. A centimetre being 0*3937 inch, find to three significant figures 

how many acres there are in a square kilometre. (C.W.B.) 

2. One of the equal straight edges of a fillet is 1 ft. 6 in. long. Find 
the area of the fillet. (See Ex. 21, p. 84.) 

3. An embankment is 50 ft. high and its sides make angles of 60° 

with the horizontal. If the width of the embankment at the top is 
30 ft., draw to a scale of 1 in. to 15 ft. a plan of the cross-section. Also 
calculate the volume in cubic yards of a portion of the embankment 
150 yards in length. (O.J.) 

4. An evaporating pan in the shape of a spherical cap 1 ft. 4 in. deep 
is luade from a flat circular plate of iron 8 ft. in diameter ; find the 
capacity of the pan in cubic feet. 

5. At one corner B of a triangular field ABC stands a monument 

120 ft. high. At A the elevation of the monument is 10°, and the side 
AC is found to make angles of 48° and 59° with AB and BC respectively. 
Find the lengths of the sides AB, BC of the field. (D.8.) 

K. 

1. The sides of a rectangular field of 25 acres are in the ratio 6 : 2. 

Find in yards the length of fencing to go round it. (C.S.) 

2. ACB is an arc of a circle, C being the middle point of the arc. 

The length of the chord AB is 3*2 cm., and that of the chord AC is 
2 cm. ; find the length of the radius of the circle. (L.S.) 

3. A cubic foot of silver weighs approximately 656 lb. ; find the weight 
of a cubic centimetre in grams, having given that one cubic inch is 
equivalent to 16*4 c.c., and 1 lb. is equivalent to 453*6 grams. 

4. A station is situated on a circular bend of a railway, and it is 
observed that the edge of the footboard of a coach 76 ft. long standing 
in the station has its ends vertically over the edge of the platform, 
whilst the middle point of the edge of the footboard is 9J in. hori- 
zontally from the platform. Assuming that the edge of the platform 
is circular, find the radius of the circle in yards. 
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5. Two angles of a triangle are 30° and 70°, and the side opposite the 
angle of 30° is 6 in. long. Calculate the lengths of the other two sides. 

(O.J.) 

L. 

1. Given that 1000 cubic centimetres are equivalent to 0 03532 cubic 

feet, and that one cubic centimetre of water weighs 0*002205 lb., find 
correctly to three significant figures the weight in lb. of one cubic inch 
of water. (C.W.B.) 

2. Find the acreage of the following field ; 


Links. 



280 

248 

64 

124 

232 



164 

112 

84 

62 



36 

128 


0 



3. Calculate the area and the perimeter of a regular 10-sided figure 

inscribed in a circle whose radius is 3 inches. (O.S.) 

4. If tan A =48/55, find, without using tables, the value of 

( 1 -f sec A)/(8in A H- cos A). 

5. Find the sides of the triangle ABC, being given that A = 61° i4', 

B=43° 14', and that the length of the perpendicular from C on AB is 
17*1 feet. (L.M.) 

M. 

1, A rectangular room 25 feet long by 15 feet wide is to be laid with 

carpet. An uncarpeted border is to be left one foot wide at each end 
and as narrow as possible along the sides of the room. The carpet is to 
be laid in strips parallel to the length of the room, each strip being 2 feet 
9 inches wide. What will be the width of the border at each side of the 
room, and the length of the carpet required ? What proportion of the 
area of the room not be covered by carpet ? (L.S.) 

2. A series of soundings taken across a river is given in the following 
table, X being the distance in feet from one shore, and y the corre- 
sponding depth in feet. Draw the section and calculate its area in 
square feet : 


X 0 

10 

26 

36 

i 

40 

58 

66 

70 

y 0 

5 

8 

10 

15 

12 

7 

0 


3. A cylindrical vessel of thin tin, without a Hd, is 6 in. high and the 
diameter of its base is 4 in. Calculate the number of square feet of 
sheet tin used in making 1200 such vessels. (O.J.) 
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4. A solid sphere 10*5 in. in diameter is placed in a rectangular 
cistern containing water to a depth of 19-3 in. The base of the cistern 

•measures 49-5 in. by 17*5 in. ; find how far the surface of the water is 
now from whe base, taking 7r=3}. 

5. Find all the angles of the triangle whose sides are 45 ft., 395 ft., 
and 27 ft. 

If an isosceles triangle were drawn with the 45 ft. side of the above 
triangle as base and on the same side of it, and having the same vertical 
angle, i,e, the angle opposite the 45 ft. side, as the above triangle, find 
the distance between the vertices of the two triangles. (L.M.) 


N. 

1. Find the cost of fencing a circular field whose area is 6 acres at a 

cost of 5s. per yard. (O.J.) 

2. Find the number of areas in the following field, and show that the 
survey-line bisects the area : 

Metres. 



798 

168 


602 

77 

343 

532 



350 

175 

231 

224 



56 

448 


0 

1 



3. A large block of stone in the shape of a wedge ABCDEF has the 
following dimensions ; the faces ABFE, CDEF meeting in the edge EF 
are trapeziums having AB = CD=8 ft. 4 in., and EF=4 ft. 4 in. ; the 
ends ADE, BCF are isosceles triangles having AD = BC = 1 ft. 6 in., 
AE=ED = BF = CF = 3 ft. 5 in. Find the volume of the block in cubic 
feet, and calculate its weight, taking 88-5 lb. to a cubic foot. 

4. A pyramid stands on a square base A BCD which is 4 in. by 4 in., 

and its vertex O is 5 in. above the base. The pyramid is divided into 
two parts by a plane section passing through the edge AB and the 
middle points of the edges OC, OD. Calculate the area of this plane 
section, and the angle between it and the base. (0.8.) 

5. Two sides of a triangle are 13-45 ft. and 54-31 ft., and the included 

angle is 67° 24' ; calculate the remaining angles. (L.M.; 


O. 

1. A sports ground has a circular track of the same width all round. 
The area of the ground including the track is 12 acres, and excluding 
the track, 10 acres. Find the width of the track, taking tt = (L.M.) 
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2. Taking a cubic foot of water to weigh 1000 oz., what must be the 
diameter of the base of a cylindrical tank 8 feet deep in order that it 
may hold 39,250 gallons of water ? 

3. A BCD is a square of side a ; with centre A and radius AB, a 
circular arc BED is drawn and on BD as diameter a semicircle BCD is 
described. Calculate (i) the area of the figure BE DC bounded by the 
circular arcs, (ii) the area of the segment BDE, and prove that the 
segments on BC, CD are each equal in area to half that of the segment 
BDE. 


4. Draw on a single diagram on squared paper the g^apli of sin A 
and 2 cos A for values of A between 55° and 70°, taking the side of one 
large square to represent 0*2 for numbers and 2° for angles. From the 
graph read off the value of sin A when tan A =2. (O.J.) 


5. In a triangle ABC, a = 123*4, 6=234*5, C = 57° 28' ; find A and B. 

(C.W.B.) 


P. 


1. A solid wedge has one face, A BCD, a rectangle with AB 25 in., and 
BC 10 in. The ends FAD, EBC are equal isosceles mangles. The edge 
EF is 5 in. long, is parallel to the face A BCD, and is distant 8 in. from it. 
Find the volume of the wedge. (C.P.) 


2. A lamp shade is to be made in the form of a hollow frustum of a 
right circular cone with the following dimensions .* slant height 16 cm. ; 
diameters of upper and lower circular sections, 3*6 cm. and 28 cm. 
respectively. Find the area of sheet metal required and the angle of 
the sectorial piece from which it must be cut. 


3. Find the radius of a sphere which has the same volume as a cone 
whose height is 2 ft., and whose base is a circle 10 in. in diameter. (O.J.) 


4. Find the radius of a circle in which a chord BC of length 27 cm. 

subtends an angle of 64° 30' at the circumference. If another chord 
AB in the same circle is 18 cm. long, the angle BAC being acute, find 
the other angles and the other side of the triangle ABC as nearly as the 
tables permit. (L.S.) 

5. ABC is a triangle right-angled at C, and the bisector of the angle A 
meets BC in D. Find the lengths of CD and DA ; hence find the 

A A A 

values of sin ^ , cos ^ , and tan ^ • 


Q. 

1. A BCD is a square of side 8*5 inches ; points E, F ; G, H ; K, L ; M, N 
are marked on the sides AB, BC, CD, DA respectively such that the 
figure EFGHKLMN is a regular octagon. Calculate (i) the length of AE, 
and (ii) the area of the octagon. 
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2. A level field A BCD has three" sides, AB, BC, CD, straight and of 
lengths 100 yd., 120 yd., and 140 yd. respectively, and the angles B 
and C are right. The side AD is curved, and if BC is divided into six 
equal par^s, and at the points of division perpendiculars are drawn to 
BC to meet AD, their lengths in order are 110 yd., 115 yd., 130 yd., 
135 yd. and 140 yd. Find approximately the acreage of the field. (C.P.) 

3. A milk chum in the shape of a hollow conical frustum is 13 in. in 
diameter at the top, 20 in. in diameter at the bottom, and 3 ft. 4 in. 
high. Calculate the number of gallons it will hold, taking gallons 
to a cubic foot. 

4. A and B are two points outside a circular area. A B is 30 ft., and 
when produced passes through the centre. The angle between the 
tangents to the circle from B is 72°, and the corresponding angle at A is 
52° 24'. Find the radius of the area to the nearest tenth of a foot. 

(C.W.B.) 

5. PQ is a chord of a circle whose centre is O and radius 8 cm. A 
point R in PQ is such that OR is 5 cm. long and the angle PRO is 68° 17' ; 
calculate the length of the chord PQ. 


R. 

1. Find the percentage of the area of a circle which lies within a 

regular octagon inscribed in the circle. (O.S.) 

2. A cylindrical tank has a diameter of 4 feet. Find, to the nearest 

inch, the depth of water in the tank when the weight of the water is 
1 ton. Take 1 cub. ft. of water to weigh 62J lb. (C.S.) 

3. A granite monument consists of (i) a base of three square steps, 

each 10 inches high, the side of the step that rests on the ground being 
7 feet long^ and the sides of the other steps 5 feet and 3 feet, and (ii) a 
cylindrical column, 1 foot in diameter and 8 feet high, which stands 
upright on the highest step. If a cubic foot of granite weighs 169 lb., 
find to the nearest lb. the weight of the whole monument. (C.S.) 

4. AC B is a circular arc whose centre is O ; the chord AB is 19*8 in, 
long, and the chords AC, CB are each 10* 1 in. long. Calculate the size 
of the angle AOB, and hence find the length of the arc. 

Use this result to find the error in taking (8.AC-AB)/3 as the 
length of the arc, 

5. The sides 6, c of a triangle are 478 and 563 yards respectively, and 

the angle A is 72° 12'. Find the length of the remaining side and the 
remaining angles, and calculate the area of the triangle. (L.S.) 


S. 

1. A BCD is a square described in a semicircle PDCQ, the points A, b 
lying in the diameter PQ. The figure represents a plot of ground ; the 
square is covered to a depth of 6 in. with gravel costing 7s. lOd. per 
cubic yard, and the remainder of the semicircle is turfed at a cost of 
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12s. 8d. per 100 square feet. Find the total cost to the nearest penny 
if the radius of the semicircle is 24 feet. (L.S.) 

2. The diameter of a cylindrical tobacco tin is 3 in., and its height is 

4§ in. Find the height of a cubical tin which will hold ^he same 
quantity of tobacco. (O. J.) 

3. The height of a conical tent is 10 ft., and it is to enclose a circular 
area of 154 square feet. Calculate the area of canvas required for it. 

4. ACB is the arc of a circle of radius 3 ft. standing on a chord AB, 
3*6 ft. long ; calculate the area of the segment ABC. 

Calculate the area also from the expression 

ih^>j2rlh-0‘m, 

where h is the height of the arc and r the radius of the arc. 

5. In a triangle ABC, a line AD is drawn meeting BC in D. Calculate 
the length of the segment BD when AB=25 cm., BC = 52 cm., CA = 51 
cm, and AD =26 cm. 


T. 

1. A cubical tin standing on a base 3 in. by 8 in. contains water to a 

depth of 2 in. The tin is slowly tilted about one eug^. of the base until 
the water begins to overflow. Find the angle which the base then 
makes with the horizontal, and find through what further angle it must 
be tilted to get rid of half the water in the tin. (O.S.) 

2. Find the area of a regular hexagon of side 3 in., and find hv,w 

much it differs from the area of a circle which cuts off chords of 1 in. 
from each side of the hexagon. (L.B.) 

3. A coal bunker is in the shape of a hollow frustum of a right square 
pyramid. Calculate the area of sheet metal required to construct the 
sides of one having the following dimensions : sides of parallel square 
sections, 12 ft. 10 in. and 2 ft. respectively ; depth, 6 ft. 

4. Three buoys A, B, C, are situated as follows : the distances AB, BC 

are each 200 ft., the bearings of A and of C from B are 25° S. of W. and 
47° 30' N. of E. Find, by calculation, the bearing of C from A and the 
length of AC. (J.M.B.) 

5. From the top of a lighthouse 150 ft. high, two boats are observed 
simultaneously. One is seen in the direction 40° E. of N. at an angle 
of depression 10°, and the other in the direction 20° E. of S. at a depres- 
sion of 15°. Calculate the distance between the two boats. (D.S.) 


U. 

1. In a quadrant of a circle of radius r, a circle is described touching 
the bounding radii CP, CQ of the quadrant at L, M respectively, and 
the arc of the quadrant at N. Prove that the radius of this circle is 
(yJ2 - l)r, and calculate the area of the figure bounded by LP and the 
arcs LN, PN, when r is 15 cm. 
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2. A pyramid stands on a square base of area 400 sq. in., and has its 

vertex 30 in. above the centre of its base. Find its volume, i/he area of 
each of its triangular faces, and the lengths of its edges. (D.S.) 

3. Two spheres of radii 13 in. and 16 in. have their centres 14 in. 

apart ; prove that they intersect in a circle, and find its radius. If the 
two spheres are inscribed in the same cone, how far is its vertex from 
the centre of their circle of intersection ? (O.S.) 

4. The right section of the pier of a bridge is in the form of two 
equal circular segments, having the common chord as axis. The 
greatest thickness of the pier is 25 ft., and the common chord is 56 ft. 
long. Calculate the area of the section. 

5. In a triangle ABC, A is 28®, a is 3-9 in., and b is 6-3 in. Find two 

possible values of B. (L.M.) 

V. 

1. A circular plate of iron of uniform thickness weighing 21*6 kilo- 

grams has two circular holes of 0*5 decimetre and 0*2 decimetre dia- 
meter drilled through it. If the weight is now 18*9 kilograms, find the 
diameter of the plate to the nearest millimetre. (C.W.B.) 

2. On one side of a line AB, 10 cm. long, a semicircle ACB is described. 

On the other side, lines AF, BF are drawn each inclined at 45® to AB 
and meeting at F. With centre A and radius AB an arc is drawn 
cutting AF produced at P, and with centre B and radius BA an arc is 
drawn cutting BF produced at Q. With centre F and radius FP a 
quadrant PQ of a circle is drawn. Find the length of the oval curve 
ACBPQ, and the area enclosed by it. (L.S.) 

3. Find the volume of the largest sphere which can be placed com- 

pletely injide a hollow conical vessel 12 in. in height, whose base Has a 
diameter of 10 in. (O.S.) 

4. A door is 2 ft. 6 in. wide and 6 ft. high. Calculate the angle 

between the first and last position of a diagonal when the door is swung 
through 40®. (L.M.) 

5. A triangle ABC has an area of 17*5 sq. in., and the angles A, B 
are 68® 12' and 66® 48' respectively. Find the lengths of its sides. 


W. 

1. Ten acres of land are to be divided among 120 allotments. Forty 

of these are to be equal, each having 10 sq. yd. more than each of the 
others. If a centimetre equals 0-3937 in., find (i) the number of square 
yards, (ii) the number of square metres, to the nearest integer, in the 
smaller allotments. (C.W.B.) 

2. Two open cylindrical metal pipes have equal internal volumes. 
The internal and external diameters of one pipe are 12 in. and 13 in. 
respectively, and the corresponding diameters of the other are 6 in. and 
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6f in. Express as a fraction in its lowest terms the ratio of the quantity 
of metal in the drst pipe to the quantity in the second. ( J.M.B.) 

3. A BCD is a four-sided field ; B is 250 links North and 300 links 

West of A, D is 450 links North and 200 links Epit of A, and C is 500 
links North of A. The field is divided into two equal portions by a 
straight fence through B. Calculate the distances North and East of 
A of the point at which the fence meets AD. (O.S.) 

4. Shew that the distance apart of two ships, when an observer on 
one ship who is 60 ft. above sea-level can just see the mast-head of the 
other ship, which is also 60 ft. above sea-level, is approximately 19 
miles, assuming the earth to be a sphere of 3960 miles radms. (H.S.) 

5. In a triangle ABC, a is 281 in., 6 is 445 in., and A is 18° 45' ; find 

the difference between the two possible values of c. (L.S.) 


X. 

1. 11 ay h are the lengths of the parallel sides of a trapezium, and c 

is the length of the chord drawn parallel to these sides through the 
point of intersection of the diagonals, calculate c in terms of a, 6. Also, 
if h is the height of the trapezium, find in terms of a, 3>, A, the areas of 
the two parts into which it is divided by this chord. (H.S.) 

2. A piece of paper is bounded by two equal straight lines PA, PB 

each a inches long, and a circular arc ACB to which PA, PB are tangents. 
The shortest distance of P from the arc is h inches, and h is less than u. 
Shew that the radius of the arc is - 6)/6 in., and find the area of the 
paper if a is 3 and 6 is 1. (L.M.) 

3. OAB is a circular sector of radius r, whose angle AOB is 0 ; prove 
that the volume of the spherical sector generated by the revolution of 
OAB about OA is §7rr3(l - cos 0), 

Calculate this volume when r = 18 in. and ^ = 52°. 

4. AB is the diameter of a circle, and a chord AC when produced 

outs the tangent at B in D. If A B is 10 in. and the angle BAG is 19° 48', 
find the length of CD. (C.S.) 

5. An equilateral triangle rests on a plane inclined to the horizon at 

an angle of 45°, one median of the triangle being along a line of greatest 
slope. Calculate the angle of inclination of the other medians to the 
horizontal. (O.S.) 


Y. 

1. A BCD is a trapezium in which AB is parallel to CD, and CB, DA 
produced meet at E. If AB is 13 cm., BC is 5 cm., CD is 18 cm., and 
DA is 6 cm., calculate (i) the size of the angle BEA, and (ii) the area of 
ABCD. 

2. Find to the nearest gallon the amount of wa.er a cylindrical tank 
with hemispherical ends holds if the external total length is 21 ft. 5 in., 
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external diameter 3 ft. 7 in., and the thickness of the material J in. 
Take 6J gallons to a cubic foot. » (C.W.B.) 

3. Find the area of a furnace flue whose right section consists of three 
sides BC, CD, DA of. a rectangle, and a circular arc AEB having AB as 
its chord. Its dimensions are : BC = DA = 3 ft. 4 in., DC =AB = 3 ft. 8 
in., height of arc AEB above AB = 1 ft. 

4. ABC is a triangle right-angled at C. If BC is 12 cm. and CA is 
11*9 cm., calculate the length of the bisector of the right angle inter- 
cepted between the hypotenuse and C. 

5. The sides of a triangle are 3, 6, 7 units respectively. Find its 

greatest an^le and the ratio into which the greatest side is divided by 
the perpendicular from the opposite angle. (L.M.) 


Z. 

1. Calculate the area in square miles which should be visible from 
the top of a hill 875 ft. high, assuming the earth to be a sphere of radius 
3960 miles. 

2. A right circular cone of height 2 ft. 9 in., and base radius 17*6 in., 
intercepts a spLoio of radius 10 in. so that its axis passes through the 
centre of the sphere and its vertex is 1 ft. 9 in. from the centre. Find 
the radii of the two circles of section. 

3. The roof A BCD of a shed is inclined at 32° to the horizontal, 
OD being the lower edge. The angle ADC is 65°, and each of the angles 
B, C is a right angle ; find the incUnation of AD to the horizontal. 

4. A BCD is a rectangle ; the lower edge AB and the upper edge DC 

are horizontal, and the plane A BCD is inclined at 40° to the horizontal. 
At C is p. vertical rod CE, 6 ft. high. Find the angle EAC, if A B is 3 ft. 
and BC is 5 ft. (ll.S.) 

5. A, B, C and D are four points in the same vertical plane, of which 
A and B are on the ground at the same level and D is higher than C. 
It is desired to find the height of D above the level of AB, but D cannot 
bo seen from B. 

The following angles are measured: CAB = 130° 45', ABC =24° 20', 
BCD =28° 10', BAD = 12° 50'. AB=225 feet. Find the height of D 
above AB, by a trigonometrical calculation. (L.S.) 



USEFUL DATA 


ir=3-1416, ir»=9-870, -=03183, logir=0-4971. 

*ir 

1 in. = 2-54 cm. ; 1 cm. =0*3937 in. 

1 ft. = 0*3048 m. 

6 ft. = 1 fathom = 1*8288 m. 

1 yd. =0*914 m. ; 1 m. =39*37 in. = 1*09 yd. 

1 chain = 100 links =22 yd. =20*12 m. 

1 geographical mile = 5280 ft. = 1*6 km. =0*86 nautical m'l#‘. 

5 geog. miles =8 km. 

1 nautical mile = 6080 ft. =1*15 geog. mile. 

1 knot = a speed of 1 nautical mile per hr. 

1 sq. in. =6*45 sq. cm. ; 1 sq. cm. =0*155 sq. in. 

1 sq. ft. = 9*29 sq. dm. 

1 sq. yd. =0*836 sq. m. 1 sq. m. = l*19 sq. yd. 

1 acre =40*47 ares ,* 1 are =0*247 acre. 1 hectare = 2*47 acres. 

1 cu. in. = 16*39 c.c. 1 c.c. = 0*061 cu. in. 

1 cu. ft. =28*32 litres. 1 c.m. = 35*32 cu. ft. 

1 gallon = 0*1604 cu. ft. =4*543 litres ; 1 litre = 1*76 pints =6*103 cu. in. 
1 lb. =453*6 gm. ; 1 kg. =2*204 lb. 

1 radian = 57*3®. ir radians = 180®. 

1 cu. ft. of water weighs 62*3 lb. 



TABLE OF AREA MULTIPLIERS FOR REGULAR 
POLYGONS 


If R, r be the radii of the circum- and in -circles respectively of a 
regular polygon of n sides each of length a, then from p. 119, the area 

of jolycon na^ cot ^ =nR* sin - cos - = nr^ tan 
^ 4 n n n n 

Let k,=\n cot Ajo = w sin - cos tan — , then 

* 4 n ^ n n ^ n 

area of polygon = k^a^ — k^R^ = k^r^. 

The following table gives the values of the multipliers k^, k^, k^ for 
a number of polygons, including the equilateral triangle and the square : 


n. 

h. 

h. 

ki. 

3. 

0-4333 

1-2990 

5-1963 

4. 

1-0000 

2-0000 

4-0000 

5. 

1-7205 

2-3777 

3-0325 

6. 

2-5981 

2-5981 

3-4641 

7. 

3-6335 

2-7360 

3-3714 

8. 

4-8284 

2-8284 

3-3136 

9. 

6-1818 

2-8926 

3-2760 

10. 

7-6942 

2-9389 

3-2492 

11. 

9-3646 

2-9733 

3-2307 

12. 

11-1962 

3-0000 

3-2154 

15. 1 

17-6423 

3-0503 

3-1890 

16. 1 

20-1128 

3-0616 

3-1824 

18. 

25-5208 

3-0780 

3-1734 

20. i 

31-5690 

3-0902 

3-1680 

24. 

45-5748 

3-1056 

3-1608 

25. 

49-4738 

3-1087 

3-1575 

30. 

71-3580 

3-1185 

3-1530 

36. 

102-87 1 

3-1248 

3-1500 

90. 

644-4 

3-1392 

3-1429 

180. 

2578-05 

3-1410 

3-1419 


Note how ^2 ^3 approximate to tt as w increases. 
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1 

LENGTHS. 


Prob. 

Page. 



— . 

79. 

Circumference of circle, radius r 

=27rr. 

10. 

80. 

Circular arc, radius L 6° 

= 07rr/18O. 

— 

97. 

, , , , chord a, chord of half -arc, 6 ( Appro.d- 



mate rule for small arcs) - 

= ^(86-a). 



AREAS. 


1. 

24. 

Rectangle, sides Z, 5 .... 

- - =lh. 

2. 

28. 

Parallelogram, base 6, altitude h 

=:hh. 

3. 

29. 

Triangle, base 6, altitude /t - - - 

^ i 

II 

6. 

42. 

,, sides a, 5, c, perimeter 2s • -sfs{8 

-a)(8-6)(8- c). 

9. 

71. 

„ ,, a, 6, included LC - 

= ^ah sin C. 

5. 

34. 

Trapezium, parallel sides a, 5, altitude h 

= ^h{(i-{-b). 

12. 

87. 

Circle, radius r, or diameter d 

= 7rr2 or ^ircP, 

14. 

94. 

Circular sector, radius L$ radians 

- • =4r2^. 

15. 

96. 

„ segment, ,, „ - 

=4r2(^-sin 0;. 

— 

98. 

n n „ height A,'! 

chorda i 

/2»-/A- 0-608 



(Approximate rules) - - J 

ih(ia^ + ih^)la. 

42. 

178. 

Surface of sphere, radius r - - - 

< 

11 

»» 

>» 

Spherical zone, radius r, thickness h 

• = 2Trrh, 

34. 

165. 

Curved surface of right cylinder, radius r, length 1 =2Trrl. 

36. 

167. 

,, ,, ,, cone, radius r, height A =7rrv/r^TP. 


VOLUMES, 

23. 143. Cuboid, edges 6, A -hhl, 

25. 145. Solid of uniform sectional area a, length I - - =a^. 

31. 157. Pyramid, base area a, height A .... 

38. 173. Frustum of pyramid bounded by parallel 

faces of areas /, F, and thickness h = J^(/+ nZ/F + F). 
46, 179. Sphere, radius r, diameter d ■ - =|irr® or 0*5236d®. 

44. 181. Spherical sector, height A, radius r • - 

,j „ „ segment, height base radius a 

„ ,» „ „ „ radius r - 

,, ,, „ frustum, thickness h, radii oi 

parallel faces a, b 
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INDEX 


The numbers refer to pages. 


A’“^le, acute, 14. 

(fefinition of, 12. 
obtuse, 104. 
of elevation, 16. 
of depression, 16. 
reflex, 104. 

Angles, complementary, 62. 
supplementary l')4. 

Annulus, area ^f, 88. 

Area measure, British, 25. 

Metric, 26. 

Calculation, approximate, 6. 

Chain, Gunter’s, 3. 

Circle, area of, 86. 
definition of, 78. 
height of arc of, 81. 
length of arc of, 80, 97. 
ratio of circumference to diameter, 
79. 

sector of, 94. 
segment of, 96, 98. 

Cone, frustum of, 174. 
lateral area of, 167. 
trigonometry of, 168. 
volume of, 160. 

Cosecant, 114. 

Cosine, 60. 
rule, 124. 
variation of, 109, 

Cotangent, 63. 

Cuboid, diagonals of, 144. 
volume of, 143. 

Curved figures, area of, 60. 

Curves, railway, 99. 

Cylinders, 146, 166. 


Equivalents, acre — are, 27. 
cu. in. — C.C., 142. 
degree — radian, 94. 
gallon — cu. in., 141. 
inch — cm., 4. 
mile — km., 7. 
pint — litre, 142. 
sq. in. — sq. cm., 27. 
yard — metro, 7. 

Fathom, 3. 

Field book, 48. 

Knot, 3. 

Latitude, 185. 

Length, British measurement of, 2. 
Metric measurement of, 3. 

Line, 2. 

Longitude, 185. 

Lime, 183. 

Measure, circular, 93. 

Metre, International, 3. 

Mile, geographical, 3. 

Nautical, 3. 

Parallelogram, area of, 27, 73. 

Polygon, area multipliers, 119, 206 
area of, 74, 119. 
circles of, 117. 
definition of, 74. 
perimeter of, 117. 

Prism, definition of, 14*6. 
right section of oblique, 148. 
surface area of, 164. 
volume of, 146, 147, 149. 


Dimension, definition of, 1. 
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Pyramid, angles of, 169. 
area of r|ght section of, 155. 
definition of, 155. 
frustum of, 173. 
lateral area of, 166. 
regular, 159. 
vojume of, 157. 

Pythagoras, theorem of, 30, 32. 

Radian, 93. 

Rectangle, area of, 24. 

Rectilineal figure, area of a, 44, 70. 

Ring, circular, 88. 

Secant, 114. 

Simpson’s rule, 52. 

Sine, 60. 
rule, 127. 
variation of, 108. 

Solids of uniform section, 145. 

Sphere, cap of, 178. 
definition of, 176. 
frustum of, 182. 
plane section of, 177. 
sector of, 180. 
segment of, 181. 
volume of, 179. 
zone of, 177. 

Stere, 142. 

Surface, 2. 

Surveying, 48. 


Tangent, 15. 

curves, characteristics of, 111. 
variation of, 110. 

Theodolite, 17. 

Trapezium, a* ja of, 34. 

Trapezoidal rule, 51. 

Triangle, ambiguous case of solution, 
129. 

applications of solution of, 133. 
area of, 28, 42, 71. 
solution of, 57, 123. 
spherical, 184. 

Trigonometrical funct'.ons as con- 
version factors, 70, 114. 
of acut^ angles, 14, 60, 63. 
of angles greater than 90°, IOC 
relations between, 67, 107. 
variation of, 108, 109, 110. 

Useful data, 204. 

Volume, British measurement of, 
141. 

Metric measurement of, 142. 

Wedge, lunar, 183. 
triangular, 163. 

Yard Imperial, 2. 



ANSWERS TO THE EXERCISES 


Exercises 1. (Page 9.) 

1. 385900-43. 2. 38128-86. 3. 9-87. 4. 1-96. 

5. 1886-69. 6. 7-58. 7. 0-603. 8. 0-32. 

9. 0-018. 10. 0-77. 11. 4-966. 12. 0-2478. 

13. 19-42. 14. 1-319. 15. 32-83. 16. 6-619. 

17. 0-051936. 18. 30-03. 19. 26-46. 20. 0-696. 

21. / = l-85. 22. 20-12 m., 6-76 chains. 

23. 16-6 naut. tn., 22-8 stat. m. 24. 471 chains. 

25. 4892 km. 26. 3531 yards. 27. 0-606 %. 

28. 23 pieces, 3-89 in. over. 30. 11 pieces, 1 m. 46 cm. over. 

31. 72. 32. 12 pieces, { in. over. 

33. 17-5 inches, 0-655%. 34. 8882 m. 35. 0-612 in. 

3b. 15| mi. 37. 6 mi. 38. 8 min. 16 secs. 

39. 0-15876 in. 40. 0-0000109 in. 

Exercises 2a. (Page 14.) 

1. 0-18. 2. 0-30. 3. 0-43. 4. 0-53. 5. 0-65. 6. 0-84. 

7. 1. 8. 1-48. 9. 1-73. 10. 2-61. 11. 5-67. 12. 13. 

Exercises 2b. (Page 19.) 

2. PR=2 in., OR=3-75 in., 

tan OQS =tan OPR = 1 -876 : each angle = 61 ° 66' approx. 

4. tan POQ =0-2917, /:POQ = 16'’ 16', 
tan PQO = 3-4285, L PQO = 73° 44'. 

5. 84° 64'. 6. 85° 36'. 7. 35°. 8. 36° 30'. 

9. 19° 48'. 10. 50° 12'. 11. 21° 48'. 12. 68° 12'. 

13. 23°12' + 21°48'=46°. 14. 21°48' + 68° 12'=90°. 

15. 84° 24' - 16° 42' = 67° 42'. 16. 0-3269, 0-3443, 0-7002 ; 53° 54 . 

17. 0-1763, 0-3640, 0-8391 ; 70°. 18. 10-2, 3-1910, 13-3 ; 6° 12'. 

19. 0-3, 2-3906, 9-6144 ; 84°. 20. 11-2, 0-4, 1-9711 ; 63° 6'. 

21. 6=76°48'=A-fB. 22. 6=62° 30'=A -B. 

B.M.T. 209 
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23. A =38°, B= 62°. 24. 222-4 ft. 25. 20-16 ft. 

26. BC = 16in. 27. CA = 16in. 28. CA = 31-69 cm. 

29. BC= 66-94 cm. 30. CA =44-2 in. 31. BC=20ft. 

32. CA =4-086 ft. 33. BC=6-6in. 

34. B=C=62°42', A=64°30'. 35. B = C = 71° 12', A =37° 36'. 

36. BC=2 ft. 6 in. 37. 17-2 in. 38. 70° 12' ; 6-67 ft. 

39. 76° 6'; 6-16 cm. 40. B = 61°, C=66°. 

41. AD =20-37, C =71° 2'. 42. BD =40, DC =52-7. 

43. AD=5, C=46°. 44. DC =27, B = 161° 28'. 

45. A = 113° 12', B = 21°48', C=45°. 46. 12° 12'. 

47. BC =20-3 ft. 48. 32°, 5° 26'. 49. 402 ft. 

50. Height of tower = 50-5 ft., length of pole = 13-6 ft. 

51. 7 ft. approx. 52. 125 ft., 2° 11'. 

Exercises 3a. (Page 31.) 

1. AB=3-7in. AB* = 13-69. 2. AB = 4-1 in. AB’* = 16-81. 

3. BC=6in. AB’*=37-21. 4. AB = 6-5in. AB‘“=42-25. 

5. CA = 3in. AB” = ll-56. 6. CA = 8cm. ''B“ = 79-21. 

7. CA = 6-5cm. AB» = 94-09. 8. CA=2cm. AB" = 102-01. 

9. BC = 12cm. AB“=285-61. 10. AB = 19-3 cm. AB‘ = 372-49. 


Exercises 3b. 

1. 2-25 acres. 2. 2-92 acres. 

5. 60-4 acres. 6. 5 chains. 

9. 37-5 m. 10. £2 10s. 

12. 51 sq. ft., 76 sq. in. 

14. 985 sq. ft., £1 Os. 6i<l. 

17. 18. 18. £48 Os. 7d. 

20. 43. 6d. 21. 116-6 metres. 

23. £26 6s. 6d. 24. f ; 28. 

27. 279 metres. 28. 1078 yards. 

31. 399 ft., 36 sq. yds., 139 x 127. 

36. 6-46. 37. 10 sq. yd. 

40. 2 ft. 11 in. 41. 9 ft. 11 in. 

14. 48 ft. 45. 3-91 in. ; 3-' 

47. 6-375 hectares. 48. 37-5 ft. 

50. 12 in. ; 126 sq. in. 

52. 40 in. ; 1020 sq. in. 

54. 84 ft. ; 2016 sq. ft. 

56. 63 yd. ; 2394 sq. yd. 

58. 15 ft. ; 210 sq. ft. ; 73-6 sq. ft. 


(Page 36.) 

3. 9 sq. yd. 4. 25 sq. yd. 

7. 19-8 ft. 8. 17 in. 

11. £49 78. 5id. 

13. 460 ft. 

15. 9 ft. 16. £19 10s. 

19. £29 15s. ; £2 6s. 8d. 

22. 183 sq. yd. 

25. 110 yards. 26. 219 yards. 

29. 741 inches. 30. 7 ft. 7 in. 

32. 10-125. 35. 16774-16 sq. cm. 

38. 1512. 39. 1 ft. 6 in. 

42. 17 in., 8-5 sq. ft. 43. 86 ft. 
> sq. in. 46. 16 yd. 2 ft. 

49. 6-2 mi. ; 18-7 mi. 

51. 15 in. ; 330 sq. in. 

53. 72 ft. ; 7884 sq. ft. 

55. 88 yd. ; 14916 sq. yd. 

57. 21 cm. ; 2520 sq. cm. 

59. 35 ft. 
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60. 33 yd. by 22 yd. ; 2 yd. 
62. 38 ft., 40 ft. 

64. a; = 12 ft. 

66. 51 fv., 5-3 ft. 

68. 40 chains. 

70. 33 ft. ; 65 ft. 

72. 25 cm., 41 cm., 15 cm. 


61. 44 yd. by 11 yd. 

63. 630 sq. cm. • 

65. 12 ft., 39-5 sq. yd. 

67. 6-62 in. 

69. 34-8 sq. chains ; 2-1 chains. 
71. 12 cm. ; 13 cm. 

73. 804 sq. cm. 


Exercises 4a. (Page 44.) 


1. 84 sq. in 
4. 924 sq. ft. 

7. 1260 sq. ft. 
lU 6 n/ 3 = 10-393 sq. yd. 

12. 464-4 sq. ch. 

14. 18n/^ = 106-6 sq. in. 


2. 210 sq. in. 

5. 2280 sq. ft. 
8. 1092 sq. ft. 

11 . 

13. 

15. 


16. 36v/l218 = 1256 sq. ft. 
18. 30-96 sq. ch. 

20. 168s/l65 = 216S S sq. yd. 


24. 193-4 sq. i’^ 


3. 1290 sq. ft. 

6. 95-7 sq. ch. 

9. 136-08 sq. yd. 
HW3 = 364-2 sq. ch. 
4 n/ 21 =18-33 sq. in. 
12v^4^ = 255-97 sq. in. 
17. 42s/330 =762-97 sq. ft. 

19. 122 6-85 sq. yd . 

23. Ja^/3(a* -4a;^) ; a; = l in. 


25. 4*66 sq. ft. 


Exercises 4b. (Page 46.) 

The following are the approximate areas of the figures 
1. 36-8 sq. ft. 


4. 1186-8 sq. yd. 


2. 40 sq. m. 

5. 2102-6 sq. ft. 


3. 2-78 sq. ch. 
6. 7-08 sq. ch. 


1. 264 sq. in. 
4. 2856 sq. ft. 
7. 1428 sq. ft. 

10. 1-15 ac. 

13. 0-5 ac. 

17. 14-58 ac. 
21. 14-38 ac. 

25. 12 ac. 


Exercises 4c. (Page 53.) 
2. 2589-6 sq. in. 

5. 20,196 sq. in. 

8. 29-4 sq. ft. 


11. 175 ac. 

14. 1-78 ac. 

18. 7-24 ac. 

22. 18-91 ac. 

26. 4-84 ac. 


3. 624 sq. ft. 

6. 1932 sq. ft. 

9. 107 ac. 

6-45 ac. 

16. 4-61 ac. 
20. 61-06 ac. 
24. 13 ac. 


28. 5-32 sq. cm., 6-33 sq. cm. 
30. 63-93 sq. cm., 63-95 sq. cm. 
32. 614-5 sq. cm., 614-6 sq. cm. 


12 , 

15. 3-83 ac. 

19. 11-43 ac. 

23. 7-86 ac. 

27. 2-076 ac. 

29. 34-2 sq. in., 34-2 sq. in. 

31. 63-37 sq. cm., 63-45 sq. cm 


Exercises 5a. (Page 69.) 

1. 0-208, 0-978. 2. 0-358, 0-934. 3. 0-423, 0-906. 

4. 0-5, 0-866. 5. 0-588, 0-809. 6. 0-682, 0-731. 


b.m.t. 


o2 
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7. 0-743, 0-669. 8. 0-839, 0-645. 9. 0-887, 0-462. 

10. 0-926, 0-378. 11. 0-966, 0-259. 12. 0-991, 0-131. 

13. 0-7071, 0-7071. 14. 0-894, 0-447. 15. 0-96, 0-28. 

16. 119/169 = 0-704, 120/169 =0-710. 17. 0-8, 0-6. 

18. 0-996, 0-0906. 19. 0-0698, 0-9976. 20. 0-047, 0-9989. 

21. i/s/l +k^, kl>Jl +k^. 22. +n‘), {m^ -n^)l{m^ +n^), 

23. AD =24, DB = 13-5, CD =18 ; 0-8; 0-6. 

Exercises 5b. (Page 67.) 

1. 73° 44' ; 0-28 ; 3-43. 2. 53° 8' ; 0-6 ; 1-33. 

3. 30°; 0-866 ; 0-577. 4. 64° 6' ; 0-586; 1-381. 

5. 65° 30'; 0-416; 2-19. 6. 65° 6' ; 0-421; 2-15. 

7. 27°. 8. 32° 24'. 9. 26° 45' ; 0-893 ; 0-504. 10. 45°. 

11. 36° 62' ; 0-6 ; 0-75. 12. 69° 23' ; 0-936 ; 2-66. 

13. 64° 32' ; 0-903 ; 2-10. 14. 16° 16' ; 0-28 ; 0-292. 

15. 59° 20'; 0-86; 1-69. 16. 74° 6' ; 0-962 ; 3-51. 

17. 37°, 30°, 23° ; 90°. 18. 53°, 60°, 67° ; 180°. 

19. A =23° 36'; cos A =0-9164; 47° 12'. 

20. A =25° 48'; sin A =0-4352; B=51°36'. 

21. Each value is approx. 2. 22. 20°. 23. 63° 12'. 

24. 89° 12': 0°48'. 25. A = 15°; cos A =0-9659. 

26. A =36°; sin A =0-5878; tan A =0-7265. 

27. H=0-9059; =0-4676. 28. H =0-9883; =6-463. 

29. ^=0-4921; |f|=0-8704. 30. 0-574 ; 0-819; 0-7p0 ; 1. 

31. Each value = 1, approx. 33. 22°, 32°, 48°, 64°, 82°. 

34. 12°, 24°, 50°, 62°, 84°. 35. 16°, 30°, 41°, 66°, 81° 24'. 

36. 6 = 4-4, A = 69° 24', B = 20° 36'. 37. o = 2-4, A = 9° 36', B = 80° 24'. 

38. c=37, A=7r4', B = 18°56'. 39. c = 15-7, A =57° 13'. B=32° 47'. 

40. c=22-5, A = 73°44', B = 16°16'. 41. a=24-04, 6 = 21-12, B=41° 18'. 

42. a = 52-37, 6 = 15-71, B = 16°42'. 43. 6 = 6-39, c = 30, B = 12° 18'. 

44. 6 = 194-9, c=200, B = 77°. 45. a = 16-24, 6 = 49-4, A = 18° 12'. 

46. a = 35-87, 6 = 77-28, A = 24° 54'. 47. 6 = 58-46, c = 60, A = 1 3°. 

48. 6=20-74, c =50, A =65° 30'. 49. a = 239-7, c = 2.50, B = 16° 30'. 

50. a=4-876, c=40, B = 83°. 51. o = 15-436, c= 40, A = 22°42'. 

62. a = 66-36, c = 75, A = 48° 42'. 

53. 0 = 117, 6 = 44, c = 126, A=69°23', B=20°37'. 

54. o = 16, 6 = 8, c = 17, A = 28° 4', B = 61° 66'. 

55. Z. CAD =68° 43'. 

56. AB=3-42 cm., BC =9-397 cm., ^ BAD =76° 41', AD =13-88 cm. 

57. 74° 13'. 58. 18° 4' ; 29° 28'. 

59. 3-774 mi. ; 0-678 mi. 60. 0-4472 ; 0-8944 ; 0-5 ; 53° 8'. 
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Exercises 6. (Page 76.) 

1. 

0 =26, 6 = 45 03. 

2. a 

= 34-05, 6 = 66-825. 

3. 

6=200, c = 282-8.^ 

4. c 

=420, a = 346-6. 

6. 

6 = 12-5, c =40. 

6. c 

= 250, a = 239-7. 

7. 

461-44 It. 

8. 55-8 ft., 22-7 ft. 

9. 

CA = 21-9ch. ; BC 

= 29-82 ch. 10. 266-1 ft. 

11. 

(i) 32-3 ft., (ii) 28-1 ft. 12. 5- 

36 ft., 9-19 ft., 4-49 ft., 7-7 ft. 

13. 

16-2 in., 0-435 in. 

14. 216 yd. 1 ft. 

15. 86-9 yd. 

16. 

17-8 sq. yd. 

17. 19-11 sq. yd. 

18. 3795 acres. 

19. 267-3 acres. 

20. 2-49 acres. 

21. 49-565 acres. 

22. 

23-82 hectares. 

23. 6-67 hectares. 

24. 12-95 acres. 

2F 

2-19 acres. 

26. 140 sq. in. 

27. 1117 sq. yd. 

28. 

56 acres. 

29. 15-75 sq. m. 

30. 3-58 ares. 

31. 

16-88 sq. ft. 

32. 25-6 acres. 

33. 82-8 sq. m. 

34. 

6-14 hectares. 

35. 2-4 acres. 

36. 72,600 sq. yd. 

37. 

2-25 sq. ft. 

38. 42-42 sq. yd. 

39. 43 yd., 48° 42'. 

40. 

1362 sq. ft. 

41. 1491 sq. yd. 

42. 2-15 in., 3-37 in., 3-99 in. 

43. 

1769-4 sq. vu. 

44. 292-8 sq. in. 

45. 736 sq. yd. 

46. 

16-24 sq. in. 

47. 39-64 sq. in. 

48. 25-46 hectares. 

49. 

402 ft. 

50. 150-4 ft. 

51. 108*5 sq. yd. 

59. 

a = 50-6 cm. 

53. 6=8. 

54. 1-93 acres. 

55. 

32-4. 





Exercises 7a. (Page 82.) 

1. 

1-8 mi. 

2. 4. 

3. 104 km. 

4. 

55 in., 66 in., 99 in., 70 in. 5. 7-7 in. 

6. 2-54. 

7. 

1-09. 

8. 80 yd. 

9. 19-25 in. 

10. 

2 ft. 1 in. 

11. 2-5 mi. per hr. 

12. 4320. 

13. 

2-54. 

14. 62-5 mi. 

15. 56 yd. 

16. 

15-75 in., 94-5 in. 

17. 8-76 in., 7 in. 

18. 43*75 mi. per hr. 

19. 

24 ft. 

20. 4 ft. 8 in., 3 ft. 6 in. 

21. 

10-6 in. 

22. 46 mi. per hr.. 

3-5 ft. 23. 64*16 cm. 

24. 

321-48. 

25, 14-29 cm. 

26. 448. 

27. 

7330 yd. 

28. 1459-42 ft. 

29. 83-4. 

30. 

165-6 yd. 

31. 5-44 ft. 

32. 26-5 ft. 

33. 

1-32 ft. 

34. 2-2 m. 

35. 13-2 yd. 

36. 

3-5°. 

37. 57-27°. 

38. 63° 2'. 

39. 

9 ft. 

40. 1-09. 

41. 6-5 cm. 

42. 

19-6 in. 

43. 9-8 cm. 

44. 19*8 cm., 28 cm. 

45. 

1760 yd. 

46. 55 cm. 

47. d=(462+/2)/46, 6 = 3-5. 

48. 

24 in., 13 in. 

49. 126 cm., 16 cm., 132 cm. 50. 46-2 ft. 
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Exercises 7b. (Page 87.) 

^ The actual areas of the circles are given. 

1. 1698*2 sq. cm. 2. 1905 sq. in. 3. 3217 sq. cm. 4. 3552 sq. cm. 

6. 1210 sq. in. 6. 855-3 sq. in. 7. 30-68 sq. ft. 8. 162o sq. ft. 

9. 5058 sq. cm. 10. 3-1416 sq. yd. 11. 5476 sq. cm. 

12. 7428 sq. cm. 

Exercises 7c. (Page 90.) 


1. 

346-5 sq. in. 


2. 

13-86 sq. 

ft. 


3. 

962-5 sq. cm. 

4. 

260-26 sq. yd. 




5. 

38-5 sq 

. ch. 


6. 

498-96 sq. metres. 

7. 

9-62 sq. 

in. 


8. 

21-65 sq. cm. 

9. 

35-79 sq. ft. 


10. 

117-86 sc 

1 . in. 


11. 

907-92 sq. cm. 

12. 

5-73 sq. ch. 


13. 

7 ft. 



14. 

21 cm. 

15. 

154 yd. 


16. 

58-2 yd. 



17. 

62 cm. 

18. 

41-5 in. 


19. 

35-26 ft. 



20. 

60-5 yd. 

21. 

74-25 cm. 


22. 

98 m. 



23. 

11-2 in. 

24. 

9860 sq. yd. 


25. 

14 ft. 2 in. 


26. 

4-2 m. 27. 2-6 in. 

28. 

10-75 sq. ft. 


29. 

(i) 0-48 sq. in 

. ; (ii) : 

^36 

in. 

30. 

6 in. 


31. 

£456 17s. 

. 6d. 


32. 

It ft. 

33. 

19-70 sq. in. 


34. 

7 ft. 



35. 

w; = V. 

CO 

8-56 sq. ft. 37. 

13-! 

2 sq. 

cm. The area is equal to that of the triangle. 

39. 

3-13, 











Exercises 8. 

(Page 100.) 



1. 

3-1. 

2. 

2-46 

I, 

3. 

0-85. 


4. 4-536. 

5. 

2-125. 

6. 

2-05 


7. 

20°. 


8. 39°. 

9. 

47°. 

10. 

63°; 

36'. 

11. 

74° 36'. 


12. 166° 42'. 

13. 

0-2496. 

14. 

0-6754. 

15. 

0-7854. 


16. 0-9320. 

17. 

1-864. 

18. 

2-995. 

19. 

1 ft. 


20. 1-44 chains. 

21. 

0-21 km. 

22, 

1-25 

yd- 

23. 

37 ft. 


24. 1280 yd. 


25. 87° 40', 866,800 mi., 9,441,000 mi. 26. (i) 40 cm., (ii) 21-7 cm. 

27. (i) 3-74 in., (ii) 117° 24' =2-049 radians, (iii) 8-14 sq. in. 

28. (i) 6-5 in., (ii) 119° =2-0769 radians, (iii) 43-9 sq. in., 25-4 sq. in. 

29. 3-014 mi. 30. (i) 17 in., (ii) 123° 54' = 2-1625 radians, (iii) 36-8 in. 

31. (i) 50° 6' =0-8744 radian, (ii) 8-67 in., (iii) 42 sq. in., 5-15 sq. in. 

32. (i) 26-70 in., (ii) 26-67 in., (iii) -0-11 %. 

23. (i) 20-33 in., (ii) 20-34 in., (ui) -0-05%. 

34. (i) 219-9 sq. in., (ii) 220 sq. in. 

35. c = J(20±\'l57) = l-87 in., or 813 in. 36. 87-4 sq. in. 

38. (i) 5-864, (ii) 0-0244, r = 900-3 ft. 39. 331 sq. in. 

40 . 1-1416 radians = 66° 26' ; 67-08 sq. cm. 

41 . r=4-16in. ; EF=6-87in. 42 . 46 ; 45'. 


43. (i) 6, (ii) 132-1 yd. 
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Exercises 9a. (Page 105.) 

1. 60°. 2. 60°. 3. 45°. 4. 30°. 

6. 44°. 6. 48°. 7. 39°. 8. 35°. 

9. (i) AE = 4 cm., BF=6-1 cm., CG=7-5om., DH=3*6cm. 

(ii) I.XOG = 61°57', Z. X'OE=28° 5', ^ X'OF=36° 53', 
Z.HOX=26°4'. 



(iii)Z.XOF = 

143° 7', 

reflex L XOE 

=208° 5', reflex L XOH =304° 66'. 

10. 

Z.ADC = 112 

° 18', Z- AOC = 135° 24', reflex Z. AOC=224° 36'. 


11. 

12 in., 102° 40'. 


12. 1-5 cm., 97 

° 38'. 


13. 

144° 42', i25 

° 18'. 


14. 164° 42'. 



15. 

192° 31'. 



16. 314° 33'. 



17 

252°. 

18. 

225°. 

19. 200°. 

20. 194° 

24'. 

21. 

188°. 

22. 180{n+2)/». 

23. 36. 

24. 12. 


25. 

9. 

26. ilia -2). 






Exercises 9b. 

(Page 112.) 




Sine 

Cop’ue 

Tangent 

8lno 

Cosine 

Tangent 

1. 

0*4695. - 

-0*8829. 

-0*5317. 

2. 0-6600. 

-0*7513. 

-0*8785. 

3. 

0*4289. - 

0*9033. 

-0*4748. 

4. -0-2756. 

-0*9613. 

0*2867. 

6 . 

-0*5807. - 

0*8141. 

0*7133. 

6. -0-9781. 

0*2079. 

-4*7046. 

7. 

-0*7034. 

0*7108. 

-0*9896. 

8. -0-.5090. 

0*8607. 

-0*5914. 

9. 

0*1908. 

0*9816. 

0*1944. 

10. 0-7431. 

-0*6691. 

-1*1106. 

11. 

0 

1 

0. 

12. -0-9877. 

-0*1664. 

6*3138. 

13. 

64*28, 57*36, 

-81*92, -76*60; 64 

°9' or 115° 51'. 



22. 0. 


23. -2*1196. 

24. 

25°. 


25. 35°. 


26. 30° 48', 149° 12'. 27. 

66° 30', 114' 

^ 30'.’ 

28. 

47°, 313°. 


29. 66° 18', 293° 42'. 30. 

21° 48', 201' 48'. 

31. 

85° 36', 265° 

36'. 

32. 197° 42', : 

342° 18'. 33. 

144° 6', 215' 

=*54'. 

34. 

135°, 316°. 


35. 15°, 165° 

36. 

36°, 324°. 


37. 75°, 255°. 


38. 166°, 195 

°. 39. 

198°, 342°. 


40. 

108°, 288°. 


41. 00 , 0, - 

00 , 0. 43. 

1*292. 


44. 

3*15. 


45. 30°. 

46. 

(?=:45° or 85° 36'. 


Exercises 10a. (Page 115.) 

In many of the following answers the values of the functions are given 
to four places, as in the tables, but it should be remembered that the result 
of a calculation is not accurate beyond the number of significant figures 
given. 

1 . 2 . 

5. 1*1547. 

9. 1*0989. 


2. 1*0683. 

3. 3*8637. 
10. 1*7700. 


3. 1*2346. 
7. 1*3333. 
11. 1*4142. 


4. 3*1362. 
8. 3*5714. 
12. 3*2361. 
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13. 2-5. 14. 0-96. 15. 0 0981. 16. 0 0279. 

17. 0-5774. ' 18. 3-7321. 


Sin. 

Cos. ! 

Tan. 

Cosec. 

Pec. 1 

Cot. 

19. 0*1530. 

0*9882. 

01548. 

6*5385. 

1*0119. 

6*4615. 

20. 0*8988. 

0*4382. 

2*0513. 

1*1125. 

2*2821. 

0-4875. 

21. '0’9600. 

0*2801. 

3*4269. 

1*0417. 

3*5698. 

0*2918. 

22. 0*8637. 

05040. 

1*7136. 

1*1578. 

1*9840. 

0*5836. 

23. 0*8660. 

0*5000. 

1*7321. 

M547. 

20000. 

1 0*5774. 

24. 0*6896. 

0*7242. 

0*9523. 

V4500. 

1*3809. 

1*0501. 


31. c=40in. 32. a = 80 cm. 33. 6 = 12-5 ft. 

34. c = 16 yd. 35. A = 42°, 5 = 7-22 in., c=9-71 in. 

36. B=38°, 0=32 ft., c=40-61 ft. 37. B = 29, 6 = 17-18 in., c = 35-4.5 in. 
38. A = 18°, 0 = 13-66 ft., c = 44-16 ft. 39. A = 118° 36', 5 = c = 7-44 yd. 

40. B = 0=68° 30', 5 =c = 47-75 oh. 41. C = A = 71°, o = c = 132-l yd. 

42. B=34“, 0=0 = 123-1 cm. 43. C = 56“, o = 5 = 100-l yd. 

44. A=B = 48“, 0=6 = 83-7 cm. 

45. A=60°, 0 = 28-78 m., 6=28-35 m., 0 = 37-1 m. 

46. C = 19“ 36', o = 16-6 m., 6 = 21 -2 m., o = 7-9 m. 

Exercises 10b. (Page 120.) 

1. 160“, each of others = 125°. 

2. Z.BCD = 15.5°, 5.CDE=70°, ADEF= AEFA = 135°. 

3. 10. 4. A=C = E = 160°, B = D=F = 80°, AF = l in., AD = l-9 in. 

5. 118°, 108°, 62°, 72°. 6. A = 125°. B = 95°, C = 55°, D =85°. 

7. 60°, 36°, 25°, 25°, 35°. 8. A =B = D = 108°, C =54°, E = 162°. 

9. 128° 34', 77° 8', 61° 26', 51° 26', 141° 26', 25° 44', 12° 51'. 

10. B = 110°, 0 = 130°, D=60°, E = 170°. 

11. A = 50°, B = 80°, 0 = 130°, D = 100°, BD=l-32 in. 

12. ARAD=22.PRD=162°. 13. 8. 

15. fc,= 1-7205, *2 = 2-3777, *3 = 3-6326. 

16. *1= 2-5981, *3=2-5981, *3=3-4641. 

17. *1= 3-6335, *3=2-7360, *3 = 3-3714. 

18. *1= 4.8284, *3 = 2-8284, *3 = 3-3136. 

19. *,= 7-6942, *3=2-9389, *3=3-2492. 

20. *1 = 11-1962, *3 =3, *3 = 3-2164. 

21. 565-8 sq. in. 22. 204-5 sq. in. 23. 522-4 sq. in. 

24. 1063 sq. cm. 25. 235-1 sq. in. 26. 180-1 sq. cm. 

27. 7-05 sq. ft. 28. 1-8 ft., 2-82 sq. ft. 29. 0-48 ac. 

30. 23 cm. 31. 2-8 in. 32, » = 6. 

33. 66-92 sq. in. 34. 2-22 in. 
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Exercises 11a. (Page 124.) 

1. A = 41° 24'; B = 55°46'; 0=82° 50'. 

2. A='78°28'; B = 57°7'; 0=44° 25'. 

3. A =90°; B=67°23'; 0=22° 37'. 

4. A = 18°55'; B = 90°; 0 = 71° 5'. 

5. A =75°; B = 60°; 0=45°. 

6. A = 60°; B=45°; 0=75°. 

7. A = 63°48'; B=0 = 58° 6'. 

8. A = 87°30'; B = 67°24'; 0=25° O'. 

9. A = B =-x8° 54' ; O =82° 24'. 

10. A = 67° 22' ; B = 41° 7' ; O = 71° 31'. 

Exercises 11b. (Pago 125.) 

1. A =31° 54' ; B =90° ; O =68° 6'. 

2. A =77° 19' ; B =56° 5' ; 0 =46° 36'. 

3. A=B = 75°46'; 0=28° 30'. 

4. A =90°; B=47°66'; 0=42° 4'. 

5. A = 26°17', 6 = 112°37'; 0=41° 6'. 

6. A = 64°; B = 38°41'; 0 = 77°19'. 

7. A = 17° 41'; B = 61° 56'; 0 = 100° 23'. 

8. A = B = 72°; 0=36°. 

9. A=0 = 115°19'; B = D=64°41'; AO = 95 yd. nearly. 

10. A = O = 120°55'; B = D=59°6'; BD = 86-54ni. 

Exercises 11c. (Page 126.) 

1. c = 7-8 in., A = B = 60°. 2. c = 8 5 ft., A = 90°, B = 67° 12'. 

3. c=37cm.,A = 37°52',B = 7l°4'. 4. a = 18-5 cm., B = 72° 3', 0=35° 64'. 
5. a = 16-8 yd., B = 29° 29', O = 90°. 6. a = 1 + V3 = 2-73, B = 45°, 0 = 60°. 
7. 6 = 15 m., 0 = 130° 30', A=36°52'. 8. a = 15-7 oh., B=54°, 0 = 79°. 

9. 6=53.3-4, A = 45° 22', 0=62° 20'. 10. a=245-6, B = 66°53', 0 = 50° 7'. 

Exercises lid. (Page 128.) 

1. 0 = 58°24', 0 = 131 ft., 6 = 125 ft. 2. B = 90°, o=21 yd., c=20 yd. 

3. 0=47°33', 6=20-5 m., c = 15-2 m. 

4. A =65°, 6 = 846-5 yd., c =957-2 yd. 

5. 0 = 27° 14', 0 = 2.32-5 m., 6 = 160-3 m. 

6. 0=90°, c = 100 in., 0=93-3 in. 

7. B = 55°64', c=365-6om., o = 328-5cm. 

8. 0=20° 54', c = 'i ch., 0 = 31-38 ch. 

9. 0=59° 30', 0 = 12-3, 6 = 6-5. 10. A = 41°64', 6=469-6, c=431-l. 
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Exercises lie. (Page 130.) 

1. C =48° 36', or 131° 24' j o = 102 in. or 33-2 in. 

2. B = 90°, c=4-4 ft. 3. No solutio*’ 

4. A = 58° 12' or 121° 48'; 6 = 18-23 yd. or 0-733 yd. 

5. A = 49° 7', c = 64-94 m. 6. C = 54° 6', a = 27-96 oh. 

7. C=90°, a=24. 8. No solution. 

9. B = 90°, c=4112. 10. B=C = 60°; c = 38-5. 

Exercises Ilf. (Page 130.) 

1. A = 87° 4', B = 38° 28', C=54° 28'. 

2. A = 66°48', B = 35°46'. 3. o=255-5 yd., C=60°. 

4. A = 75° 69', B = 29° 1 '. 5. A = 90°, B = 61° 56', C = 28° 4’. 

6. C = 81° 6' or 98° 64' ; a =502-9 m. or 352-6 m. 

7. c = 698-8 ft. 8. BD = 1 1 -2 cm., AC = 14-57 cm. 

9. B = 72° 37', C = 56° 3'. 10. A = 32° 1 2'. 

11. C=49° 12' or 130° 48'. 12. 33° 42', 66° 18', 90°. 

13. 2.3° 49' or 156° 11'. ' 14. A = 80° 6', 5 = 7-26 in., c = ll-31 in. 

15. 139 sq. in. 

16. 4c =66, A = 82° 48', B =41° 24', C = 55° 48'. 

17. 93° 35'. 18. 55-47 yd. 

19. 26 in., 30-81 in. ,- 81° 58', 98° 2'. 

20. BC =8-84 in., CD = 7-12 in. 21. 2731 yards. 

22. 6-96 in. 24. B=65°44' or 114° 16' ; C = 66° 16' or 17° 44'. 

25. AD=40; ^BAC = 6°24', 4CAD=30°30'. 

26. c=25 or 19-8 ; area =210 or 166-32. 

27. A = 57°66'; o=4-3. 28. 8 in., 13-86 in. 

29. 378 mi., 18° 22' N. of E. 30. 7-1 mi., 5° 47' N. of W. 

31. 0-62. 32. AD = 23-52. 

33. 6, : 6, = 125 : 147 =0-85 : 1. 34. BC = 12 or 28. 

35. 0 = 114-04; 6 = 144-23; tanC=3. 

Exercises 12. (Page 136.) 

1. 33-7 ft., 66-2 ft. 2. 36° 12' W. of N. 

3. 625 yd. 4. 20 mi. 

5. AP = 760-6 yd., AQ = 1965 yd. 6. 39-6 ft. 

7. 931-7 yd. 8. 46° 49' S. of E. 

9. BD =166-1 yd., BE = 198 yd. 10. 73-9 ft., 47-7 ft. 

11. 1-8 mi. 12. 147-2 ft. 

13. Ht. of each chimney =122-5 ft.. Distance apart =257-8 ft. 

14. 443-7 yd. 15.1593 ft. 16. '300 links. 

17. 24-3 ft. . 18. 21-2 ft. 19. 105-4 yd., 348 yd. 
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20. 4517-6 yd., 2 min. 58 sec. 21. 120 ft. 

22. (i) 19,017 ft., 27,244 ft. ; (ii) 19,266 ft. 23. 42-9 yd., 36° 52'. 

24. AP=498-2yd., 4 Cl = 609- 89 yd., PQ=315 07yd. 

25. 3-88 mi. 26. 276-2 yd. 27. 1-47 mi. 

28. 11-03. 29. 62 ft. 30. 100 ft., 24° 40'. 

31. 1st boat, 569-5 ft. N., 738 ft. E. ; 2nd boat, 1310 ft. N., 662 ft. W. 

2nd boat 740-6 ft. N., 1290 ft. W. of Ist boat. 

32. 43-8 mi. per hr. ; 490 ft. per min. 33. 135-6 ft. 

34. 880 ft. 

Exercises 13. (Page 151.) 

1. 220-3 c. in. 2. 832 c.o. 3. 0-17 o. ft. 4. 3-86 c. ft. 

0 . 1-65 c. ft. 6. 63-5 c. ft. 7. 2-05 c. ft. 8. 0-24 stere. 

9. 61 0 . in. 10. 97 gallons. 11. 187-5 gal., 1876 lb. 12. 1-92 ft. 

13. 1104 c. ft. 14. 0-325 m. 15. 9-9 in. 16. 0-309. 

17. 7-58. 18. 621-7 c.o. 19. 12,154 tons. 20. 15 kg. 

21. 7 in. 22. in. 23. 120-5 gallons. 24. 107 c. in. 

25. 39,600. 26. 1,760,126 gallons. 27. 8-5 ft. 28. 17 ft. 4 in. 

29. 5 ft. 30. 15 in. by 36 in. by 80 in. 31. 10 c. ft. 

32. 18-4 c. ft., 39-27 sq. ft. 33. 7-5 c.c. 34. 6-4 c.o. 

35. 1-5 litres. 36. 3 14. 37. 9406 tons. 38. 19-6 gal. 

3:. 0-77%. 40. 2-75 cm. 41. 2 ft. 7 in. 42.7-7. 

43. 1800 gal., 1834 gal., -1-85%. 44. 13 in. 45. 15-7 in. 

46. 2 in. 47. 622-7 kg. 48. 23-6 tons. 49. 6-16 ft. 

50. 0-704 in. 52. 4-15 sq. in., 2-3 in. 53. 2467-6 c.c. 

Exercises 14. (Page 161.) 

2. 12-56 sq. in. 3. 8-25 in. 4. 6-6 in. 

6. 66-7 c. ft. 7. 62 c. in. 8. 600 c. in. 

10. 9-1 o. ft. 11. 71-4 o.c. 12. 89-26 o. ft. 

14. 0-576 c. ft. 15. 564-24 o. in. 16. 1168-8 o. in. 

18. 6 ft. 19. 5 ft. 20. 448 lb. 

22. 107-6 cm. 23. 113-7 c. in., 677-6 o. in. 

25. 17-32 in. 26. 17113-4 c.c. 27. 4-6 in. 

29. 7-6 in., 3632-6 c. in. 30. 68 c. in. 

32. 132-9 c. in. 33. 1-48 o. ft. 34. 3-14 c. ft. 

36. Vol. = 16A(2f+e); 1 c. ft. 

Exercises 15. (Page 170.) 

1. 496-5 sq. in. 2. 150-72'sq. ft. 3. 209 sq. ft. 4. 176 sq. in. 

5. 6-2 sq.ft. 6. 1681-4 sq. cm. 7. 143-76 sq. ft. 8. 12818 sq. cm. 


1. 53-76 sq. cm. 
5. 144 c. ft. 

9. 3-76 c. ft. 

13. 0-68 0. ft. 

17. 38-22 c. ft. 
21. 3 in. 

24. 445-6 lb. 

28. 6 in. 

31. 839-2 o.c. 

35. 2355 c. in. 
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9. 

43-3 sq.^ in. 

10. 

703*36 sq. cm. 


11. 

124-2 sq. in. 

12. 

35-1 sq.* ft. 

13. 

20 sq. ft. 



14. 

5-8 sq. ft. 

15. 

£6 10s. 6d. 

16. 

364*6 sq. ft. 

17. 

3846*5 sq.f*- 

18. 

464 sq. ft. 

19. 

2535 sq. ft. 

20. 

15082*5 sq. yd,. 


21. 

29 ft. 

22. 

1.6-5 ft. by 22 ft. 

by 

27*5 ft. 





23. 

Cube, 2 ‘25 ft. side ; 

cuboid, 3*75 ft 

;. by 

2-25 ft. by 1-125 ft. 

24. 

6 in. 

25. 

12 ft. 

26. 

11 cm., 60 cm. 


27. 

3 ft. 4 in. 

28. 

9*93 sq. ft. 

29. 

31*5 in. 

30. 

144 sq. ft. 

31. 

34*45 sq. in. 

32. 

30°. 

33. 

156 c. in. 

34. 

506*4 c. in. 

35. 

1-9857 rad. = 113° 46'. 

36. 

2134 c.c. 



CO 

(i) 24*49 cm., (ii) 

1 3181*5 C.C., (iii) 70° .32'. (iv) 54° 44'. 



38. 

9*32 c. ft. 

39. 

2617 C.C., 1160 sq 

. cm. 

40. 

11° 25'. 

41. 

35° 16'. 

42. 

65° 5'. 








Exercises 16. 

(Pago 186.) 



1. 

117*6 c. ft. 

2. 

442*4 c. in. 

3. 

0*25 gal. 

4. 

1642 c. ft. 

5. 

40192 c.o. 

6. 

4750 gallons. 

7. 

6272 c. ft. 

8. 

43*5 c. ft. 

9. 

4*2 tons. 

10. 

4 ft. 

11. 

456*7 c. in. 

JL.... 

384*6 sq. in. 

13. 

5013*3 sq. cm. 

14. 

7 in. 

15. 

90 sq. ft. 

16. 

4*8 in. 

17. 

2 ft. 10 in. 

18. 

232*5 sq. ft. 

19. 

1245 sq. mi. 



23. 

^ = 1*2 in. ; ED = 

= 5*( 

) in. 

24. 

5*2 c. ffc. 

25. 

3*42 c.c. 

26. 

3*5 ft. 

27, 

0*78 cm. 

28. 

49*38. 

29. 

13*8 in. 

30. 

1532 lb. 

31. 

6*75 sq. in. ; 

6*4] 

?al. 



32. 

25 lb., £2 38. 9d. 


33. 

2*42 in., 4*84 

in., ' 

7*26 in. 

34. 

8 in., 13*25 in. 

35. 

3*57 in. 

36. 

282*3 c. in. 

38. 

225 • 1024. 

41. 

1063 c. in. 

43. 

14*675 gallons. 

44. 11*7 in., 

1*17 

c. ft. 

45. 

lTr(r -xf(2r -\-x) 

; 7/27. 

46. 

454*2 c. ft. 

47. 

4*19 c. ft. 

48. 

0=30°. 

49. 

2,380,000 sq. 

mi. 


50. 

12 in., 9 in. 


Miscellaneous Exercises 

. (Page 191.) 



A. 

1. 704, 3872. 


2. 26*6. 


3. 181-5 yd., £81 16s. 6d. 


4. 180 sq. cm.. 

1*44 litres. 


6. 50-5 ft. 



B. 

1. 1*267. 

2. 

^ waste, 8 pieces. 

3. 6240 litres, 134*3 francs. 


4. 6 in., 15 in.. 

8 in 

1 . 5. 1*86 acres. 




C 

1. 497*2. 


2. 24, 23. 


3. 

14C 

) yd., 3*18 ao. 


4. 28 ft., £12 5s. 

5. 21 ft.. 

14° 

15'. 



D. 

1. 45, 28 in. 


2. 204 yd 

., 5s 

. 3d. 3. 

4*54 litres. 


4. 1161. 


5. 20° 56' 

', 6-54 ft. 



E. 

1. 203-5. 


2. 811 sq, 

. ft. 

approx. 3. 

22* 

4 in. 


4. 38-48 ft., A = 

= 38^ 

'. 5. 33°. 
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F. 


G. 


H. 


L 


J. 


K. 


L. 


M. 


N. 

O. 


P. 


Q. 

R. 

S. 

T. 

U. 


1. 157 ft. per min. 2. AP = 12-75 ch., PQ = 6-60 ch. 3. 9-86 in. 
4. 113-7 c. in., 677-6 c. in. 5. 4-76 in. 


1. 178. 3d. 2. 5 hr. 20 m. 3. 3771-4 c.c. 

4. (i) 684-2 ft., (ii) 298-9 ft., (iii) 6-46 ac. 6, 14-5 ft., 19° 3'. 

1. 126-7 in. to a mile ; 2-41 acres. 2. 457 m., 600 yd. 

3. 12-75 ft., 240-3 sq. ft., 14-6 cwt. 4. 2-95 in. 5. 45-9 yd. 


1. 4 in. to a mile ; AB=0-75 mi., BC = 1‘9 mi., CA = 2-04 mi. 

2. PQ = 6-5 in., 4-2 sq. in. 3. 5-36 acres. 

4. 3 ft 5-4 in., 1723-4 gal. 5. 229 ft. 

1. 247-2 acres. 2. 0-48 e. ft. 3. 49060 c. yd. 

4. 31-01 c. ft. 5. AB=785 ft., BC ==680-6 ft. 


1. 1540 yd. 
4. 304-1 yd. 

1. 0-0361 lb. 
4. 1-65. 


2. 1| in. 3. 10-5 gm. 

5. 9-4 in., 9-85 in. 

2. 0-5 ac. 3. 26-45 sq. in., 18-54 in. 

5, 24-97 ft., 19-51 ft., 27-58 ft. 


1, 7J in., ’ 15 it., 2. 614-5 sq. ft. 3. 733-2 sq. ft. 

4. 21 in. 5. 83° 62', 69° 30', 36° 38' ; 9-25 ft. 


1. £151 2s. 2. 3197-74 ac. 3. 14 c. ft., 1239 lb. 

4. 11-71 sq. in., 39° 46'. 5. 98° 25', 14° 11'. 

1. 11-8 yd. 2. 10 ft. 3. (i) ia\ (ii) 1 (^ - -n-) a*. 

4. 0-894. 5. A =31° 45', B="90° 47'. 


1. 733-3 c. in. 2. 793-8 sq. cm., 274° 22'. 3. 5-3 in. 

4. 14-96 cm., B=78° 30', C=37°, AC =39-31 cm. 

5, CD = 12-85 cm., DA =49-01 cm. ; 0-2747, 0-9624, 0-2857. 

1, (i) 2-49 in., (u) 60-57 sq. in. 2. 3-1 ac. 3. 31-37 gal. 

4. 53-2 ft. 5. 12-8 cm. 

1. 90-03%. 2. 34 in. 3. 12761 lb. 

4. 45° 42' ; 20-34 in., -0-01 in. 

5. 617-2 yd., 60° 17', 47° 31', 128116 sq. yd. 

1. £6 3s. Id, 2, 3-17 in. 3. 268-3 sq. ft. 

4. Both 211-8 sq. in. 5. 17 cm. 

1. 63° 27', 12° 31'. 2, 23-38 sq. in., 1-39 sq. in. 

3. 239-8 sq. ft. 4. 34° 15' N. of E. ; AC =395-32 ft. 

5. 1230 ft. very nearly. 

1. 23-66 sq. cm. 

2. Vol. =4000 r in.. Area of face =316*2 sq. in.. Slanting edge = 33-17 in. 

3. 12 in., 96 in. 4. 969-6 sq. ft. 5. 49° 19', 130° 41'. 
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V. 

1. 

15*23 cm. 

2. 36 cm., 99*55 

sq. 

cm. 3. 155*2 c. 


4. 

15° f. 

5. a =7*07 in., b 

= 7 

in., c=6*39 in. 

W. 

1. 

(i) 400 sq, yd., 

, (ii) 334 sq. m. 

2. 

lOO/l^*'. 


3. 

304 links N., 135 links E. 

5. 

483*7 in. 

X. 

1. 

c = 2abl{a+b)y 

a.\a + Zb)hl[2(a + b)% 

b\Ba + b) hi {2 (a + 6)2}. 


2. 

1*7 sq. in. 

3. 4693 c. in. 

4. 

1*22 in. 5. 20° 42'. 

y. 

1. 

(i) 63° 8', (ii) 74-4 sq. cm. 2. 1213 gal. 3. 13-2 sq. 


4. 

8*33 cm. 

5. 120°, 33 : 65. 



z. 

1. 

4121 sq. mi. 

2. 8 in., 9*4 in. 


3. 15° 19'. 


4. 

28° 43'. 

6. 249*8 ft. 
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